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1.  Research  Objectives 


The  research  conducted  under  this  girant  is  a  continuation  of  a  lonsi-term  re- 
search  effort  devoted  to  the  study  of  various  aspects  of  direct  and  inverse  elec¬ 
tromagnetic  scattering  previously  supported  by  .4F0SR.  The  general  goal  of  the 
program  continues  to  be  the  establishment  of  a  firm  mathematical  foundation  and 
the  development  of  algorithms  based  on  such  a  foundation  in  which  boundary  and 
domain  parsuneters  are  either  to  be  recovered  from  scattering  or  radiation  data  or 
used  as  controls  to  optimize  various  functionals  of  the  scattered  or  radiated  fields. 
Such  parameters  include  the  shape  of  the  boundary  itself,  functions  defined  on  the 
boundarv  sucn  as  imoeGance.  renerahzec  tmoecance  ano  veneranzeu  resistivitv,  £.$ 
well  as  domain  parameters  such  as  conductivity  and  refractive  index.  The  program., 
as  described  in  the  original  proposal,  is  focussed  on  three  specific  areas  of  investiga¬ 
tion:  multicriteria  optimization,  generalized  impedance  boundary  conditions,  and 
inverse  scattering  techniques. 


We  summ.arize  the  nature  of  each  of  the  particular  problem  areas  and  report 
on  work  done  and  in  progress  in  each  of  the  next  four  sections.  In  addition  to  this 
work,  we  have  begun  the  writing  of  a  m.onograph  devoted  to  optimization  methods  in 
antenna  theory  which  will  be  devoted,  to  a  large  extent,  to  the  systematic  exposition 
of  the  theory  and  computational  results  obtained  with  the  support  of  several  .4F0SR 
grants.  This  m.onograph  is  being  written  in  collaboration  with  Professor  .4.  Kirsch 
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of  the  Lniversitat  Erlangen-Xiirnberg  in  Germany. 


2.  Research  Accomplishments  and  Current  Status 
2.1.  Multicriteria  Optimization 


Many  problems  of  applied  interest  in  both  the  optimization  of  radiated  fields 
and  the  identification  of  targets  may  be  vierved  as  involving  several  performance 
criteria,  any  one  of  which  may  be  taken  as  the  primary  cost  functional  which  is  to 
be  optimized.  .4  variety  of  such  performance  is  evidenced  in  antenna  problems  as 
described  in  [3.2] h  Other  desirable  characteristics,  represented  as  functionals,  are 
most  often  treated  as  constraints  to  be  satisfied  by  an  optimal  solution,  and  some 
multiplier  technique  is  used  to  produce  an  unconstrained  problem. 


However,  the  designation  of  one  p.ni.ary  cost  functional  and  the  relegation  of 
others  to  the  status  of  constraints,  is  somewhat  arbitrary.  Indeed,  a  more  direct 
approach  is  to  consider  such  problems  as  multicriteria  problems  of  optimization. 
To  our  knowledge,  our  use  of  multicriteria  techniques  is  new  in  the  fields  of  inverse 
scattering  and  control  in  electromagnetics.  The  ideas  were  first  presented  to  the 
electromagnetic  community  at  the  Boulder  URSI  Meeting  in  1992  [5.51 


We  have  prepared  two  manuscripts  on  this  subject  each  of  which  includes  both 
theoretical  anal}  sis  as  well  as  computational  results.  The  actual  computation  of 
the  maniiold  oi  Pareto  optimal  points  gives  the  design  engineer  a  range  of  choices 
making  the  trade-offs  between  different  optimal  choices  explicit.  The  first  paper 
describing  these  results,  [3.5],  Multicrheria  Optimization  in  Antenna  Design  ap- 

^  .\umbers  in  parenthesis  refer  to  papers  and  presentations  listed  in  sections  3  ajid  5. 
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peared  in  1992.  A  second  paper  [5.12]  Multicnieria  Optimization  in  Arrays  was 
presented  at  the  JINA  92  meeting  in  Nice,  France  in  November.  1992.  This  paper 
addresses  the  use  of  such  methods  for  antenna  arrays  and  compares  these  results 
with  the  well-known  Dolph-Tchebyschefr  result.  We  presented  these  results  at  a 
seminar  at  Rome  Laboratories,  Hanscom  AFB  in  January,  1993.  At  that  time,  it 
became  clear  that  an  array  problem  previously  considered  by  R.A.  Shore  of  Rome 
Laboratories  could  also  be  treated  by  multicriteria  methods.  It  was  agreed  that  we 
wo'old  collaborate  on  the  application  of  the  multicriteria  approach  to  this  problem. 
This  work  is  ongoing. 

The  work  described  above  includes  numerical  computations  for  problems  in¬ 
volving  both  arrays  and  conformal  antennas.  Related  to  these  problems  is  that  of 
maximizing  the  power  in  a  preassigned  sector  of  the  far  field.  We  considered  this 
problem  several  years  ago.  In  the  present  grant  period,  we  returned  to  that  prob¬ 
lem  and,  in  collaboration  with  B.  Vainberg  of  the  University  of  North  Carolina  at 
Charlottesville,  we  have  been  able  to  use  asymptotic  methods  to  characterize  the 
optimal  surface  current  in  terms  of  a  graph  norm  for  the  Neumann-to-Dirichlet 
operator.  In  doing  so,  we  get  an  explicit  representation  for  this  operator.  These 
results  were  presented  [5.20]  and  will  appear  in  [3.12]. 

2.2.  Generalized  Boundary  Conditions 

Under  the  present  grant,  we  initiated  a  study  of  the  well-posedness  of  resis¬ 
tive  and  conductive  boundary  value  problems  for  the  acoustic  case.  Under  the 
present  grant,  we  have  completed  a  paper  The  C oninciiv c  Boundary  Condition  for 
Maxwell's  Equations  in  collaboration  with  A.  Kirsch  [3.4].  The  results  were  reported 
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at  the  lEEE/APS  URSI  International  Symposium  in  Chicago  in  July,  1992,  [5.S]. 

These  conditions,  intended  to  model  thin  layer  behavior,  are  neither  pure 
boundary  conditions  nor  full  transmission  conditions,  and  involve  using  variable 
resistivity  or  conductivity  to  model  such  layers.  An  alternative  is  the  use  of  higher 
order  or  generalized  impedance  conditions  i.e.,  boundary  conditions  which  involve 
differential  operators  of  higher  than  the  order  of  the  differential  equation. 

In  collaboration  with  S.  Przezdsiecki  of  the  Polish  Academv  of  Sciences,  we 
attempted  a  rigorous  derivation  of  such  conditions  for  the  electromagnetic  scattering 
in  the  case  of  a  plane  stratified  medium.  Esing  Fourier  transform  techniques  the 
problem  was  transformed  into  one  involving  a  set  of  transmission  line  equations.  A 
preliminary  version  of  this  work  was  presented  in  [5.6]  but  some  details  of  this  work 
remain  to  be  clarified  before  a  m.anuscript  can  be  completed. 

2.3.  Inverse  Problems 

We  have  pursued  three  lines  of  research  on  this  topic.  The  first  is  the  devel¬ 
opment  of  an  efficient  computer  algorithm  for  a  variant  of  the  shape  identification 
method  based  on  complete  families  of  solutions  which  we  developed  under  the  pre¬ 
vious  grant.  Work  with  J.  Jiang,  a  postdoctoral  fellow,  has  yielded  excellent  results 
for  the  inverse  Dirichlet  and  Neumann  problems  in  the  acoustic  case.  The  algo¬ 
rithm  is  able  to  return  shapes  from  synthetic  data  using,  respectively,  only  one  or 
two  incident  fields.  The  error  is  comparable  to  that  occurring  using  other  recentlv 
developed  methods,  but  has  the  great  ad\'antage  of  being  able  to  provide  the  re¬ 
constructions  with  significantly  less  data.  Results  were  presented  at  the  APS /URSI 
International  Symposium  in  Ann  Arbor  in  June  1993  [5.13]  and  a  paper  describing 
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the  numerical  results  is  currently  in  preparation. 


A  second  line  of  attack  on  the  shape  identification  problem  again  involved  the 
use  of  complete  families  but  instead  of  simultaneously  reconstructing  the  shape  and 
the  solution  of  a  scattering  problem  for  particular  boundary  data,  in  this  approach 
we  attempt  to  reconstruct  the  shape  and  the  Green’s  function  for  a  given  class  of 
boundary  conditions,  viz.  Dirichlet,  Neumann  or  Robin.  One  adi-antage  of  this 
approach,  in  contrast  to  almost  all  other  shape  reconstruction  methods,  is  that  it 
readily  leads  to  an  algorithm  even  when  scattered  field  data  may  only  be  measured 
in  the  backscattering  direction.  Preliminary  results  have  been  reported  in  [5.11]  and 
[5.16]  and  a  paper  describing  the  method  is  under  preparation.  However  as  yet  no 
numerical  experiments  have  been  perform.ed  to  test  the  feasibility  of  the  approach. 

The  third  approach  we  followed  concerned  the  iterative  technique  developed 
under  AFOSPv.  support  that  has  proven  successful  in  parameter  identification  prob¬ 
lems:  specifically  reconstructing  complex  indices  of  refraction  of  two  dimensional 
objects  from  measurements  of  the  fields  scattered  when  the  object  is  illuminated 
by  known  sources.  Essentially,  the  method  involves  casting  the  problem  as  an  op¬ 
timization  problem  in  which  the  cost  functioned  consists  of  two  terms,  one  is  the 
defect  in  matching  measured  data  with  fields  due  to  a  particular  inde.x  of  refrac¬ 
tion  and  the  second  is  the  state  equation,  a  set  of  integral  equations  in  which  the 
index  appears  and  which  the  fields  must  satisfy.  There  are  essentially  two  types 
of  unknowm  functions,  the  index  of  refraction  and  the  total  field  for  each  excita¬ 
tion.  Each  of  these  functions  is  constructed  iteratively  using  linear  updating,  the 
nonlinear  nature  of  their  interrelationship  being,  nevertheless,  retained. 
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Previous  versions  of  this  algorithm  led  to  an  empirically  determined  limit  of 
reconstructibility  of  <  6“  where  k  is  the  wave  number,  d  a  characteristic 

diameter  of  the  scatterer,  and  \xmaz\  is  the  largest  contrast  that  can  be  recon¬ 
structed.  No  a  priori  information  about  the  scatterer  was  used.  This  work  is 
described  in  [3.S],  [3.9],  [5.1],  [5.2]  [5.3]  and  [5.10]. 

Under  the  current  grant,  however,  we  exploited  the  fact  that  in  most  problems 
of  interest,  the  imaginary  part  of  the  contrast  is  non— negative.  Incorporating  this 
constraint  into  the  algorithm  resulted  in  a  remarkable  improvement  in  the  limit  of 
reconstructibility.  In  fact,  using  the  fact  that  for  extremely  good  conductors  the 
contrast  is  essentially  large  positive  imaginary,  we  successfully  reconstructed  the 
boundary  of  a  perfect  conductor.  In  a  dram.atic  demonstration  of  the  efficacy  of 
the  method,  experimental  data  provided  by  Rome  Laboratories,  Hanscom  AFB  for 
a  perfectly  conducting  body  was  used  in  our  algorithm  in  a  “blind"  reconstruction, 
lhat  is,  the  actual  geometry  of  the  object  was  not  provided,  onlv  the  experimen¬ 
tal  scattering  data.  The  algorithm,  successfully  reconstructed  the  unknown  target. 
Parts  of  these  results  have  been  reported  in  invited  talks  in  the  British  .Applied  Math 
Colloquium  [5.15],  the  XXIT  General  .Lssem.bly  oi  LRSI  [5.17]  and  the  Llathem.at- 
ics  Forschung  Institut,  Oberwolfach  [5. IS].  .A.  paper  describing  the  modifications 
OI  the  algorithm.  Two  Dimensional  Location  and  Shape  Reconstruction  [3.10]  has 
appeared  in  Radio  Science  and  another  paper  describing  the  blind  reconstruction 
has  been  com.pleted  [3.13].  The  experimental  work  at  Rome  Laboratories  is  be¬ 
ing  done  by  Robert  hIcGahan  and  hlarc  Cote  while  the  theoretical  and  numerical 
work  is  being  done  in  collaboration  with  Peter  van  den  Berg  of  Delft  University  of 
Technology  in  the  Netherlands. 
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2.4.  Related  Work 


Work  in  the  three  main  problem  areas  described  in  sections  2.1  -  2.3,  was 
accompanied  by  some  significant  related  activity  which  is  briefiy  summarized  in 
this  section. 

In  addition  to  the  applications  of  optimization  methods  in  antenna  problems 
it  was  shown  that  a  similar  approach  could  be  successfully  followed  in  a  class  of 
free  surface  hydrodynamical  problems  [3.1],  [3.3].  This  included  development  of 
a  constructive  method  for  finding  the  hull  design  which  optimizes  hydrodynamic 
performance  characteristics  such  as  drag  and  added  mass. 

The  iterative  solution  of  the  inverse  problem's,  which  has  become  a  major  and 
productive  component  of  the  research  programi,  was  inspired  by  previous  work  on 
iterative  solutions  of  integral  form.ulations  of  direct  scattering  problemis.  These  iter¬ 
ative  methods  were  described  in  [5.9]  and  a  comprehensive  review  of  these  methods 
in  electromagnetics  was  invited  for  inclusion  in  the  1990-1992  Review  of  R.adio 
Science  [3.6].  In  addition,  uniquely  solvable  integral  equations  for  electromagnetic 
scattering  from  indentations  in  plane  screens  were  devised  [3.7],  [5.4].  These  equa¬ 
tions  have  application  to  problems  involving  small  cavities  in  otherwise  smooth 
surfaces.  The  subject  of  small  scatterers  was  also  pursued  in  other  ways.  Pre¬ 
viously  obtained  results  on  applications  of  the  Kelvin  inversion  to  low  frequency 
scattering  were  used  to  obtain  the  solution  of  a  canonical  low  frequency  problem, 
scattering  by  a  concave  object  [5.7].  The  static  image  theory  which  attempts  to 
chciracterize  scattered  fields  by  equivalent  image  sources  producing  them  was  ex¬ 
tended  to  the  dielectric  sphere  [3.15],  [5.14].  Finally  the  complete  characterization 
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of  the  low  frequency  'expansion'  of  the  scattered  field  in  two  dimensions,  when 
the  field  is  no  longer  analytic  in  frequency,  was  accomplished  for  arbitrarily  shaped 
scatterers  and,  in  fact,  general  second  order  elliptic  equations  [3.11].  ' 


3.  Publications  supported  under  AFOSR  Grant  No.  91-0277  (copies 
included  in  the  Appendix) 
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10.  Two  Dimensional  Location  and  Shape  Preconstruction,  R.  E.  Kleinman  and  P. 
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-  Principal  Investigator 

-  Scientific  Investigator 

-  Post  Doctoral  Investigator 

-  Graduate  Student 


Note  that  Dr.  Jiang  and  Ms.  Wen  received  no  direct  support  under  the  grant 
but  did  work  on  grant  related  projects. 


5a.  Presentations  supported  under  AFOSR  Grant  No.  91-0277 

1.  Two-Dimensional  Profile  Reconstruction,  R.  E.  Kleinman  and  P.  M.  van  den 
Berg.  North  American  Radio  Science  Meeting.  URSI/IEEE-.4PS,  London,  On¬ 
tario,  June  1991. 

2.  Profile  Inversion  for  Two  Dimensional  Scatterers,  R.  E.  Kleinman  and  P.  M. 
^•an  den  Berg,  PIERS  Symposium.  Cambridge,  M.4,  July  1991  (invited  talk). 
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3.  Iterative  Methods  for  Electromagnetic  Profile  Inversion,  R.  E.  Kleinman.  X 
Jiang  and  P.  M.  van  den  Berg,  ICIAM,  Washington,  D.C.,  July  1991. 

4.  The  Far  Field  Scattered  by  Indented  Screens,  J.  S.  Asvestas  and  R.  E.  Klein¬ 
man,  National  Radio  Science  Meeting,  Boulder,  CO,  Jan.  1991. 

5.  A  Novel  Approach  to  Antenna  Optimization,  T.  S.  Angell,  A.  Kirsch  and  R. 
E.  Kleinman,  National  Radio  Science  Meeting,  Boulder,  CO,  Jan.  1992. 

6.  A  iWgorous  Derivation  of  Higher  Order  Boundary  Conditions  in  Electromag¬ 
netic  Scattering,  T.  S.  Angell,  R.  E.  Kleinman  and  S.  Przezdziecki,  Wave  Phe¬ 
nomena  II:  Modern  Theory  and  Applications,  Edmonton,  Alberta,  June  1991. 

7.  Low  Frequency  Electromagnetic  Scattering  from  Non  Convex  Bodies,  D.  Gin- 
tides,  K.  Kiriaki  and  R.  E.  Kleinman,  lEEE/APS-LRSI  International  Sympo¬ 
sium,  Chicago,  IL,  July  1992. 

S.  Conductive  Problems  in  Scattering  with  Maxwell’s  Equation.  T.  S.  An°-ell, 
A.  ^Kirsch  and  R.  E.  Kleinman.  lEEE/APS-LRSI  International  Svmposium, 
Chicago,  IL,  July  1992. 

9.  Iterative  Methods  for  Intermediate  Frequencies,  R.  E.  Kleinman  and  P.  M.  \n.n 
den  Berg,  lEEE/APS-URSI  International  Symposium,  Chicago,  IL,  Julv  1992 
(invited  paper). 


10.  An  Extended^ Range  Modified  Gradient  Technique  for  Profile  Inversion.  R.  E. 
Kleinman  ana  P.  M.  van  den  Berg.  LR.SI  In'ernationai  S'cmposium  on  Electro¬ 
magnetic  Theory,  Sydney,  Australia,  August  1992. 

j.1.  Obstacle  Reconstruction  irom  BacK  Scattered  Data,-  R.  E.  Kleinman  and  G. 
F.  Roach,  URSI  International  Symposium  on  Electromagnetic  Theory,  Sydney, 
Australia,  August  1992. 

12.  hlulticmeria  Optimization  in  Arrays,  T.  S.  .Angell,  R.  E.  Kleinman  and  A. 
Kirsch.  Proceedings  of  JINA  92  Congress.  Nice,  France.  1992. 

13.  A  New  Inversion  Technique  for  Shape  Preconstruction,  T.  S.  .4.ngell.  Xinming 

Jiang  and  R.  E.  Kleinman.  LRSI  Radio  Science  Meeting.  .4nn  .4rbor  MI  June 
1993.  '  ‘  ’ 

14.  Low  Frequency  Image  Theory  for  the  Dielectric  Sphere.  TV.  Lindell  and  R.  E. 
Kleinm.an,  National  Radio  Science  Meeting,  Boulder,  GO,  Jan.  1992. 

15.  Modified  Gradient  Techniques  for  Profile  Inversion,  R.  E.  Kleinman,  P.  M.  van 
den  Berg,  British  Applied  Math  Colloquium,  Glasgow,  Scotland.  April,  1993. 

16.  Modifie^d  Green’s  Functions  and  Obstacle  Reconstruction,  G.  F.  Roach  and 

R.  E.  Kleinman,  British  .4pplied  Math  Colloquium,  Glasgow.  Scotland  4pril 
1993.  ’  ■  ^ 
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17.  Profile  Inversion  by  Simultaneous  Error  Reduction,  R.  E.  Kleinman  and  P.  M. 
\'an  den  Berg,  XXIVth  General  Assembly  of  URSI,  Kyoto,  Japan,  August  1993. 

IS.  Reconstruction  of  the  Location,  Shape,  and  Composition  of  a  Scattering  Ob¬ 
ject,  P.  M.  "van  den  Berg  and  R.  E.  Kleinman,  Oberwolfach  Conference,  Meth- 
oden  und  Venahren  der  Mathematischen  Physik,  Dec.  1993. 

19.  Full  Low-Frequency  Asymptotic  Expansion  for  Elliptic  Equations  of  Second 
Order,  R.  E.  Kleinman  and  B.  Vainberg,  SIAM-INRIA  Conference  on  Mathe¬ 
matical  and  Numerical  Aspects  of  Wave  Propagation,  Newark,  DE  June  1993. 

20.  Asymptotic  Approximation  of  Optimal  Solutions  of  an  Acoustic  Radiation 
Problem,  T.  S.  Angell,  R.  E.  Kleinman  and  B.  Vainberg,  Oberwolfach  Confer¬ 
ence,  Methoden  und  Verfahren  der  Mathematischen  Physik,  December  1993. 

21.  New  Approaches  to  Numerical  Solutions  of  Integral  Equations,  R.  E.  Kleinman, 
International  Conference  on  Applied  and  Industrial  Llathematics,  Linkoping, 
Sweden,  June  1994. 


5b.  Interactions  with  other  Laboratories 

Pv.ome  Laboratory,  Hanscom  AFB:  Collaboration  with  personnel  was  initiated 
and  is  ongoing  in  two  areas.  With  R.  A.  Shore  there  is  a  project  on  applying  multi¬ 
criteria  optimization  methods  to  a  class  of  antenna  problems  previously  treated  by 
other  methods.  With  R.  V.  McGahan  and  M.  G.  Cote  there  is  a  project  devoted 
to  using  experimental  microwave  scattering  data  as  the  input  in  inverse  scattering 
algorithms.  This  collaboration  has  resulted  in  one  joint  paper  submitted  for  publica¬ 
tion  and  a  cooperative  effort  to  organize  a  workshop  on  inversion  using  experimental 
data. 

Laboratory  for  Electromagnetic  Research,  Delft  University  of  Technology,  The 
Netherlands:  Peter  van  den  Berg  of  that  Laboratory  has  played  a  key  role  in  de¬ 
veloping  robust  inversion  algorithm  and  has  collaborated  on  13  of  the  papers  and 
presentations  listed  in  Sections  3  and  5a. 
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Institute  for  Applied  Mathematics,  University  of  Erlangen,  Nufenberg,  Ger¬ 
many;  Andreas  Kirsch  of  the  Institute  has  collaborated  on  the  work  on  resistive 
boundary  conditions  and  is  currently  involved  in  a  joint  book  project  on  optimiza¬ 
tion  methods  in  antenna  theory. 

Laboratory  for  Signals  and  Systems,  National  Center  for  Scientific  Research 
(CNRS),  France:  Collaboration  with  D.  Lesselier  and  B.  Duchene  of  that  Labora¬ 
tory  has  begun  on  extending  inversion  methods  developed  under  the  grant  to  more 
comiplicated  problems  such  as  detecting  and  identifying  objects  buried  in  a  halfspace 
from  scattering  data  collected  above  the  half  space. 

Electronics  Laboratory,  University  of  Nice,  Sophia  Antipolis;  Collaboration 
with  Christicui  Pichot  on  computing  Newton-Kantorovich  and  modified  gradient 
methods  for  inverse  scattering. 

6.  Dis  cov'eries  inventions  or  patent  disclosures 

There  have  been  no  patent  applications  or  inventions  under  the  grant.  The 
research  results  reported  in  Sections  3  and  5a  are  all  in  their  own  way  discoveries. 
Perhaps  the  most  striking  of  these  was  the  success  of  our  modified  gradient  algorithm 
in  reconstructing  the  shape  and  location  of  an  object  from  e.xperimental  scattering 
data  in  a  ■'blind"  test  as  described  in  [3.141. 
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Appendix:  Publications  listed  in  Section  3 
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In:  Hathenatical  Approaches  in  Hydro dynamic s , 
Touvia  Miloh,  ed.,  SIAM  Publications, 
Phila-,  1991. 


Chapter  10 

Recent  Developments  in  Floating 

Body  Problems 


T.  S.  Angell,  G.  C.  Hsiao,  and  R.  E.  Kleinman 


10.1.  Introduction. 

In  this  paper  we  outline  some  recent  developments  in  the  problem  of  a  body  floating 
on  a  linearized  free  surface  subject  to  a  time  harmonic  exciting  force.  This  prob¬ 
lem  was  well  known  even  before  Fritz  John  [llj  derived  a  Green’s  function  satisfying 
the  linearized  free  surface  condition  and  used  that  function  to  prove  existence  and 
uniqueness  of  solutions  using  integral  equation  techniques.  John  followed  a  standard 
approach  to  boundary  value  problems.  First  he  proved  uniqueness,  that  is  there  was 
at  most  one  solution  of  the  boundary  value  problem.  Then  he  formulated  an  inte¬ 
gral  equation  whose  solutions  lead,  through  an  integral  representation,  to  a  solution 
of  the  boundary  value  problem,  which,  since  only  one  was  possible,  was  the  unique 
solution.  The  existence  of  a  unique  solution  of  the  integral  equation  was  est.ablished 
using  Fredholm  theory.  John  recognized  the  existence  of  “irregular  frequencies’,  dis¬ 
crete  real  values  of  the  wave  number  for  which  this  integral  equation  was  not  uniquely 
solvable  and  he  was  forced  to  adopt  a  more  complicated  method  explicitly  involving 
the  eigenfunctions  for  proving  existence  and  uniqueness  for  these  anomolous  values  of 
the  wave  number.  The  problem  of  formulating  uniquely  solvable  integral  equations  for 
all  frequencies,  suitable  for  numerical  solution,  has  occupied  a  central  position  in  free 
surface  hydrodynamics  for  decades.  In  order  to  apply  the  results  of  potential  theory. 
John  made  a  number  of  geometric  assumptions  on  the  shape  of  the  ship  hull.  These 
essentially  reduced  to  requiring  that  the  closed  surface  formed  by  a  ship  hull  and  its 
reflection  in  the  free  surface  formed  a  smooth  (twice  differentiable)  convex  surface. 
This  restriction  implies  that  the  ship  hull  intersects  the  free  surface  normally  and  pre¬ 
cludes  discontinuities  in  curvature  even  on  the  center  plane.  Considerable  attention 
has  been  directed  toward  relaxing  these  assumptions. 

In  this  paper  we  will  summarize  some  recent  developments  in  a  number  of  areas 
related  to  the  floating  body  problem.  Specifically  we  will  review  a  number  of  uniquely 
solvable  integral  equations  for  non-sm.ooth  hulls,  the  present  state  of  attempts  to 
establish  the  existence  of  “weak”  solutions,  and  some  related  optimization  problems 
in  hull  design. 

10.2.  Notation. 

■We  will  concentrate  on  the  three  dimensional  finite  depth  case  as  illustrated  in  Fig. 
1.  We  fix  the  origin  of  a  cartesian  coordinate  system  in  the  water  plane  that  is,  the 
continuation  into  the  ship  of  the  mean  free  surface  so  that  the  z-y  plane  consists  of 
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the  mean  free  surface  c/  together  with  the  water  plane  c^.  The  Suid  domain  D+  is 
bounded  by  the  linearized  free  surface  c/,  the  wetted  portion  of  the  ship  hull  c,  and 
the  bottom  cs  which  is  assumed  flat  at  a  depth  h,  that  is.  C3  is  the  plane  r  =  ~h. 
Let  D_  denote  the  domain  bounded  by  c,  and  c.^.  We  denote  position  vectors  by 
P  =  (^.y, -j)  and  often  also  employ  polar  coordinates  x  =  pcos9.  y  =  psini?  in  the 
x-y  plane. 

The  time  harmonic  three  dimensional  floating  body  problem  with  linearized  free 
surface  condition  b  usually  formulated  in  terms  of  a  classical  boundary  value  problem 
for  the  complex  velocity  potential  o(p)  in  the  fluid  domain  as  follows  Find  6  such 
that 


(Ic) 

(16) 

(Ic) 
►  (Id) 
(le) 


V^c?  =  0  in  Di  , 

5(6 

^  =  0  on  ca  , 

5(6  ^  ,  ,  do 

— -f«<6  =  — e; — !- 1(6  =  0  on  cy 


5n 

5<6 


8z 


—  -  i  kod  =  o(p-i/2)  as  p  —  00  , 


where  k  is  the  wave  number  with  !m.  F  >  0,  Fq  is  the  positive  real  root  of 

k  z=  ko  tanh  knh  , 


where  ^  denotes  the  normal  derivative  directed  into  D+.  The  function  V  is  the 
specified  boundary  data  on  the  ship  hull  and  may  be  chosen  so  that  6  represents  any 
of  the  possible  radiation  components  or  a  diffraction  potential.  Mathematically  it  is 
necessary  to  specify  requirements  on  c,,  the  sense  in  which  is  to  be  taken  on  c 
and  the  class  of  functions  from,  which  the  data  K  is  to  be  chien  in  order  to  have  a 
well  posed  (that  is,  uniquely  solvable)  boundary  value  problem 

VVe  will  denote  by  {v,}  the  set  of  Ursell’s  multiple  potentials  for  the  three  dimen¬ 
sional  finite  depth  cai«  (Thorne  [25],  Martin  [19])  which  have  the  property  of  satisfying 
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the  boundary  conditions  on  c/  and  cb-  We  use  the  standard  multi-index  notation 
I  =  n,m=  0,  1,2,...;  j  =1,2;  [/I  =  n  +  m  +  i 

and  define  the  multipole  potentials  explicitly  to  be 

v:(p)  ;=  t/'nm(p,;)[;cosm5  +  (l  -  j)  sin  mO] 


where 


cosh^(r  -f  ft)Jm(dP) 

Vom(P,-J-  ^  ^  sinh  —  k  cosh 


Vnm(p,2):= 

1  r”  cosh  4-  h)  Jm(<?p)  ^ 

{2n)l  Jq  ^sinh^h  —  k  cosh^h 


n  >  0 


the  contour  passing  below  the  singularity  ibo  in  the  complex  ,J-plane.  The  set  {r,}  is 
complete  on'L=(c,)  provided  c,  satisfies  the  rather  stringent  smoothness  conditions  of 
John  (Martin  [20]). 

We  may  now  introduce  three  Green's  functions  which  figure  prominently  in  the  in¬ 
tegral  equation  formulation.  First  is  an  elementary  source  which  satisfies  the  boundary 
condition  on  cb  but  not  on  cj: 


7o(p,q):-  2rrlp-ql  2rrlp  -  q] 

where 

q  :=  (r.y,-r  -  2h)  . 

N'e.tt  is  a  Green's  function  which  satisfies  the  boundary  condition  on  cb  and  the 
free  surface  condition  on  cj.  This  is  the  Green  s  function  of  John  for  which  various 
representations  are  known  (e.g.  Weyhausen  and  Laitone  [28],  Noblesse  [21]).  One  such 

7.(P,  q)  := 

n=0  " 

where  _ _ _ 

i?  =  \/p|+p|-2ppp7co^  -  ^7) 

and  kn  are  the  roots  of  equation  (2)  with  non-negative  real  and  imaginary  parts.  This 
Green’s  function  has  a  source  strength  double  that  of  70  on  c/  and  Cw- 
Finally  we  define  a  modified  Green's  function  (Urseil  [26])  to  be 


7m(p,  q)  :=  7.r{P.  q)  +  ^  a(t)t(p)vi(q) 

l.’|=0 


where  the  coefficients  a;  are  subject  to  two  important  restrictions.  First  the  resulting 
series  should  be  convergent  for  all  p,  q  €  -0+,  e.g.  |cif|  <  for  n,  m  >  0,  some 

c  <  CO  and  Afi.=  ^  |t;i|  and  second  Im  o;  <  0  (note  that  this  condition  differs  from 

that  given  by  Urseil  [26]  only  because  we  have  chosen  a  different  sign  convention  for 
70  and  yj.) 
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Now  we  have  three  Green’s  functions  of  ever  increasing  complexity  beginning- with 
the  relatively  simple  70,  the  relatively  complicated  yj  and  the  even  more  complicated 
7Af .  It  should  be  remarked  that  all  that  we  are  presenting  here  for  the  finite  depth  case 
may  be  repeated  for  infinite  depths  where  the  potentials  vj  and  the  Green’s  functions 
7j  and  jm  simplify  considerably. 

We  can  use  these  Green’s  functions  to  define  single  and  double  layer  potentials 
as  follows;  let  7  denote  any  one  of  70, 7J  or  and  c  denote  any  one  of  the  surfaces 
c,,c^,  or  Cf]  let  u  be  a  function  (density)  defined  on  c,  then  define 

5u  :=  J  7(p,  q)u(q)  dsq  ,  p  £  D+U  D-  , 

C 

Dxi~  f  ■^(p,q)u(q)  dsq  peD+UD-, 

J  onq 

c 

^^ti(q)  dsq  ,  p  6  c  , 

C  ^ 

f 

Kti:=  J  ^^(p,q)u(q)  dsq  ,  p6c, 

C 

and 

d  C  d 

N w  :=  J  ^^(P-  <i)«(h)  -  P  €  c  . 

C 

Note  that  K  u  is  the  direct  value  of  Du  on  c  and  Stt  may  be  extended  to  all  points  on 
the  closure  of  Dj.-U  D-.  We  will  append  subscripts  to  indicate  the  particular  choice 
of  7  and  c,  e.g., 

5,,oti  := 

e. 

We  remark  that  the  density  u  and  the  surface  c  must  be  consistently  restricted  in 
order  for  the  functions  given  above  to  make  sense  (e.g.  Kleinman  [12]). 

Having  established  this  notation  we  may  now  proceed  to  questions  of  uniquely 
solvable  integral  equations. 

10. 3.-  Uniquely  Sol-vable  Integral  Equations. 

The  uniqueness  theorem  for  the  floating  body  problem  is  easily  proved  if  Im  1:  >  0  for 
any  c,  for  which  Green’s  theorem  is  available  in  D+.,  This  is  shown  by  John  [11]  (see 
also  Kleinman  [12]).  However  when  Im  t  =  0  additional  restrictions  on  the  geometry 
of  Cj  are  ne^ed,  the  essential  one  being  that  vertical  rays  from  the  free  surface  cj 
intersect  the  ship  hull  at  most  once.  However  it  is  not  necessary  to  require  normal 
intersections  at  the  free  surface  (Kuznetsov  and  Maz’ya  [13],  Kleinman  [12])  nor  in 
fact  is  it  necessary  to  insist  that  c,  be  smooth.  Even  with  shapes  such  as  those  shown 
in  Fig.  2,  uniqueness  for  the  floating  body  problem  has  been  shown  provided  the 
angles  indicated  in  Fig.  2  are  restricted;  0  <  q  <  x/2  and  0  <  H  <  2t.  Precise 
conditions  on  c,  are  given  by  Kleinman  [12]  and  Wienert  [30].  Even  the  condition 
that  vertical  rays  from  c/  intersect  c,  at  most  once  may  be  relaxed,  a  >  t/2  in  Fig. 
2,  as  was  shown  by  Simon  and  Ursell  [24]  in  the  two-dimensional  case.  Similar  results 
in  three-dimensions  arfe  eagerly  awaited. 

With  this  uniqueness  result  for  the  boundary  value  problem  we  know  that  if  an 
integral  equation  leads  to  a  representation  of  a  solution  of  the  floating  body  problem 


y  7o(p,q)u(q)  ds,  . 
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Fig.  2 


it  must  be  tAe  solution.  In  the  notation  of  the  previous  section  a  Green’s  theorem 
approach  leads  to  a  representation  of  the  solution  of  the  floating  body  problem  as 

(3)  ,  p6D+. 


Trhere  vj  is  a  solution  of  the  boundary  integral  equation 


(^) 


w  -f  K sjw  =  S,,jV  ,  p  £  c,  . 


Alternatively,  using  a  source  distribution  approach 
^5)  P  •“  ,  p  €  I 

where  u;  is  a  solution  of 


(6)  w-~K,,jw  =  V  ,  p  6  c,  . 

Note  that  while  we  use  the  same  letter  to  designate  the  solution  of  the  boundary  inte¬ 
gral  equations  in  each  case,  these  solutions  will  be  different.  In  the  Green’s  approach, 
equation  (4),  w  is  the  unknown  value  of  6  on  c,  whereas  in  layer  approach  it  is  not. 

If  Im  fc  >  0  then  either  integral  equation  is  uniquely  solvable.  However,  if  Im  k  =  0 
there  will  occur  discrete  values  of  fc  (irregular  frequencies)  for  which  there  will  e.xist 
non-trivial  solutions  of  the  homogeneous  equations 


w  K,,jw  =  0 


and  w  +  K ,  ,jw  =■  Q  . 


The  same  values  of  k  will  be  irregular  for  both  equations  but  the  corresponding  solu¬ 
tions  (eigenfunctions)  will  be  different. 

For  Im  fc  =  0  we  list  now  a  number  of  boundary  integral  equations  which  are 
uniquely  solvable  together  with  the  corresponding  representation  of  the  velocity  po¬ 
tential  in  the  fluid  domain. 
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Boundary  Integral  Equation 

(7)  w  +  +  rjN.jw  =  S.jV  +  -  y) 

Im  q  #  0 

(8)  w  +  K,,jw  +  r]N,ji^=^y 

Im  77  #  0 

(9)  w  + 

(10)  w+ k,,m^  =  y 

(11)  u;+X,'ju;+ = 

(12)  tu  +  iC.’oUJ  T  •R/.ow' + 


Representation  of  Solution 

in  D+ 

<p  —  +  \S3,jV 

^  =  S,,jw  +  r]D,,jw 

4>  =  -  4-  \s,,My 

<p  =  S,,M'^ 

4)  =  —  \D,,jvJ+  \S,,jV 
4,  = 

—  ^S/,oU7  + 

4>  =  -^D,,jw  +  \S$,jV 


(13)  f  ti'(9)^v,(q)d5,  =  /  V(q)viiq)dsj 

ii|  =  0.1,2,... 

We  ».ert  thel  .11  of  >!>="  mlegl.l  eqo.liooe  .re  uniquely  ^ 

muet  be  qmokly  .dded  "6"°“" 

.„y  e^e.  Such  proofs  "=  “PTIui  ^stence "7^^^  solution  of  .  eomplie.ted 

:r£z:r;‘ "of  (7)  h»  bee.  prove,  b.,  Wrenert  PO]  for  oon^ootb  sur^.o.  ^.s 

Once  existence  of  this  solution  is  established,  any  integral  equation  d.n  ed  y 

ty  £  Z  s7ultJL  1151  .nd  by  b.u  ..d  He.,n  (14).  Note  th.t  eyrsteuee  for  tb. 

'%re"d  ^^l“ri'n“ons  used  in  „u.t,ons  (9)  ..d  (10)  stem  bo.^  the  wo* 
of  uLn  [26]  and  Martin  [19]  and  UrseU’s  proof  establishes  uniqueness.  As  befor  «- 
Lten«  fir  the  equation  slemming  from  the  use  of  Green’s  theorem  is  a^ured  via  the 
argument  based  ultimately  on  Wienert’s  work,  while  existence  for  (10)  is 
However,  since  no  hypersingular  operators  are  involved,  29rBmago  and 

eral  ooerators  for  potential  theory  in  nonsmooth  domains  (Wendland  [  ],  g 

n»  [or  both  th^  equoin..  Tbo  dotmls  b.ve  not  boon  o.rr.ed  out  howsv.r  I 
rhould  b.  noted  that  a  related  modification  of  the  Green’s  f«"t‘'u»»  ">"^ 
multipole  potential  was  added  underlay  the  work  of  Ogilvie  and  Shin  M 
while  this  was  shown  to  eliminate  one  irregular  frequency  it  will  not  elimina 

‘''"^oTeSTqurtions  (7)-(10)  are  boundary 

equations  (11)  and  (12)  are  not.  Equation  (11)  is  usually  attributed  to  Ohmatsu  [23] 
who  in  turn  credits  Wood  [31].  Note  that  the  integral 

c  while  the  representation  involves  the  restriction  of  the  wlution  to  c..  Ohmatsu 
proved  uniqueness  (see  also  Kleinman  [12],  Chang  and  Pien  [6]  and,  for  an  alterna  ive 
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but  similar  approach,  Fernandez,  [9]);  Equation  (11)  employs  the  simplest  Green's 
function  at  the  cost  of  integrals  over  the  entire  free  surface  cj.  Originally  derived  by 
Bai  and  Yeung  [4]  and  Yeung  [32],  uniqueness  was  rigorously  established  by  Angell  et 
al.  [1].  Numerical  work  has  been  done  by  Bai  and  Yeung  and,  for  the  two  dimensional 

case,  by  Liu  [18].  .  •  c 

Finally  equation  (13)  is  not  strictly  a  boundary  integral  equation  but  an  inhnite 

set  of  moment  equations,  the  so-called  null  field  equations  and  uniqueness  has  been 
shown  by  Martin  [19],  [20].  One  way  of  arriving  at  the  null  field  equations  is  to 
employ  Green’s  theorem  in  D_.  Another  approach  involving  this  idea  supplement 
the  boundary  integral  equation  on  c,  with  the  Green’s  identity  evaluated  at  specific 
points  in  D-.  However  adding  only  a  finite  number  of  such  points  does  not  suffice 
to  establish  uniqueness  for  all  k.  Nevertheless  this  method  originated  by  Schenck  has 
enjoyed  numerical  success  [14]. 

10.4.  Optimal  Design. 

In  this  section  we  turn  to  certain  optimization  problems  related  to  the  optimal  design 
of  the  shape  of  a  floating  body.  Regardless  of  whether  the  body  is  fully  or  only  partially 
submerged,  the  quantities  of  physical  interest  include  not  only  the  wave  patterns  which 
can  be  derived  from  the  velocity  potential  but  also  functionals  of  the  potential  such  as 
added  mass  and  damping  factors  which  measure  the  distribution  of  energy  in  the  fluid 
(see  e.g.  Wehausen  and  Laitone  [28],  p.  567).  These  factors  are,  of  course,  dependant 
upon  the  geometry  of  the  body  and  it  is  this  dependance  which  we  intend  to  study 
in  this  section.  In  particular  we  discuss  how  these  quantities  may  be  opti.muted  over 
restricted  classes  of  body  geometry. 

.4s  the  quantities  to  be  optimized  will  oepend  on  the  velocity  potenw.al  r,nic.n  .u 
turn  depends  on  the  choice  of  surface,  we  will  need  to  consider  a  family  of  boundary 
value  problems  generated  by  an  appropriately  chosen  collection  of  possible  surfaces. 
If  we  denote  this  collection  of  surfaces  by  Cl  then  a  boundary  value  problem  (la)-(  le) 
mav  be  denned  for  each  c,  S  f2.  The  fluid  domain  D+  depends  on  c,  ana  is  denoted 
by  'Di(s).  The  corresponding  solution  may  be  inde.xed  as  6,  to  explicitly  exhibit  its 
dependence  on  c,.  Note  that,  because  we  are  considering  a  family  of  boundary  value 
problems,  the  data  V  in  (lb)  must  be  defined  throughout  the  domain  formed  by  the 
union  of  all  surfaces  in  Cl.  This  is  indeed  the  case,  for  example  for  heaving  motion 
where  V  =  — n  ■  z. 

The  optimization  proble.ms  under  consideration  involve  functionals  defined  on 
the  space  of  velocity  potentials,  that  is.  real  numbers  associated  with  each  velocity- 
potential  which  in  turn  depends  on  c,  and  V .  When  it  is  convenient  to  explicitly  show 
this  dependence  we  will  write  Osip,  )■  55e  confine  our  discussion  to  the  proble.m  of 
minimization  since  maximizing  a  functional  L  is  equivalent  to  minimizing  —L.  Thus 
with  L  denoting  the  functional,  the  optimization  problem  is  that  of  finding  c,,  6  Cl 
for  a  given  V  such  that 

L{c.„,V)  <L{c,,V)  forallc,  ea. 

Specific  choices  of  L  may  be  made  to  embody  desirable  design  criteria.  In  particular 
we  may  choose  the  functional  to  be  the  added  mass  in  which  case 

Lics,V)  =  ReJ^  d>,{c,V)V{p}ds  . 

Note  that  by  appropriate  choice  of  V  the  functional  will  represent  the  added  mass 
associated  with  any  of  the  six  rigid  body  motions,  diffraction  or  combinations  of  these 


motions. 
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For  such  optimization  problems,  there  are  two  basic  questions:  that  of  the  exis¬ 
tence  of  optimal  solutions  and,  once  existence  is  assured,  that  of  the  computation  of 
the  optimal  solution.  We  will  consider  these  questions  in  turn. 

In  order  to  show  that  an  optimal  solution  exists  we  use  a  reformulation  of  the 
boundary  value  problem  in  terms  of  a  uniquely  solvable  boundary  integral  equation 
which  will  exhibit,  explicitly,  the  dependance  of  the  solution  on  the  surface  c,.  This 
is  needed  in  order  to  establish  the  continuous  dependance  of  the  solution  not 
only  with  respect  to  the  data  V  which  is  standard,  but  also  with  respect  to  the 
surface  c,.  This  is  a  more  difficult  mathematical  problem.  One  method  of  proof 
paralleling  that  used  by  Angell  et  al.  [2]  and  Angell  and  Kleinman  [3]  is  to  introduce 
an  explicit  parameterization  of  the  admissable  surfaces  and  then  transform  the  integral 
equations  on  c,  to  equations  on  a  reference  surface  by  introducing  the  Jacobian  of 
the  transformation.  This  essentially  moves  the  dependence  on  the  surface  from  the 
solution  to  the  (now  more  complicated)  kernel  of  the  integral  equation  in  which  form 
the  continuity  is  deduced.  The  technicalities  are  by  no  means  trivial,  even  when  the 
admissable  surfaces  are  smooth.  For  non— smooth  surfaces  such  as  those  depicted  in 
Fig.  2,  the  detaib  have  yet  to  appear  although  the  uniquely  solvable  integral  equations 
of  Wienert  [30]  are  thought  to  provide  what  is  needed  for  this  approach.  Once  the 
continuity  of  the  functional  L  is  established  on  a  suitably  restricted  class  of  admissable 
surfaces,  it  follows  that  L  will  assume  its  absolute  minimum  on  this  class  . 

Turning  now  to  the  question  of  developing  a  constructive  method  to  approximate 
the  optimal  hull  configuration,  we  can  extend  the  method  used  in  [3]  to  treat  the 
totally  submerged  body  to  the  more  difficult  case  discussed  here.  The  constructive 
method  proposed  in  [3]  relies,  not  on  the  integral  equation  form.ulation,  but  rather  on 
the  availability  of  an  appropriate  complete  family  of  solutions  which  we  take  to  be 
Ursell’s  multipole _potentials  {u'}  introduced  previously.  The  ccmpletness  properties, 
at  least  for  the  smooth  case,  were  established  by  Martin  [20]  for  the  two-dimensional 
infinite  depth  case.  Similar  results  for  the  present  case  remain  to  be  established. 

Our  construction  procedure  is  a  penalization  method.  Such  methods  usually  in¬ 
volve  the  introduction  of  additional  terms  to  the  cost  functional  involving  both  the 
partial  differential  operator  and  various  initial  and  boundary  conditions.  The  use  of 
complete  families  allows  us  to  simplify  the  method  by  introducing  only  the  penaliza¬ 
tion  term  corresponding  to  the  boundary  condition  on  the  (unknown)  hull. 

Specifically  we  approximate  d  by  a  linear  combination  of  multipole  potentials  each 
of  which  satisfies  aU  conditions  of  the  boundary  value  problem  (except  the  boundary 
condition  on  c,)  for  every  c,  £  Q.  Then  for  fixed  N  we  seek  constants  and 

c^*^  €  which  minimize 


:=  Re 


a 


(>') 


i/pds 


This  approach  is  completly  analogous  to  that  introduced  for  the  totally  submerged 
body  [3]  where  we  have  shown  that  the  sequence  of  minimizing  surfaces  exists 

and  has  cluster  points  and  that  these  cluster  points  in  turn  approach  a  minimuzer  of 
L{c, ,  id)  as  —  CO.  Details  of  this  approach  for  the  floating  body  have  yet  to  appear. 


10.5.  Weak  Solutions. 

In  section  1.3  we  discussed  questions  of  existence  and  uniqueness  of  solutions  of  the 
floating  body  problem,  equation  (la-le),  from  the  viewpoint  of  boundary  integral 
equations.  This  indeed  is  the  classical  approach  to  existence  for  boundary  value  prob¬ 
lems  and  of  course  also  provides  a  basis  for  numerical  solution  such  as  the  well  known 
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ily  m  the  modern  y  P  so.„||,<i  weak  fotmulationJ  and  corresponding 

or  variational  approach  °  ‘  while  this  approach 

::ltrd\nti™otem:,  a  complete  weak  “"-“J 

?  1trdmcultT»feTthr?I“  fhUl%uTd”d^  inhnit.  and  has  an  in- 

Sl  h:n:dary  tme  srcceas  has  heen  reported  hy  ‘^'“  “g 

^'^YeungT^  KuzTetr^^  -tire  fluid 

establish  existence  solely  in  the  weak  context.  “f^^r Un  1^; 

integral  results.  Another  attempt  was  ^  ^  >  q,  a  complete 

w:rgir:s\hrd:rtr  = 

denote  by  the  surfac^  Vf  fljtnT p^a  foT^'eTy  p  6  Applying 
ofeen-;  Ihelrem  to  the'solnllon  d  and  a  test  function  w  in  the  Iluid  domain  within 
the  cvlinder  Ca  leads  to 


f  VO  ■  Vi^'dq  -<  j  ovds  -  j  ^'ds  !  j 


?2bds 

an 


where  0%  and  cj  denote  the  portion 

that  -  f  Qo_ 

iim  /  -s-Ods  - 

a— 'CO  j  OTl 


of  Di  and  Cf  within  the  cylinder  Ca-  If  it  is  true 


we  arrive  at  the  equation 

(14)  B(d,''/’)  1=  yvO'Vodsq-fc 


ov^'d-s  —  j  V \L'ds 


which  imnlicitlv  defines  the  sesquilinear  form  B{6.  v).  However  the  radiation  condition 
^  ')  .L  a  a  _  n(a-'‘‘-)  on  Ca  hence  the  test  function  ip  must  have  more 

1  :  dTTv  “  r-  c^  T.°oidet  rot  thrintegta.  ovct  c.  to  vanhh.  Equation  (14) 
nrovudes  the  basis  for  the  weak  formulation  only  after  we  specify  the  function  spac« 
^Hilbert  spaces)  in  which  the  test  functions  lie  and  in  which 
If  the  domain  were  finite  then  the  standard  energy  space  is  H 

includes  functions  which  are  square  integrable  together  with  their  first  denvati  « 

over  the  domain.  However  for  the  problem  at  hand  this  space  f '  ^ 

for  the  solution  d  since  d  and  its  derivatives  are  not  square  integrable  in  D+  unless 

fc  =  0  it  is  necessary  to  choose  a  different  function  space  setting  in  order  for 
equation  (14)  to  be  valid.  The  original  boundary  value  probkm  dictates  properties 

that  the  solution  space  must  have  in  particular  regarding  the  “  P, 

Therefore  we  choose  d  to  be  in  HlJD^)  by  which  we  mean  that  d  and  lU  derivatives 
Ire  square  integrable  in  any  finite  subdomain  of  and  the  restriction  of  q  to  c;  is 

sauare  intecrable  on  any  finite  subdomain  of  c/.  j  .v,  ,» 

This  is  not  sufficient  to  ensure  that  the  radiation  condition  is  fulfilled 
fore  this  condition  must  be  imposed  as  an  additional  restriction.  However  w,th  the 
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“solution  space”  so  chosen  it  is  necessary  t^at  the  test  function  lie  in  a  different 
function  space.  A  suitable  choice  is  HcUp(E>+)  by  which  we  mean  functions  which 
together  with  their  first  derivatives,  are  square  integrabk  in  D+  and  in  addi  ion  each 
fuLtion  will  vanish  outside  a  bounded  subdomain  of  D+  (not  necessarily  the  same 

subdomain  for  every  function).  ,  ,  •  .l,, 

Now  a  precise  weak  formulation  of  the  floating  body  problem  is  the  follow  ng. 
given  €  L7{c.),  find  4>  €  which  alsi^satisfies  the  radiation  condition  (le) 

fuch  that  eauation  (14)  holds  for  all  ^  G  A  solution  m  this  c^e  is  called  a 

vicai  solution  of  the  floating  body  problem.  The  next  step  is  to  establish  the  existence 
and  uniqueness  of  a  weak  solution.  Although  progress  in  this  direction  has  b^n  rnad^ 
the  complete  proof  has  yet  to  appear.  In  order  to  give  some  idea  of  where  difficulties 
remain  we  wifi  outline  an  approach  when  Im  i:  >  0  where  existence  and  uniqueness 

can  be  established.  .  ,  . 

When  Im  it  >  0  the  classical  radiation  condition  implies  that  solutions  decay 

exponentially  as  p  -  oo.  This  means  that  6  and  its  derivatives  are  square  integrable 
in  D+  and  ^  is  square  integrable  on  c/.  Now  we  may  choose  the  space  of  test  functions 
as  well  as  the  solution  space  to  be  the  same  namely  H  //i(D+)  n  *.>2(c/)  equippe 
with  a  special  norm  and  inner  product.  We  define  the  inner  product  on  this  space  to 

;=  j  \7P  j 

Dm 

and  tb-  induced  norm  Hdll  =  ^/(0)_  This  differs  from  the  standard  inner  product 
since  there  is  no  term  of  the  form  j  ovcq.  However  it  has  been  showj  oy  Doppel  and 

Hsiao  [7]  that  this  term  is  unnecessary,  that  is,  the  norm,  denned  above  is  equivalent  to 
the  standard  norm.  Moreover  the  presence  of  the  integral  over  the  free  suriace  enables 
us  to  establish  the  following  so-called  c'oerctvtness  properly  for  the  s«quilinear  forrn 
defined  in  (14).  There  exists  a  constant  (which  may  depend  on  k)  X{k)  >  0  such  tha 

lB(<?.d)i>  A(l:)i|dlP 


for  all  p  6  H. 

In  addition  the  sesquiiinear  form  is 


continuous  in  the  sense  that  there  is  a  constant 


a  such  that 


15(0,10)1  <  Qr|!<5|lill/'ll 


for  all  .  j  i- 

Finally  the  right  hand  side  of  equation  (14)  defines  a  bounded  linear 

on  H  in  the  sense  that 

I  /  Vu!ds\  <  8\\i)\\ 


functional 


for  all  di  €  5  where  /?  b  a  constant.  _  ,  r  j 

The  process  of  establishing  these  results  is  not  trivial  and  details  may  be  found 
in  [7]  However  once  they  are  established,  the  e.xistence  and  uniqueness  of  a  weak 
solution  is  a  consequence  of  the  important  Lax-Milgrara  lemma,  (see  e.g.  Friedman 

^  "^By  a  weak  solution  is  meant  a  function  6  £  H  such  that  equation  (14)  is  satisfied 
for  all  €  5.  It  is  relatively  easy  to  see  that  this  weak  solution  will  also  satisfy  the 
requirements  given  earlier  for  Im  1:  =  0. 

In  the  case  when  Im  i:  =  0,  we  would  hope  to  establish  similar  results  but  the 
previously  mentioned  breakdown  of  square  integrability  on  D+  causes  difficulties.  It 


Recent  Developments  in  Floating  Body  Problems 

is  possible  to  prove  that  the  right  hand  side  of  equation  (14)  defines  a  bounded  linear 
functional  on  H}omp(D+)  and  it  is  also  possible  to  establish  the  continuity  of  the 
sesquilinear  form.  However  the  coerciveness  property  of  the  sesquilinear  form  has  not 
been  established  and  this  is  a  problem  of  considerable  magnitude. 

An  alternative  approach  to  existence  and  uniqueness  in  the  case  Imi  =  0  involves 
a  so-called  “limiting  absorption”  principle  see  e.g.  Leis  [16].  This  involves  taking  a 
limit  as  Im  F  —  0  of  solutions  for  Im  1:  >  0,  whose  unique  existence  is  known. 

To  our  best  knowledge  the  only  attempt  to  follow  this  idea  is  contained  in  the 
work  of  Lenoir  and  Martin  [17]  but  their  result  is  subject  to  question  because  of  the 
unavailability  of  a  FLellich  type  lemma  in  this  context. 
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.4  class  of  radiation  problems  is  considered  wherein  an  arbitrary 
smooth  surface  on  which  currents  may  be  induced  is  treated  as 
an  antenna,  A  variety  of  measures  of  antenna  performance  are 
defined  in  terms  of  functionals  of  the  radiation  pattern.  These  in 
turn  give  rise  to  a  class  of  optimization  problems  in  which  the 
current  distribution  is  sought  which  maximizes  or  minimizes  one  or 
another  of  the  antenna  performance  functionals.  A  general  method, 
based  on  the  use  of  vector  wave  Junctions,  of  reducing  each 
problem  to  one  in  finite  dimensions  is  presented  Some  numerical 
examples  are  presented  to  illustrate  results  attainable  by  these 
methods. 

I.  Introduction  and  Basic  Problems 

Antennas,  devices  for  transmitting  or  receiving  electro- 
magnedc  energy-,  take  on  a  variety  of  physical  forms. 
They  can  be  as  simple  as  a  single  radiating  diode,  or  far 
more  complicated  structures  consisting  of  nets  of  wires  or 
solid  conducting  surfaces.  In  any  specinc  case,  questions 
arise  from  the  desire  to  control  and  even  optimize  the 
performance  of  the  radiating  strccrure  through  aporooriate 
•‘feeding.”  In  this  paper,  we  wish  to  review  some  com¬ 
mon  themes  arising  in  response  to  these  questions  and  to 
present  a  genera!  mathematical  formulation  which,  if  not 
encompassing  all  such  problems,  at  least  may  serve  as  a 
unifying  framework  within  which  we  may  fruitfully  study  a 
significant  ponion  of  such  applications.  In  this  introductory 
section  we  will  set  notation  and  formulate  some  specific 
radiation  problems.  The  second  section  is  dedicated  to  a 
discussion  of  various  measures  of  antenna  performance  and 
the  formulation  of  some  typical,  and  we  believe  imponant, 
optimisation  problems.  The  remaining  sections  are  devoted 
to  panicular  case  studies. 

The  most  common  class  of  antenna  optimization  prob¬ 
lems  concerns  arrays  of  elementary  radiators  and  the  lit¬ 
erature  abounds  in  papers  dealing  with  such  structures. 
Here  we  treat  a  different  class  of  problems,  those  involving 
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closed  three-dimensional  bodies.  Rather  than  consider  ele¬ 
mentary  radiators  mounted  on  conducting  bodies  we  treat 
the  entire  body  as  an  antenna  and  address  the  question  of  de¬ 
termining  that  surface  current  distribution  which  optimizes 
some  antenna  performance  characteristic.  We  state  at  the 
outset  that  we  will  make  no  atiem.pt  to  discuss  practical 
methods  for  producing  panicular  current  distributions.  Such 
questions  are  beyond  the  scope  of  this  paper.  Rather, 
it  is  our  intention  to  present  the  analysis  of  panicular 
mathematical  models  which  can  be  useful  in  engineering 
design,  if  in  no  other  way,  at  least  in  so  far  as  it  clarifies 
theoretical  limits. 

In  this  spirit,  we  will  consider  a  prescribed  radiating 
strucmre  £)_,  with  boundary  5,  as  some  subset  of  the 
usual  three-dimensional  space,  which  represents  a  physical 
body  capable  of  supponing  a  now  cf  electric  current.  We 
assume  that  D-  contains  the  origin  of  coordinates.  We  will 
also  assume  that  the  boundary  5  is  smooth  (no  edges  or 
comers)  ano  denote  the  connected  exterior  region  by  D-. 
We  denote  points  by  their  position  vectors  x  and  y;  if  x  e  S 
then  the  normal  to  S  at  the  point  x  will  be  written  n^.  We 
will  adopt  the  convention  that  the  unit  normal  to  5  at  anv 
of  its  points  is  directed  into  the  exterior  domain  £>_;  the 
derivative  in  the  direction  of  hx  will  be  denoted  by  3/dnx- 
We  will  write  r  =  ji|  for  the  radial  variable  in  spherical 
coordinates  and  x  =  x/r  as  the  unit  radial  vector.  In 
spherical  coordinates  x  =  (sin  9  cos  x,  sin  ^  sin  x.  cos  9). 
Suppose  that  the  region  D-  exterior  to  this  body  supports 
an  electromagnetic  field,  denoted  as  usual  bv  the  pair 
{E.H).  Assuming  harmonic  time  dependence  thk 

field  is  required  to  satisfy  the  time-harmonic  form  of  the 
.Maxwell  equations 

V  X  E  -  ikZoH  =  0  (1.1a) 

^xHmikYoE  =  0  (1.1b) 

where  Zq  =  ,  Iq  =  k  =  x(£oMo)^'-  and 

CQ.po  are  the  free  space  permittivity  and  permeability 
respectively.  Zq  and  Vq  are  the  free  space  impedance  and 
admittance.  In  the  case  of  solid  bodies,  the  interior  may 


OOlS-9219/91/SOl.OO  ©  1991  IEEE 


also  support  such  a  field  (with  different  k.Z.Y)  as  is  the 
case  in  the  transmission  problems  arising  in  electromagnetic 
scattering  theory.  We  will  not  discuss  these  problems  here. 

We  may  imagine,  in  the  case  of  a  radiating  structure,  that 
the  electromagnetic  field  is  produced  by  a  surface  current, 
J,  with  total  power  given  by 


where  |  J|  denotes  the  magnitude  of  the  complex  vector  J 
and  ds  is  the  element  of  surface  area  (on  the  unit  sphere 
ds  =  sin  $  dO  do).  The  surface  current  J  has  the  same  units 
as  H  (see  (1.5)  below)  and  the  factor  Zq  ensures  that  (1.2) 
has  the  units  of  power.  Similarly,  we  may  define  the  total 
power  in  the  near  field  in  terms  of  the  familiar  Poynting 
vector  integrated  over  a  sphere  large  enough  to  enclose  the 
antenna.  If  such  a  sphere  is  denoted  by  Sa,  then  the  integral 

P<,:=iRe|y  fi-ExHds'^  (1.3) 

represents  the  power  radiated  through  the  sphere  Sa- 
Prescribing  the  current  J  on  5  provides  the  boundary  data 
required  for  a  well  posed  radiation  problem.  Specifically, 
the  radiation  problem  consists  of  finding  the  pair  {E.H) 
such  that  Maxwell’s  equations  (l.la)-{l.lb)  are  satisfied  in 
Il_  together  with  the  Silver-MuUer  radiation  condition 

X  X  V  X  E  -r  ikE  =  o(  1/r) 

as  -  —  oc 

T  X  V  X  jET  -r  ikH  =  o(l/r)  (1.4) 

and  satisfying  the  boundary  condition 

nx  H  =  J  on  5 .  (1.5) 

Calderon  [1]  has  shown  that  this  problem  has  a  unique 
solution  for  every  J  e  L\[S)  where  £j(S)  is  the  set  of  all 
vector  functions,  defined  in  5,  whose  normal  component 
vanishes  and  whose  magnitude  is  square  integrable.  We 
consider  the  problem  of  finding  J  so  that  the  unique 
solution  of  the  radiation  problem  ■  described  by  (1.1a), 
(l.lb),  (1.4),  and  (1.5)  behaves  optimally  with  respect  to 
one  or  another  of  the  criteria  described  in  Section  II. 

In  problems  of  control  of  antennas,  the  property  of 
interest  is  most  often  the  radiated  far  field.  Recall  that  the 
fields  E  and  H  are  known  [4]  to  have  the  representation 

il’Cx)  =  — —  J’(i)  4- 0  T oo  (1.6) 


or  in  the  notation  of  (1.3),  P  =  limr— Pr-  With  (1.6) 
and  (1.7),  P  may  be  written 

P=~  f  \F{iyC-ds  (1.9) 

-  Js, 

where  5i  is  the  unit  sphere.  In  terms  of  the  L‘-norra, 

We  use  the  notation  ||  •  ||i2(5,)  to  denote  the  norm  of 
tangential  vectors  on  5i,  the  surface  of  the  unit  sphere,  and 
II  ■  IIl?(S)  denote  the  L*  norm  of  tangential  vectors  on 
the  surface  S.  It  is  important  to  distinguish  between  these 
two  norms. 

As  the  problems  of  antenna  control  that  we  intend  to  dis¬ 
cuss  are  those  in  which  some  numerical  measure  involving 
the  far  field  is  to  be  optimized  by  selecting  the  appropriate 
surface  current  J  from  some  preassigned  subset  of  i? (S), 
it  is  necessary  for  us  first  to  understand  the  mathematical 
relationship  between  the  current  on  the  radiating  body  and 
the  far  field  of  the  resulting  exterior  fields.  The  faa  that 
there  exist  unique  solutions  of  the  exterior  boundary  value 
problem  guarantees  the  existence  of  an  operator  tC  which 
associates  to  each  admissible  current  J  the  conesponding 
far  field  F.  That  is,  for  each  admissible  J  on  S  there  is  a 
unique  solution  of  the  boundary  value  problem,  equations 
(1.1  a.b),  (1.4)  and  (1.5),  and  this  solution,  in  the  far  field, 
has  a  unique  radiation  pattern  F,  see  equations  (1.6)  and 
(1.7),  i.e.,  ,CJ  =  F.  This  operator.  Af  is  not  explicitly 
known  except  in  special  cases  but  some  of  its  important 
proper.ies  are  .known.  These  may  be  infe.med  by  exa.mining 
the  representation  of  the  fields  in  terms  of  dyadic  Green’s 
functions  [2],  [3]: 

H{x)  —  J  J(t/)  •  Vy  X  f'(T.y)  c’sy  (1.11a) 

^  ^  is  ^  a’sy  (1-llb) 

where  f  is  the  dyadic 

f  =  riCi  "T  ToCt  —  r3e3  (1.12) 

e,  =  1.2.3  are  rectangular  unit  vectors,  and  the  vector 
fields  Pi,  i  =  1.2.3,  satisfy 

Vx  X  Vi  X  Fi  -  k-Ti  =  ^i(|x  -  y|)  (1.13a) 


H(x) -Yq^—±  X  F{x) -- .  r  — 00.  (1.7) 

The  vector  function  F,  which  has  no  radial  component, 
is  called  the  radiation  pattern.  The  power  radiated  into  the 
far  field  is 

lim  /  h  ■  E  X  H  ds 

Js. 


X  X  Vx  X  r,  -r  ikVi  =  o(l/r)  as  r  —  oc  (1.13b) 


jii  X  r,  =  0  on  5 .  (1.13c) 

The  r,  have  the  same  asymptotic  behavior  as  the  fields  E 
and  H: 

r,  =  ^ —  F,(x.y) -b  Cl(l/r-)  (1.14) 

T 
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where  the  functions  F;,  i  =  1.2.3.  are  analytic  in  the 
sense  that  their  Taylor  expansions  converge.  If  we  define 
the  dyadic 

3 

f(i-y)  =  (1-15) 

!=1 

then  the  far  field  pattern  F  is  given  by 

F{x)  =  -Zoxx  J  J{y)  -^/y  xf{x,y)  dsy .  (1.16) 

In  spite  of  the  fact  that  the  kernel  f  (and  hence  f)  is  not 
known  explicitly  except  for  certain  special  surfaces  5,  the 
continuous  differentiabUity  of  the  functions  F^  in  (1.14) 
guarantees  that  the  relation  (1.16)  defines  ±e  required 
operator  fC.  In  addition  the  relation  (1.16)  ensures  that  /C 
is  compact,  that  is,  sequences  which  are  bounded  in 
L:{S)  are  mapped  into  sequences  {ACJ„}  which  converge 
to  a  function  in  Lf(Si)  (more  precisely  a  subsequence 
will  converge).  This  propeny  is  of  extreme  importance 
in  proving  the  existence  of  optimal  current  distributions. 
Moreover,  by  Corollary  (4.10)  of  Colton  and  Kress  [4],  KI 
is  a  one-to-one  mapping.  We  can  also  introduce  the  adjoint 
operator  JC”  (also  compaa)  which  associates  to  each  far 
field  F  in  i;(Si)  a  corresponding  J  in  ij(5)  through  the 
defining  relation 

for  all  F  £  L^_{Si) ,  J  £  L‘(S) .  (1.17) 

where  denotes  the  inner  product  in  ilt(5)  and 

similarly  for  5-..  Wlnh  this  notation  we  see  that  we  can 
rewrite  (1.9)  as 

=  I  =  y  ■  O-i') 

This  form  will  be  particularly  useful  in  our  later  discussions. 

One  disadvantage  of  (1.16)  is  that,  except  in  particular  ' 
situations,  we  have  no  explicit  form  for  f  and  consequently 
no  simple  way  to  compute  the  far  field  generated  by 
a  given  surface  current.  Although  there  are  a  number 
of  w'ays  attacking  this  problem  numerically,  we  want  a 
method  which  will  also  prove  amenable  to  the  optimization 
problems  which  are  our  main  concern.  One  such  method 
involves  the  use  of  complete  families  of  solutions  whose 
asymptotic  properties  are  easily  calculated.  Such  families  of 
functions  are  available  in  terms  of  a  distribution  of  dipoles 
in  D-  [1],  [5]  or  alternatively  as  raultipoles  at  the  origin 
[6].  We  choose  the  latter  approach.  Following  Muller  [7] 
we  introduce  the  funaions 

d'n.m  ;=  F"(cos  6)  cos  rmp 

n=l....,co,  m  =  0,...,n 
ti’n.m  :=  P^"^(cos  0)  sin  m(pi 

n  =  l,...,cc,  7n=— 1,...,— n  (1.19) 

where  are  the  associated  Legendre  functions  of  degree 
n  and  order  m.  Denoting  the  spherical  Hankel  functions 
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of  the  first  kind  by  we  choose  the  colleaion  of  veaor 
wave  functions,  defined  in 

C:={Vx(x/l,,(^r}uv.,^), 

V  X  V  X  ■■ 

n  =  1, . . . ,  cc.  m  —  —n, . . . ,  n}  (1-20) 

whose  far  fields  form  the  collection 

f  _ 

;=  S  - ^ X  atrf  "'x  X  {Vvn,m  X  x)  : 

n  =  1,. . .  ,oc,  m  = -n, . . .  ,n| .  (1-21) 

For  simplicity,  we  will  reindex  these  families  and  write, 
simply, 

and 

^={/r.}-r=l. 

Now  define  the  set  of  tangential  vector  fields  on  the  surface 
5  in  terms  of  the  restricrion  of  Q  to  S  by 

C,(5)  :=  {fi  X  1  ■ 

Then 

/„  =  lC(n  X  .  (1.22) 

Since  5  is  taken  to  be  fixed  we  introduce  a  shorthand  for 
elements  of  Q.JS) 

5n  =  ”  X  Pr.  ■  (1-23) 

The  usefulness  of  this  family  is  expressed  in  the  following 
theorem. 

Theorem  1.1.:  Let  S  be  a  smooth  closed  surface  contain¬ 
ing  the  origin  in  its  interior.  Then  the  family  of  functions 
Ct(S)  is  complete  and  linearly  independent  in  I<f(5). 

The  proof  is  due  to  Muller  [7]  who  specifically  applied 
the  results  of  Calderon  [1],  and  Wilcox  [5].  .Moreover  it  is 
straightforward  to  establish  the  following. 

Corollary  1.1.:  The  family  of  functions  F  is  complete 
and  linearly  independent  in  Lz[Si). 

Since  the  set  <?*(S)  is  complete  in  LV\^S),  any  surface 
current  can  be  approximated  to  any  desired  degree,  'of 
accuracy  by  an  appropriate  linear  combination  of  elements 
of  Ct(S).  Thus  given  any  e  >  0  there  exists  an  integer  A' 

( W )  ’  ^ 

and  coefficients  c)i  ,n  =  1 _ ..V  such  that 

(1.24) 

r.=:l 

Here,  the  choice  of  coefficients  depends  on  the  number  of 
terms  used  in  the  approximation  for,  while  the  set  Qt(S) 
is  a  complete  linearly  independent  set,  it  is  not  in  general 
an  orthogonal  family. 

If  we  write 

(1.25) 

n  =  l 
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then  the  corresponding  far  field  is  simply  given  by 

^(.v)  =  j-  cL-^Vn  (1-26) 

n=  1 

the  specific  form  of  the  /„  being  given  in  (1.21).  Certainly, 
since  fC  is  continuous  and  bounded,  we  have  that 

for  some  suitable  constant  c  so  that  the  far  field  like¬ 
wise  approximates  F  according  to  (1.27).  Thus  the  use  of 
complete  families  of  solutions  will  allow  us  to  approximate 
the  far  fields  produced  by  given  surface  cunents  without 
the  explicit  knowledge  of  the  Green’s  function.  We  remark 
that  the  dependence  of  the  far  field  on  the  surface  5,  which 
is  explicit  in  the  use  of  Green’s  function,  is  present  in  the 
approximation  method  in  that  the  coefficients  wdll  depend 
on  S.  It  should  be  noted  that  these  complete  families  have 
been  used  successfully  to  solve  the  boundary  value  problem 
by  minimizing  the  error  in  satisfying  the  boundary  condition 
[8].  However  there  are  many  competitive  methods,  e.g., 
boundary  element  or  moment  methods,  which  may  well 
be  superior  for  that  purpose.  Our  use  of  these  families 
is  motivated  by  their  convenience  in  finding  approximate 
solutions  of  the  antenna  optimization  problems  described 
in  the  next  section  rather  than  solving  boundary  value 
problems. 

II.  Measures  of  .antenna  Performance 
Traditional  measures  of  antenna  performance  involve  a 
number  of  scalar  quantities  including  power  radiated  into 
the  far  field  as  given  by  (1.9).  Other  quantities  which  figure 
in  the  literature  as  useful  design  parameters  include  direc- 
liviry,  gain,  and  signal-co-noise  ratio  (SNR).  The  directivity 
is  defined  as  a  normalized  ratio  of  the  power  radiated  in 
a  particular  direction  to  the  total  power  radiated  into  the 
far  field 

D{±)^i^Yo\F{i)\-/V.  (2.1) 

The  maximum  directivity,  i.e.,  D  ;=  maxj-  D{x)  is  fre- 
quentlv  used  as  a  measure  of  the  ability  of  the  antenna 
to  focus  in  a  given  direction.  The  gain,  measured  with 
respect  to  a  aiven  direction,  is  defined  as  a  normalized 
ratio  of  the  power  radiated  in  a  given  direction  to  the  total 
power  fed  to  the  antenna.  In  the  present  context  we  make 
no  assumption  on  the  efficiency  with  which  power  fed  to 
the  antenna  is  converted  into  surface  current  J.  Rather  we 
define  the  quantity  radiation  efficiency 

G{±)  =  At:Yi\F{i)\^l\\J\\l...^  (2.2) 

and  the  corresponding  maximal  radiation  efficiency  G  = 
maucj.  G{x).  The  quantity  G[x)  coincides  with  the  usual 
concept  of  gain  only  if  all  the  power  fed  to  the  antenna 
were  converted  to  surface  current.  In  addition  there  are 
various  so-called  “quality  factors,”  defined  differently  by 
various  authors,  but  all  intended  to  measure  the  “efficiency  ’ 
of  an  antenna  by  comparing  the  power  radiated  into  the  far 


field  and  the  power  supplied  to  the  antenna  strucmre.  In 
particular,  one  proposal  for  the  quality  factor,  Q,  is 


Q  ;  =  Q{j)  =  Zl  II 


IfiS) 


'L'(Si) 


(2.3) 


We  will  use  this  form  for  illustration  purposes  only  and  refer 
to  the  book  of  Rhodes  [9]  for  a  more  complete  discussion 
of  quality  factors.  We  pause  to  remark  that  this  definition 
of  quality  factor  is  connected  with  the  far  field  operator  in  a 
fundamental  way.  Specifically  using  the  far  field  operator  KL 


IIXIII^  =:  sup 


=  SUD 


>  0. 


(2.4) 


Hence, 


inf 


Yd  Q{J)  = 


1 

w 


(2.5) 


The  notions  of  directivity  and  radiation  efficiency  as 
given  above  by  (2.1)  and  (2.2)  respectively,  represent  an 
idealization  of  quantities  that  can  acmally  be  measured.  It  is 
more  realistic  to  interpret  measurements  of  the  intensity  in 
the  far  field  as  averages  over  (perhaps  small)  patches  of  the 
unit  sphere.  In  particular  let  o.ix)  denote  the  characteristic 
function  of  a  measurable  sector  of  Sj,  i.e.: 


aix! 


1,  is  sector 
0.  X  p'  sector. 


Then  we  may  generalize  the  concepts  of  directivity  and 
radiation  efficiency  in  a  particular  direction  by  replacing  the 
expression  ;F(i)l*  with  an  average  over  a  sector  containing 
the  particular  direction  i; 


Q(i)  iF(i)i"  as 


(2.6) 


where  a  is  the  characteristic  function  of  the  sector.  Then 
1_  v-  i!rv  Afr- 


Dia]  = 


‘T:(s,') 


•v 


(2.7) 


and 


Glal  = 


iiaFil 


L-{s,) 


ilai'V 

''  'Lys,)"  "L,(5) 


(2.8) 


are  the  generalized  directivity  and  radiation  efficiency  in 
the  sector  characterized  by  q.  If  the  sector  shrinks  to  the 
point  xo  (a(x)  =  1.  x  =  xq;  q(x)  =  0  x  =  xq),  then  the 
generalized  directivity  and  radiation  efficiency  become  the 
pointwise  quantities  given  by  (2.1)  and  (2.2).  If  the  sector 
is  the  entire  unit  sphere  (a-^x)  =  1.  x  S  Si)  then 


Dk 


(2.9) 
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and 


(2.10) 


Tnus  ihe  problem  of  maximizing  the  reciprocal  of  0  is 
a  special  case  of  the  problem  of  maximizing  the  radiation 
efficiency'  Corresponding  to  (2.5)  it  may  be  seen  that 


sup  G[aj  = 

JilAiS) 


a 


|2  , 


(2.11) 


Another  performance  criterion  involves  the  concept  of 
noise.  Noise  may  be  characterized  by  a  function  u  defined 
on  the  unit  sphere  which  distorts  the  radiation  pattern.  A 
measure  of  how  much  the  radiated  field  is  distoned  by  noise 
is  given  by 


•JSi 


and  the  SNR  is  defined  to  be 


SNR(x)  := 


4  |F(y)p  ds 


(2.12) 


where  the  variables  of  integration  in  the  denominator  have 
been  changed  to  avoid  confusion.  Again,  we  may  define  a 
generalized  SNR  as 


SNRfQl  := 


"  "i:(50 


(2.13) 


Since  we  can  relate  the  far  field  to  the  surface  current 
which  generates  it,  then  problems  of  optimizing  a  specific 
performance  criterion  can  be  viewed  as  particular  cases 
of  the  problem  of  maximizing  a  functional  jr(J)  where 
the  surface  current  J  varies  in  some  set  of  functions 
on  the  surface  5  which  represents  physically  realizable 
currents.  This  requirement  of  physical  realizability  typically 
introduces  constraints  in  the  optimization  problem.  If  U 
represents  the  set  of  realizable  currents  the  constrained 
optimization  problem  is  that  of  finding 


sup  J{J).  (2.14) 


The  question  of  a  concrete  description  of  this  set  1/  is  an 
engineering  problem  the  details  of  which  are  beyond  the 
scope  of  the  present  discussion.  One  may  refer  to  [10], 
[11]  for  typical  examples.  For  maihematical  reasons  it  is 
necessary  to  require  that  U  have  certain  propenies,  namely 
that  it  be  closed,  bounded,  and  convex,  i.e.,  that  it  contains 
all  line  segments  joining  two  points  of  U.  in  our  examples 
we  take  only  the  most  obvious  constraint  sets.  In  particular, 
we  constrain  the  total  power  on  the  antenna  by  taking  the 
bound 

^  (2-15) 

for  a  suitable  constant  .\f.  Such  a  constraint  is  intuitively 
reasonable  as  it  is  certainly  true  that  the  power  supplied  to 
an  antenna  is  limited. 


In  addition,  such  quantities  as  uhe  directivity  or  the  quality 
factor  may  well  figure  in  the  definition  of  admissible  inputs. 
Thus  for  example,  a  bound  on  the  quality  factor  limits  the 
amounts  of  energy  stored  in  the  near  field.  The  relation 
(2.5)  shows  that  Q  is  bounded  by  l/j|;'C|p  where  )C 
is  the  far  field  operator.  Insofar  as  the  far-field  operator  is 
determined  by  the  physical  strucmre  of  the  antenna,  e.g.,  its 
shape,  or  the  materials  from  which  it  is  made,  we  can  say 
that  antenna  strucmres  with  large  values  of  j|/C||  have  low 
quality  factors  and  hence  store  less  energy  in  the  near  field. 

With  these  various  measures  of  antenna  performance  in 
mind,  a  number  of  specific  optimization  problems  may  be 
formulated.  Roughly  speaking,  the  optimization  problems 
in  the  literamre  fall  into  two  categories.  The  first,  which 
we  may  call  the  synthesis  approach,  specifies  a  desired 
far  field  pattern  (which  may  or  may  not  be  realizable)  and 
asks  for  an  admissible  current  that  will  produce  a  far  field 
most  closely  approximating  the  desired  pattern,  Tne  second, 
more  indirect  approach,  chooses  some  performance  crite¬ 
rion  associated  intrinsically  with  the  antenna  and  asks  for 
that  current  which  optimizes  that  criterion,  as  for  example, 
when  one  asks  to  maximize  the  radiation  efficiency.  For 
the  purposes  of  the  present  discussion  we  classify  some 
common  unconstrained  problems  in  the  Table  1. 

All  of  the  optimization  problems  listed  in  the  third 
column  are  of  the  form:  find  J.  the  surface  current  in  U, 
the  class  of  admissible  currents,  which  optimizes  a  cost 
functional.  The  cost  functional  (e.g.,  1*^  \K.J  -  Fr  ds, 
a{x)\KJ{x)\-  ds,  etc.)  associates  a  nonnegative  real 
number  with  each  J  in  U  and  the  optimization  problem  is 
to  find  that  J  which  produces  the  largest  or  smallest  such 
number. 

It  is  often  the  case  that  one  performance  criterion  is  used 
as  a  constraint  in  the  optimization  problem  for  one  of  the 
other  criteria.  Thus  for  example  Kirsch  and  Wilde  [12], 
[13]  have  considered  the  problem  of  maximizing  the  SNR 
subject  to  an  equality  constraint  on  the  quality  factor.  More¬ 
over,  cenain  of  these  criteria,  as  with  Kirsch  and  Wilde, 
are  chosen  so  that  the  optim.ization  implicitly  controls  the 
occurrence  of  undesirable  effects.  Clearly,  maximizing  the 
SNR  inherently  constrains  the  noise.  Similarly  maximizing 
radiation  efficiency  involves  a  balance  between  the  far  field 
in  the  desired  direction  and  the  amount  of  power  at  the 
radiating  surface. 

Another  approach  is  to  use  constraints  which  explicitlv 
restrict  inputs  or  outputs.  Consider,  for  example  the  gener¬ 
alized  SNR  with  u  chosen  to  be  1  —  a.  Then  we  have  a 
criterion  which  tends  to  increase  the  power  in  the  desired 
sector  while  decreasing  the  power  in  the  complement.  This 
can  be  viewed  as  one  approach  to  ma.ximizins  power  in 
the  beam  while  keeping  power  low  in  the  side  lobes. 
.Alternately,  one  could  proceed  as  suggested  by  Angell  and 
Kleinman  [14],  by  maximizing  the  functional 


(2.17) 
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Table  1 


Performance  Criterion 

Deftnidon 

Opdmizadon  Problem 

Panem  matching  to  desired  F  (continuous) 

Is^  -  .F(i)p<ls 

Is,  1^-'' 

Pattern  matching  to  desired  F  (discrete) 

E;=,|F(x.)-.F(i.)p 

E.^=i  -  j’(i.)p 

Power  in  a  sector  with  charaaeristic  a 

T  /si 

°^JeU  Is,  o(x)i^J'(i)piis 

Signal  to  noise  rado 

iR’fxti- 

w(y)=  \F(i,y,-d, 

Generalized  signal  to  noise  ratio 

<,(xV,F(x)\-d, 

o(x)|Xj'(x)|=d, 

isi  °  /s,  |/’(±)1=c!5 

Js,  °  It,  :Kj[±)i^d, 

Quality  faaor 

Uprf, 

Js, 

Radiation  efficiency 

4ry2  lF(X)|  = 

Is 

-J-7^ 

Generalized  radiation  efficiency 

a|E’|-d3 

Jsi  Js 

Directi  viiy 

4xy,j  if’i'x)i- 

■iTlKjfx):' 

Is, 

Generalized  directivity 

4»Vo  a\F\'d3 

Q\Kj\'ds 

is, 

J,  1  ':KJ\-d, 

JS;  vS; 

with  the  side  condition 


[  1(1  -  a(i:))  1  <  :Vr 

■Js, 


(2.1S) 


for  some  suitable  choice  of  constant  M.  It  would  be 
interesting  to  compare  the  results  of  these  two  approaches. 


in.  M^XDvnziNG  Pov.'ER  R-^lated  in  .a  Sector 

We  illustrate  this  general  approach  to  antenna  optimiza¬ 
tion  problems  with  one  of  the  specific  problems  discussed  in 
the  previous  section,  namely  determining  the  current  distri¬ 
bution  on  a  surface  5  which  optimizes  the  power  radiated 
in  a  sector  of  Si  with  charaaeristic  function  o.  This  is 
done  by  reducing  the  problem  to  a  generalized  eigenvalue 
problem  which  is  solved  approximately  by  projection  onto 
a  finite  dimensional  subspace.  Here  we  will  summarize  the 
detaUed  results  of  [14],  [15],  and  [16]. 

As  indicated  in  the  table  of  Section  II  the  optimization 
problem  is  to  find 

max  f  a{x)  \}CJ[x)\~  ds 
J^u  Jsi 

where,  using  the  constraint  given  in  (2.15)  with  M  —  1, 


Since  a  current  J  which  optimizes  Vi  J:  a)  also  optimizes 
any  constant  times  T’{J:a).  for  notational  convenience 
we  omit  the  factor  ^  in  the  definition  of  V{J:a).  We 
recail  that  the  operator  K.  which  maps  Lz{S)  into  LziSi) 
and  its  adjoint  K.”  which  maps  Lr(Si)  —  L:iS'<  are 
compact  but  not  m  general  known  explicitly.  Even  so  this 
characterization  of  the  cost  functional  V'J.  o'!  nroves  verv 
useful  in  determining  approximate  optimizers. 

The  first  question  to  be  answered,  however,  is  whether 
the  optimization  problem  has  a  solution,  that  is,  does  there 
exist  Jo  €  U  such  that 


<'P{Jo,Q.)  for  all  JeU.  (3.3) 

Tne  answer  is  in  the  affirmative  and  moreover  there  is 
an  optimizer  Jq  for  which  l|Joj!i=(s)  “  sven  thouah 
we  search  in  U  which  contains  surface  currents  for  which 
<  -•  Details  may  be  found  in  [14]. 

Having  established  existence  of  an  optimal  current  it 
remains  to  actually  find  it.  To  this  end  the  characterization 
of  the  cost  functional  in  terras  of  the  operators  >C  and  XI’ 
in  (3.2)  proves  useful.  First  observe  that  the  operator 

R:=K:'a?C:L':{S)-^{S)  (3.5) 


I7={JGL?(S)||iJ||j^.(^,  <1}.  (3.1) 

Since  a{x)  is  real  (a  =  1  or  0)  we  may  generalize  (1.19) 
and  write 

P{J-,a)  —  J  a(x)\}CJ\'^  ds 

(3.2) 


is  self-adjoint,  compact,  and  non-negative  since 
(XI’QXfJ.  J)^.,^j  =  (aXIJ.XIJ)^.^^  , 

=  >  0.  (3.6) 

This  means  that  the  spectrum  of  R  is  discrete,  real  and 
nonnegative  and  the  multiplicity  of  all  nonzero  eiaenvalues 
is  finite.  It  then  follows  that  if  (Aq.Jo)  is  an  eigen¬ 
value-eigenfunction  pair  for  R  such  that  Aq  is  the  largest 
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eigenvalue 


sup  (RJ,J)j^,  =  {RJo,Jo)j^.  =  Xq.  (3.7) 

JiL\  "  '  ' 

This  reduces  the  optimization  problem  to  an  eigenvalue 
problem. 

The  next  step  is  to  provide  a  method  for  approximating 
the  optimizer  Jq,  the  associated  far  field  jFq  and  the  optimal 
power  V{Jq,  q)  =  Aq.  Here  we  make  use  of  the  complete 
family  Qt{S)  introduced  in  Section  I.  Our  strategy  is  to 
employ  a  GaJerkin  procedure  which  involves  projections 
onto  finite  dimensional  subspaces.  Let  us  define  the  finite 
dimensional  spaces 

=span{p;}^=i  (3.8) 

and  the  associated  far  fields 

)  =  span  {/„  =  K.g\,  (3.9) 


where  and  gl^  are  given  explicitly  in  (1.19)-(1.23).  In 
the  finite  dimensional  space  the  optimal  current  is  of  the 
form 


(3.10) 


n=l 


subject  to  the  constraint 


.V 


n9n 


=  1. 


!i:(S) 


The  eigenvalue  equation 


RJ  =  AJ 


(3.11) 


becomes 


;V 


=aw  (3.12) 

*".=  1  n=l 

and  we  seek  the  largest  eigenvalue  which  we  denote  bv 
Ag  .  Forming  the  inner  product  with  gl^  leads  to  the 
generalized  algebraic  eigenvalue  problem 

E  =  iO'l  E  C^fA,9l.)L.Us;  ■ 

(3.13) 


,  n=l 

But 


n=l 


=  (3-14) 


Here  we  see  the  value  of  the  particular  family  Gt{S) 
because  even  though  the  operator  R  may  not  be  explicitly 
known,  the  functions  gq  and  are  explicitly  known  (see 
(1.20)  and  (1.21))  hence  the  quantities  {9n^9n)]j'(^s) 
(o/„r  /m)jr;,3(5^  j  tnay  be  calculated  explicitly.  The  problem 
of  antenna  optimization  is  thereby  reduced  to  determining 
the  largest  eigenvalue  Ag''^  and  an  associated  iV-component 


eigenvector  (Co,ri)  (there  may  be  more  than  one)  of  the 
generalized  algebraic  eigenvalue  equation 


.V 


X]  ri,  f  ttv) '  ^n{9h,gln)^(^s)  ■ 

'1=1  n=l  ‘ 

(3.15) 

The  faa  that  the  solution  of  this  finite  dimensional  problem 
can  be  used  to  approximate  the  solution  the  original  opti¬ 
mization  problem  is  considered  next.  Define  the  functions 


4'''>-Ec...9i 


(3.16) 


and 


n=l 


.V 


~  X]  Co,„/„.  (3.17) 

n=l 

Since  we  have  not  imposed  the  requirement  that 
“S  introduce  normalized  coefficients 

C'o.n 


and  define 


Cn.n  = 


j'R  :=  E  Co.-si 


.V 


(3.18) 


(3.19) 


and 


.V 


^0  XI  ^ I-.  • 

nasi 

It  then  follows,  as  proven  explicitly  in  [15],  that 


(3.20) 


iim  Ag  =  Aq  . 


A  — 


(3.21) 


-  I  VI 

Moreover  there  exists  a  subsequence  of  {Jg  '  call  it 
{•^0  such  that 

-  r.V) 

lim  J'o  ■  =  Jo  (3.22) 

Al  — »oc 

where  Jg  is  an  optimal  current  distribution,  i.e., 

Ao  =  7’(  Jo:  o) ,  (3.23) 

and  an  optimal  radiation  panem  is  given  by 

Fo  =  ,lim  f\;''^'  .  (3.24) 

This  procedure  has  been  carried  out  numerically  for  spher¬ 
ical  and  ellipsoidal  antennas  [17].  As  an  illustration  we 
present  in  Fig.  1  the  optimal  radiation  panems  for  three 
different  surfaces,  a  sphere  of. radius  a,  ellipsoid  with  semi 
axes  .9a.  0,1.1a  and  ellipsoid  with  semi  axes  .5a,  a.  1.5a. 
Our  examples  are  chosen  to  demonstrate  the  effeaiveness 
of  this  optimization  method  in  finding  current  distributions 
which  give  rise  to  radiation  patterns  with  two  separated 
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Hg.  1.  Maximizing  Power  Radiated  in  a  Sector-Magninide  of 
optimal  radiation  panems  for  ellipsoida]  antennas  with  two  main 
lobes. 


main  lobes.  Tnus  the  sector  in  which  power  is  to  be 
maximized  was  characterized  by  the  function 

f  1;  1^  ~  t1  <  ,  ld>j  <  Y2S 

1-  1^1  ^lis-  (3-25) 

[  0.  all  other  (^,  p) 

The  magnitude  of  the  optimal  radiation  pattern  is  ploned 
in  Fig.  1  for  two  planar  sections,  one  longitudinal  bisecting 
both  main  lobes  and  one  latitudinal  containing  one  main 
lobe.  The  same  sections  are  used  for  all  three  surfaces  and 
the  shape  of  the  optimal  radiation  patterns  is  seen  to  be 
remarkably  similar,  although  it  should  be  remarked  that 
quantitati%'e  comparisons  are  not  to  be  made  since  different 
scales  were  used  in  different  patterns.  All  calculations  were 
carried  out  for  ka  =  10  and  N  =  198  (correspond¬ 
ing  to  a  maximum  order  of  9  for  the  spherical  Hankel 
functions  in  (1.20)).  We  note  that  while  these  patterns 
display  main  beams  which  are  considerably  wider  than 
the  sectors  characterized  by  a,  the  qualitative  strucmre  of 
the  patterns  conforms  well  with  the  desired  performance 
criterion  embodied  in  the  optimization  problem.  This  ex¬ 
ample  illustrates  the  feasibility  of  actually  solving  one  of 
the  optimization  problems  of  Section  II  and  thus  provides 
the  antenna  designer  with  a  usable  mathematical  tool  for 
finding  optimal  current  distributions  on  conformal  antennas 
of  known  configuration. 

For  a  different  approach  to  this  problem  of  maximizing 
radiated  power,  we  refer  the  reader  to  the  Diploma  Thesis 


of  H.  -G.  Burdinsky  [18]  who  uses  a  zradient  method  to 
approximate  the  optimal  solutions. 


rv'.  OPn.MlZ.\TlO.N  OF  SNR 

.As  a  second  example,  we  consider  the  problem  of  op¬ 
timizing  the  SNR  subject  to  a  constraint  on  the  Q-factor 
(see  (2.3)).  This  example  is  an  extension  to  the  three- 
dimensional  case  for  Maxwell’s  equation  of  the  two  dimen¬ 
sional  problem  considered  in  [12],  [13].  Thus  we  consider 
here  the  problem  of  maximizing  the  funaional 


SNR(x)  = 


\fCJ{x)\^ 


4  u;(i,)2|F(y)12  ds  /-  xiyr-]>CJ{y)r-  ds 

(4.1) 

subject  to  a  constraint 


''LUs^)  - 


<  c 


(4.2) 


where,  in  (4.1),  u  represents  the  noise  distribution  which 
is  assumed  to  be  nonzero  on  at  least  some  portion  of  Si 
while,  in  (4.2)  C  is  a  given  constant. 

For  each  fixed  value  of  x,  (4.1)  defines  a  functional  of 
J  which  we  denote  by  SNR(J).  Hopefully  this  abuse  of 
notation  will  cause  no  confusion.  The  denominator  of  this 
functional  vanishes  only  if  the  function  uj{x)F{x)  =  0 
almost  everywhere  however  our  assumptions  prevent  this 
from  occurring. 

The  basic  existence  result  of  [13]  states  that  if  there  is 
any  nontrivial  J  £  L:[S)  satisfying  the  constraint  (4.2) 
then  there  exists  an  optimal  solution,  that  is,  if  vq  = 
sup{SNR.:  J)  I  J  =  0.  Q[J)  <  C}.  then  ro  is  finite  and 
there  e.xists  some  admissible  Jq  such  that  SNR(Jo)  =  uq. 
The  proof  relies  heavily  on  the  fact  that  not  only  is  ^  a 
compact  mapping  from  square  integrable  functions  on  5  to 
square  integrable  functions  on  Si  but  K  is  also  bounded 
as  a  map  onto  continuous  functions  on  S.  The  details  of 
the  proof  for  the  electromagnetic  case  discussed  here  may 
be  inferred  from  the  proof  for  the  two-dimensional  case 
appearing  in  [13].  Note  that  it  is  always  possible  to  ensure 
the  existence  of  J  satisfying  the  constraint  (4.2)  by  taking 
C  sufficiently  large. 

Further  analysis  shows  that,  at  each  optimal  solution,  Jq, 
of  this  problem  the  constraint  (4.2)  is  active  by  which  is 
meant  that 


To'  0(Jo)  =  C  (4.3) 

(see  [13]  Theorem  2.2  for  details).  Clearly  under  these 
circumstances  any  solution  of  the  optimization  problem  is 
likewise  a  solution  of  the  related  problem  of  .maximizing 
the  functional  (4.1)  subject  to  the  equality  constraint  (4.3). 

For  numerical  calculations  we  replace  the  Hilbert  space 
4(5.)  by  the  finite  dimensional  space  (see  (3.8)), 
which  then  replaces  the  original  constrained  optimization 
problem  with  one  in  finite  dimensions: 

max  SNR(  J)  (4.4) 


PROCEEDINGS  OF  THE  IEEE.  VOL  :9.  .N’O.  10,  OCTOBER  1991 


1 


I 

j 

i 


Fig.  Z.  M3j:i=izi.".g  SNF-rr.agr.irjoe  of  optima]  fa.'  r.tid  ( — )  a.od  u".; 
density  of  the  associated  single  layer  (-  -  -). 


for 

J  S  (4.5) 

subject  to 


yiQ{J)<c.  (4.6) 


Choosing  C  > 


1151  !!Ve 
■Li.  (S) 

-  I!/|IIV  = 

4^.. 


ensures  the  solvability  of  the 


finite  dimensional  optimization  problems  for  all  N.  In  order 
for  the  solutions  of  these  finite  dimensional  problems  to  be 
useful,  we  must,  of  course,  have  a  convergence  result.  Such 


a  result  is  given  by  Theorem  3.2  of  [13].  In  the  present 
context  we  can  assert  that  the  set  {Jq^  of  normalized 
optimal  solutions  of  the  finite  dimensional  problems  has 
at  least  one  accumulation  point  in  if  (5)  and  every  such 
accumulation  point  is  optimal  for  the  original  problem. 

Actual  computations  for  the  finite  dimensional  problems 
are  carried  out  in  [12]  using  a  generalized  cost  functional 
in  which  the  quality  factor  constraint  is  included  w’ith  a 
Lagrange  multiplier.  The  multiplier  rule,  applied  in  the 
space  L^{S),  leads  to  a  system  of  nonlinear  equations  for 
the  multiplier  po  the  optimal  current  Jq, 


1 

a 


Jo(2/i)$(x.yi)  dsy^ 


-  ^\fCJo{±y(^  K:-  y->c Jo 

+  po{I  -  C)C'K)  Jo  =  0  (4.7) 

(Jo,(J-C-C*a:)Jo)  =  0  (4.8) 

where  the  tensor  ^{x,y)  =  Zq  Vy  x  f(x,y)  x  x,  which 
are  then  projected  into  the  finite  dimensional  space  Q[^  \ 
Acmally,  computations  were  carried  out  in  [12]  for  the 
two  dimensional  case  for  H-polarization  (J  =  iu(x.  y)  on 
5  where  f  is  a  unit  tangent  vector)  for  u  of  the  special  form 
of  a  single  layer  distribution  with  density  h:  The  surface  5 
was  taken  to  be  a  circle  of  radius  a  and  the  noise  distribution 
u;  was  taken  to  be  the  characteristic  function  of  an  arc  of 
200°,  that  is  for 


y  =  (cos  6,  sin  $),  --  <9  <- 


w(y)  = 


l.|^  -  f|  <  100° 

0.  fi  >  100°. 


Figure  2  shows  the  magnitudes  of  the  optimal  far  field  pat¬ 
tern  and  the  density  of  the  single  layer  which  produces  this 
far  field  for  three  choices  of  the  direaion  x  =  [cos  6,  sin  S) 
in  which  SNR  (ir)  is  maximized.  .Also  included  are  the 
optimal  values  of  SNR  and  the  multiplier  po-  In  these 
examples  ka  =  6,  C  =  10,  .V  =  15. 
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Certain  hydromechanical  quantities  associated  with  a  Soaring  or  a  totally 
immersed  body  depend  explicitly  on  the  body’s  geometry.  In  this  paper,  the 
authors  consider  the  problem  of  choosing  the  shape  of  the  body  so  that  one  such 
quantity,  added  mass,  is  optimized.  In  particular,  a  constructive  method  of 
penalization  type  is  proposed  which  depends  on  the  availability  of  a  complete 
family  of  solutions  of  the  original  boundary  value  problem  and  it  is  shown  how 
such  families  may  be  generated. 

1.  Introduction 

When  a  body,  floating  or  submerged  in  an  infinite,  ideal,  invisdd,  and  irrotational 
fluid  is  subjeaed  to  a  periodic  vertical  displacement,  a  wave  panem  is  created  in 
the  fluid.  The  problem  of  determining  this  pattern  from  a  knowledge  of  the  body 
geometry  and  applied  forces  is  well  known  in  fluid  mechanics. 

In  problems  with  either  partly  or  fully  submerged  objects,  quantities  of  physical 
interest  are  not  only  the  wave  patterns  which  may  be  derived  from  the  velocity 
potential  but  also  functionals  of  the  potential  such  as  added  mass  and  damping 
kctors  which  measure  the  distribution  of  energy  in  the  fluid  (see  e.g.  W’ehausen 
&  Laitone,  1960:  p.  567).  These  factors  are  dependent  on  the  body  geometry  and 
the  natural  question  arises  as  to  whether  such  quantities  may  be  optimized  over 
restriaed  classes  of  body  geometry. 

The  question  of  optimizing  the  added  mass  or  similar  functionals  by  choosing 
the  shape  of  the  object  was  addressed  by  Angell  et  al.  (1986),  who  established  the 
existence  of  an  optimal  shape  for  a  totally  submerged  body  for  a  fluid  of  finite 
depth  in  an  appropriate  function-space  setting.  This  problem  is  again  considered 
in  the  present  paper,  this  time  presenting  a  constructive  method  for  actually 
finding  shapes  which  optimize  added  mass  or  damping.  In  the  terminology  of 
optimal  control,  the  problem  is  one  of  optimization  of  geometrical  elements  (seci. 
e.g.  Lions,  1972).  Other  optimization  problems  of  this  general  class  have  been 
studied  previously  by,  for  example,  Cea  and  co-workers  (1974,  1975),  Chenais 
(1975),  and  Pironneau  (1973,  1974).  However,  in  contrast  to  much  of  this  earlier 
work,  the  natural  setting  for  our  problem  is  in  an  unbounded  rather  than  in  a 
bounded  domain. 

It  will  come  as  no  surprise  to  those  familiar  with  the  peculiar  difficulties 
associated  with  exterior  boundary  value  problems  that  it  is  particularly  useful  to 
reformulate  the  original  problem,  which  here  includes  not  only  boundary 
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conditions  given  on  the  bounded  surface  of  the  body  but  also  those  on  the  free 
surface  and  on  the  bottom  (both  of  which  are  of  infinite  extent),  as  a  uniquely 
solvable  integral  equation  defined  on  the  boundary  of  the  bodv.  The  efficacy  of 
the  boundary  integral  equation  approach  depends,  at  least  in  the  first  instance,  on 
the  uniqueness  of  solutions  to  the  original  boundary  value  problem.  This 
uniqueness  question  should  not  be  confused  with  the  question  of  unique 
solvability  of  some  boundary  integral  equations  derived,  say,  from  a  layer  ansatz. 
This  latter  question  is  sometimes  referred  to  as  the  problem  of  irregular 
frequencies. 

The  unique  solvability  oi  die  boundary  value  problem  for  the  floatina  body  is 
not  completely  understood,  although,  as  John  remarked  in  his  fundamental  paper 
(John,  1950:  p.  49),  There  appears  to  be  no  physical  reason  why  .  .  .  the  primary 
wave  motion  together  with  the  motion  of  the  obstacie  should  not  determine  the 
motion  in  the  hquid  uniquely’.  In  that  paper,  John  established  uniqueness  only 
with  certain  restrictions  on  the  body  shape,  in  particular  that  it  be  convex  and 
smooth,  that  it  have  normal  intersection  with  the  free  surface,  and  moreover  that 
vertical  rays  from  the  free  surface  intersect  the  body  at  most  once.  These 
conditions  may  be  relaxed  somewhat  (Kleinman,  1982;  Shnon  &  Ursell,  1984)  but 
some  nonphysical  restrictions  remain. 

When  the  body  is  completely  submerged,  John’s  uniqueness  proof  no  longer 
appHes.  However,  Maz’Ja  (1978)  has  provided  a  proof  for  a  class  of  bodies 
delimited  once  again  by  certain  geometric  restrictions.  The  recent  and  interesting 
paper  of  Hulme  (1984)  discusses  the  result  of  Maz'ja  and  effectively  describes  the 
geometric  meaning  of  the  result.  We  will  give  a  precise  statement  of  this  result  in 
the  next  section.  At  this  point,  suffice  it  to  say  that  Maz’ja’s  condition  pro%ndes  a 
reasonable  class  of  bodies  for  which  we  can  assert  the  uniqueness  of  solutions  of 
the  boundary  value  problem  in  the  case  when  the  body  is  totally  submerged. 

In  the  ^e  of  the  totally  submerged  body,  AngeU  et  al.  (1986)  derived,  by  using 
a  Green  s  function,  an  integral  equation  w'hich  is  uniquely  solvable  for  all 
frequencies.  This  Green  s  function,  introduced  by  John,  is  that  appropriate  to  the 
entire  fluid  domain  with  no  body  present  and  satisfying  the  boundary  conditions 
at  the  bottom  of  the  fluid  (assumed  flat)  and  the  linearized  free-surface  condition 
on  the  entire  fluid/air  boundary.  It  is  the  formulation  of  the  boundary  value 
problem,  the  statement  of  Maz  ja’s  theorem,  and  the  derivation  of  this  boundary 
integral  equation  that  are  summarized  in  the  next  section,  while  Section  3 
contains  a  description  of  the  optimization  problem  and  a  statement  of  the  results 
obtained  in  Angell  e:  al.  (1986)  concerning  the  existence  of  an  optimal  bodv 
shape.  '  \ 

It  is  the  final  section.  Section  4.  which  contains  our  main  results.  There  we  turn 
to  the  question  of  a  constructive  method  for  finding  approximate  optimal 
surfaces.  We  prove  that  certain  families  of  functions  form  complete  families  of 
solutions  and  propose  a  penalization-type  method  for  the  constructive  solution. 
The  idea  of  using  complete  families  to  find  approximate  solutions  to  eUiptic 
equations  goes  back  at  least  to  the  work  of  Picone  and  of  Fichera  (see  Miranda 
1970,  for  references).  Angell  &  Kleinman  (1984.  1985)  have  used  such  families  in 
treating  some  optimization  problems  which  arise  in  acoustic  and  in  electromas- 
netic  radiation  problems.  An  approximation  method  similar  to  that  proposed  here 
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is  discussed  in  the  context  of  an  inverse  transmission  problem  by  Angell  et  al. 
(1987).  A  related  method  in  the  inverse  acoustic  problem  has  been  reported  by 
Kirsch  &  Kress  (1986). 


2.  The  exterior  bomdary  valne  problem 


We  are  concerned  with  solutions  of  Laplace’s  equation  in  a  domain  D  c 
tmbounded  in  the  x  and  z  directions  and  exterior  to  a  boimded  boundary  F, 
which  is  assumed  to  be  a  Lyapunov  surface  of  index  1.  A  Cartesian  coordinate 
system  is  fixed  with  the  origin  on  the  free  surface  and  in  terms  of  which  the 
domain  Z)"’’ =  (R^  x  [— A  ,  0])\(i'U  D  ),  where  D~  denotes  the  interior  of  the 
submerged  body,  as  indicated  in  Fig.  1. 

The  submerged  body  will  be  assumed  to  be  simply  connected  and  lie  in  a  strip 
R^  X  [—h  +  Eq  >  wth  0-  The  condition  that  the  surface  be  Lyapunov  of 
index  1  guarantees,  among  other  things,  that  there  exists  a  Lipschitz  continuous 
normal  /i  at  all  points  of  F.  We  emphasize  that  h  is  oriented  so  that  it  points  into 
D*.  Points  will  be  denoted  by  p  =  {Xp,  y^,  Zp)  and,  in  cylindrical  coordinates,  by 
p  =  (Pp,  Qp.yp)-  And  the  subscripts  will  be  omitted  if  there  is  no  danger  of 
confusion. 

With  these  conventions  in  mind,  we  consider  the  boundary  value  problem 


A(?  =  0  in  D*,  (2.1a) 

3<p 

~z^-rk(p  =  0  ony  =  0,  (2.1b) 

Sep 

—  =  0  on  y  = -A.  (2.1c) 


together  with  a  radiation  condition 


on  F, 


Sep 

Sp 


-\k^ep=0{p-l). 


(2.1d) 


(lie) 


Fig.  1. 
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In  this  formulation,  G  e  C(/')  and  k a)~/g  is  a  real  parameter,  where  o)  is  the 
frequency  of  an  oscillation  (assumed  time  periodic)  and  g  is  the  gravitational 
constant,  while  ko  is  the  root  with  the  largest  real  part  of  the  transcendental 
equation 


k„  sinh  k„h  =  k  cosh  k„h.  (2.2) 

Maz’ja  (1978)  introduced  a  restricted  class  of  boundaries  for  which  this 
boundary  value  problem  has  at  most  one  solution.  We  formulate  that  theorem  as 
follows. 


Theorem  2.1  Let  V  be  the  vector  field  in  defined  by 


V  = 


p{y'-p^) . 


2pV  . 

p+y 


Then  the  homogeneous  boundary  value  problem  (2. 1)  mth  G=Q  has  only  the 
trivial  solution  provided  that 


V  ■  on  r.  (2. 3) 

A  discussion  of  this  result  and  its  geometric  significance  may  be  found  in  Hulme 
(1984).  We  will  refer  to  the  class  of  all  such  surfaces  as  the  Maz’ja  class. 

Following  John  (1950),  we  introduce  the  Green’s  function  for  this  problem, 
which  is  normalized  to  have  the  form 


(2-4) 

where  the  function  R  nas  bounced  derivatives  with  respect  to  q  for  points  p  e  T 
(see  John,  1950;  p.  96)  and  y  satisfies  conditions  (2.1b,  c,  e).  Using  this  Green’s 
function  to  define  single  and  double  layer  potentials,  the  usual  jump  conditions 
can  be  established  as  in  the  potential-theoretic  case  since  the  sinsular  behaviour  of 
V  and  Sy/dn^  is  determined  by  the  first  term  in  (2.4).  For  convenience,  we  record 
these  results  here: 


u(q)rip,  q)dr^  =  ±u(p)- 


■  [  “(P) 

-'r 


3r(p>  q) 


(2.5) 


r(p,  7)  dr,  = 


-u{p)- 


°y{p,  q) 


dr„, 


(2.6) 


where  p-^T^  means  p  approaches  T  from  D*  or  from  D~ ,  u  eL-(r),  and  the' 
relations  (2.5)  and  (2.6)  hold  in  the  L"  sense  (Miranda,  1970). 

Moreover,  if  ^  is  a  solution  of  the  boundary  value  problem  (2.1),  then  one  may 
use  Green’s  theorem  to  establish  the  familiar  relation 


9{q)-zr~Y{p,  q)]  dr, 

on„ 


2(p(p)  ipeD") 

’  <Pip)  {per),  (2.7) 
,0  {peD~). 


A  CONSTRUCTIVE  METHOD  FOR  SHAPE  OPTIMIZATION 


269 


If  one  then  uses  the  boundary  condition  (2. Id),  we  have,  for  p  €  F, 

j^y(P>  y(P’  9)  dr,  =  <p{p),  (2.8) 

or,  in  operator  notation. 


(I^K')<p  =  j^Yip,q)Giq)dr„  (2.9) 

where  K’  is  the  boundary  integral  operator  with  kernel  Sy/Sn^.  We  pause  to 
remark  that,  given  a  solution  u  of  this  integral  equation,  we  may  represent  the 
solution  of  the  boundary  value  problem  according  to  the  relation  (2.7)  by 

4>(p)  =  2j^y(p>g)G(q)dr^-ij^u(q)-^y(p,  q)dr^  (peD*),  (2.10) 

and,  again  using  the  jump  relations,  one  sees  easily  that 

<Plr=u,  (2.11) 

which  is  a  direct  relationship  between  the  solution  of  the  boundary  integral 
equation  and  the  boundary  values  taken  on  by  the  solution.  As  we  will  see  below 
when  we  consider  the  optimization  problem,  it  is  particularly  convenient  to  have 
this  formulation  since  the  cost  functional  involves  just  the  trace  of  the  solution  of 
<p  of  (2.1)  on  r.  Such  a  direct  relation  does  not  obtain  when  one  uses  a  layer 
approach  in  which  one  assumes  that  the  solution  (p  has  a  representation  as  a 
single  layer, 

4>{p)  =  j^!^(‘j)yip.  ?)  dr,, 

and  then  uses  the  boundary  condition  and  jump  relations  to  obtain  an  integral 
equation  for  u. 

With  the  aid  of  these  jump  conditions,  we  have  proved  the  unique  solvability  of 
the  boundary  integral  equation  (2.9).  Specifically,  we  may  state  the  foUowing 
theorem,  referring  to  Angell  e:  al.  (1986)  for  the  proof. 

Theore-m  2.2  Let  F  be  Lyapunov  of  index  1  and  belong  to  the  Maz’ja  class.  Let 
G  €  C(r).  Fhen  the  integral  equation  (2.9)  has  a  unique  solution  in  L’(Jr). 

Remark.  In  fact,  using  a  standard  argument,  the  solution  whose  existence  is  ^ 
guaranteed  by  this  last  theorem  can  be  shown  to  be  continuous  since  G  6  C{F). 


3.  The  optimization  problem 

Let  /^  =  {p  e  R^:|p)  =  1}  denote  the  surface  of  the  unit  bail  in  and  let 
denote  the  space  of  continuously  differentiable  functions  whose  first 
derivatives  satisfy  a  Lipschitz  condition  and  which  is  equipped  with  the  usual 
Holder  norm  |I-ili.i  (see  e.g.  Colton  &  Kress,  1983).  We  will  assume  that  we  are 
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given  a  family  of  surfaces  which  can  be  described  by  C'  ‘  parametrizations, 

r{f)  =  [peu^-.p=f(p)p+p„p  =  £^\  (3.1) 

^  \p-PoV 

where  is  an  element  of  C-\r^)  and  po  e  R*  x  {-h  -r  Eq  ,  -fo)-  Let  a 

and  b  be  two  positive  constants  and  define  the  subset  *  c:  C'-^(7^)  bv 


ll/lli.i«^/(p)pH-poelR-x(-/,-i-eo,-Eo),  f{p)^a  iper^)).  (3.2) 

DEFiNrnoN  3.1  A  surface  S  in  R-”  will  be  called  admissible  provided  S  can  be 
described  by  a  parametrizadon  f  e  and  S  is  contained  in  the  Mazj'a  class  (cf. 
Theorem  1.1). 

Note  that,  since  each  admissible  surface  is  completely  determined  by  the 
function  f,  we  will  henceforth  simply  refer  to  ‘the  surface  /’,  although,  when 
convenient,  we  will  use  the  notation  r(/).  Clearly,  each  admissible  surface 
describes  a  surface  bounding  a  bounded  region  which  contains  a  ball  of  radius 
and  centre  p^  in  its  interior  (see  Fig.  2).  We  will,  when  necessary,  denote  the 
region  in  the  domain  R-  x  {-h  ,  0)  exterior  to  an  admissible  surface  f  by  DJ  and 
the  interior  of  the  surface  by  Dj. 

Now  we  limit  attention  to  a  compact  subset  lj\i  of  the  class  of  admissible 
surfaces.  Since  the  embedding  C^'^(JJ)  is  compact,  we  may  choose  to 

be  a  closed  subset  of  functions  in  C'(JJ).  This  particular  choice  leads  to  a 
nonlinear  optimization  problem  over  a  closed  convex  set.  The  convexity  will  be 
advantageous  for  subsequent  numerical  considerations.  We  note,  however,  that 
the  subsequent  results  could  be  achieved  using  any  compact  subset  of  the  class  of 
admissible  functions. 

We  now  wish  to  consider  a  family  of  boundary  value  problems  of  the  type 


//////////////////////////////////////////////////7////P/y// 
Fig.  2. 
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discussed  in  Section  2  which  may  be  considered  as  indexed  by  ^4^: 


A<p(p)  =  0 

(3.3a) 

dn 

on  y  =  0, 

(3.3b) 

3<t>  ^ 

on  y  —  —h, 

(3.3c) 

°4>  ^ 

on  r(f). 

(3.3d) 

—  -  iko(p  = 
op 

oip-'-). 

(3.3e) 

Note  that,  because  we  are  considering  a  family  of  boundary  value  problems,  the 
data  G  in  (3.3d)  must  be  defined  throughout  the  domain  formed  by  the  union  of 
all  admissible  surfaces.  This  is  indeed  the  case  for  heaving  motion,  where 
G  =  — n  -y. 

With  this  understanding,  each  choice  of  surface  /  e  f/d  gives  rise,  accordina  to 
Theorem  2.1,  to  a  potential  <p  =  (p{p;f),  with  peDT.  Denote  the  trace  of 
4>(p;f)  on  fhy 

^f(p):=<p(fip)p^Po;f)  (peTo).  (3.4) 

The  class  of  optimization  problems  that  we  discuss  below  involves  a  functional 
defined  as  follows.  Let  L:C(i^)— be  continuous  and  note  that,  since 
^f(p)  e  C(io),  this  functional  may  also  be  considered  as  a  mapping  from  into 
R  by  restricting  the  domain  of  L  to  e  C(/^) :/  e  C/d}.  In  this  sense,  we  define 

L[/]:=L(./^):C/,d->R.  (3.5) 

We  seek  a  function  ^  e  C/d  such  that 

^[/o]  L[f]  for  ail  /  e  C/d  (3.6) 

or 

L[fo]  L\f]  for  all  /  e  C/d-  (3.7) 

We  will  confine  our  discussion  to  the  problem  of  minimization.  This  is  sufficiently 
general  since  the  problem  of  maximizing  a  functional  L  may  always  be  replaced 
by  that  of  minimizing  —  L. 

Specific  forms  of  the  functional  L  of  (3.5)  may  be  chosen  to  reflect  desirable 
design  criteria.  For  example,  as  mentioned  in  the  introduction,  one  may  choose  L 
to  represent  the  added  mass  of  the  hull.  In  this  case,  the  problem  of  interest  is 
that  of  minimizing  the  functional  L  in  order  to  reduce  the  hydrodynamic  force  on 
the  ship  hull,  a  goal  of  obvious  importance  to  ship  design.  Indeed,  it  is  well 
known  (see  Wehausen  &  Laitone,  1960:  pp.  563-7)  that  the  added  mass  of  a 
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particular  hull  may  be  represented  by 

M^  =  Re  f  <p(p)  (p{p)  di;, 

^nj)  orip 

where  Re  stands  for  the  real  part  of  the  integral.  This  form,  in  light  of  the 
boundary  condition  (3.3d),  leads  to  the  functional 

L[/]  =  Ref  <p(p;/)G(/(p)p +poV/(p)dJ^,  (3.8) 

where  7)  is  the  Jacobian  of  the  transformation  p  =f{p)p  +  po,  and  di^  =  dS  dcp, 

with  9  and  (p  the  spherical  polar  angles  of  the  point  p.  We  remark  that,  if  we  can 
show  that  the  map/->  ^(s/)  is  continuous  as  a  mapping  from  to  C(J^),  then, 
regardless  of  the  particular  form  of  the  functional  L,  its  continuity  together  with 
the  assumed  compactness  of  will  guarantee  the  existence  of  an  optimal 
solution. 

More  generally,  we  may  consider  the  functional 

7 

L=  2  (3.9) 

where 

f  5 

P  4>j—4>!dr  {i,j  =  I  ,...,7)  (3.10) 

Jr  on 

are  the  components  of  the  added  mass  tensor,  the  Uf  (i  =  1 7)  represent  the 
velocity  comf>onents  (assumed  given)  of  the  body,  p  is  the  density  of  the  fluid, 
and  each  <pi  represents  a  velocity  potential  of  a  rigid-body  motion  with  unit 
amplitude  in  the  absence  of  incident  waves  (see  Newman,  1977:  pp.  287-8).  We 
remark  that,  while  thus  functional  is  quadratic  in  the  u,-,  it  is  not  quadratic  when 
considered  as  a  functional  of  the  surface  r.  Introduction  of  this  functional  permits 
optimization  with  resp>ect  to  combinations  of  the  added  masses,  perhaps  omitting 
some,  but  does  not  change  the  analysis  below,  since  it  is  trivial  to  rewrite  the 
functional  (3.9)  in  the  form 


L  = 


5 

(p  —  cp  dr 

an 


(3.11) 


for  (p  =  Ej=i  Uiipi,  the  harmonic  function  cp  satisfying  all  required  boundary 
conditions. 

Angell  et  al.  (1986)  proved  the  continuity  of  the  mapping /-♦  9(*;/)  from 
to  C(i^).  By  introducing  the  functions  ' 

^(p)~  (p{f(p)p  ~Po),  (3.12) 

Cf{p)~  G(f{p)p  +po),  (3.13) 

and  kernels  , 


9)  ~  ^  y{f(p)p  +  Po,  f{q)q  +  Po)Jf{q),  (3. 14) 

h(P,  P)  ~  y{fip)P  +  Po,  f{q)q  PoVfiq), 


(3.15) 
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the  integral  equation  (2.9)  may  be  rewritten  as 

^ip)+i  a^(p,q)^iq)dr^=  I  bf(p,  q)Gf{q)  (3.16) 

■'To  -'To 

The  integral  operators  Af  and  Bf  defined  by  the  kernels  Cf  and  br  are  compact 
operators  on  C(/^i),  a  fact  established  in  Angell  et  al.  (1986). 

The  basic  results  are  the  following  theorem  and  its  corollary  which  we  will  use 
in  the  next  section. 

Theorem  3.1  Let  B(C(/o))  denote  the  space  of  bounded  linear  operators  on 
C(7o)  equipped  with  the  uniform  operator  topology  and  assume  that  the  map 
f—^Gffrom  C'''(i^)  into  C(i^)  is  Holder  continuous.  Then  the  mappings  f-^Af 
and  f-^  Bf  of  C^'^iTo)  into  B(C(i^))  are  Hdlder  continuous.  Moreover,  since  the 
set  f/jd  is  compact,  the  map  /— »’^(*;/)  of  U^a  dito  C(f^),  where  <p{-',f)  is  the 
unique  solution  of  the  boimdary  integral  equation  (3.16),  is  Holder  continuous. 

The  continuity  of  the  mappings  <^(*;/)  and/— >  Gf  lead  immediately  to  the 
result  that  the  optimization  problem  defined  by  (3.6)  has  a  solution.  For  the 
particular  case  of  the  added  mass  functional  (3.8),  which  is  the  functional  we  will 
concentrate  on  in  Section  4,  we  may  state  the  following  corollary  to  Theorem  3.1. 

Corollary  3.1  Under  the  hypotheses  of  Theorem  3.1,  the  functional  L[*] 
defined  by  the  equation  (3.8)  is  continuous  as  a  map  from  into  R  and 
consequently  takes  on  its  absolute  minimum  on  the  set 


4.  .4  penafization  method 

With  the  groundwork  in  place,  we  turn  to  the  main  results,  the  development  of 
a  construaive  procedure,  a  penalization  method,  for  finding  approximate 
solutions  of  the  optimization  problem  described  in  Section  3.  For  the  sake  of 
definiteness,  we  will  formulate  the  procedure  in  terms  of  the  specific  functional 
(3.8).  It  will  become  clear  that  the  method  is  applicable  to  a  wide  class  of 
functionals  of  which  (3.8)  is  but  one  example.  Such  methods  have  been  applied 
by  others  to  systems  governed  by  partial  differential  equations  (see  e.g.  Lions 
1971,  1972).  Generally,  they  involve  the  introduction  of  additional  terms  to  the 
cost  functional  involving  both  the  partial  differential  operator  and  the  various 
initial  and  boundary  conditions.  Here,  we  propose  to  carry  out  the  minimization, 
not  over  an  entire  Sobolev  space  as  in  earlier  applications,  but  over  a  compaa  set 
of  functions  whose  traces  on  the  class  of  admissible  surfaces  serve  as  boundary 
data  for  exterior  solutions  of  the  boundary  value  problem.  With  this  approach, 
we  will  need  to  introduce  only  one  penalization  term  corresponding  to  (3.3d). 

We  will  then  turn  to  the  development  of  a  Galerkin-type  procedure  based  on 
the  use  of  complete  families  of  solutions.  Elements  of  such  a  family  are  harmonic 
functions,  defined  in  the  region  (R^  x  [—h  ,  0])\Bo„,  where  is  a  ball  of  radius 
ao<  satisfying  not  only  the  boundary  conditions  (3.3b)  and  (3.3c)  on  the  free 
surface  and  bottom  respectively  but  also  the  radiation  condition  (3.3e).  The  use 
of  complete  families  not  only  simplifies  the  form  of  the  cost  functional  but  also 
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offers  the  significant  advantage  of  aUowing  us  to  avoid  the  difficulty,  common  in 
numerical  procedures  for  inverse  problems,  of  having  to  solve  a  succession  of 
direct  problems  as  an  essential  step  in  an  iterative  procedure.  The  method  given 
here,  once  the  dimension  of  the  approximating  subspace  is  fixed,  produces  both  a 
subop timal  surface  and  the  appropriate  field  exterior  to  that  surface. 

We  will  proceed  in  three  steps.  First,  we  wiU  set  up  the  penalized  problem  in 
the  infinite-dimensional  setting.  Second,  we  will  study  the  finite-dimensional 
problems  generated  by  considering  subspaces  spanned  by  finite  coOections  of  a 
complete  family  of  solutions,  and  proving  convergence  of  minimizers  of  the 
finite-dimensional  problems  to  a  solution  of  the  original  problem.  Finally,  we  will 
show  how  such  a  complete  family  may  be  obtained  so  that  the  procedure'  may  be 
implemented. 

Let  A  denote  the  closed  annular  domain  lying  in  the  strip  x  {-k  ,  0) 
which  is  determined  by  the  spheres  5*  and  B^,  where  a  and  b  are  the  constants 
appearing  in  the  definition  of  the  class  S?.;,.  Thus  aU  the  admissible  surfaces  i}  lie 
in  A.  We  will  assume.  La  concen  with  the  remarks  following  equations  (3.3),  that 
there  exists  a  function  H  s  C\A^)  (i.e.  in  an  7j-neighbourhood  of  A)  such  that 
3H/  dn  =  G  on  Ff  for  each  /  e  U^. 

Let  M  be  any  constant  satisfying  ||FfllcyA,)  Af  and  define 

=  (4.1) 

where  ll*l!cyA,)  is  the  usual  C^-norm.  Since  the  embedding  C-(.4)^C’(^)  is 
impact,  5^^  is  relanvely  compact  in  C‘(^).  If  we  denote  its  enclosure  by  S,  then 
5  is  compact  in  C*(/l). 

For  every  F  s  S  and  f  €  Lad,  can  consider  the  boundary  value  problem  with 
boundary  data 


oF 

an 


on  Ff. 


(4.2) 


By  •nieorem  2.2,  the  corresponding  integral  equation  (2.9)  with  C  replaced  by 
aF/an  has  a  unique  solution  which  can  be  used  to  generate  a  unique 
solution  <pf_ir  to  the  .boundary  value  problem  by  using  (2.10).  This  is  true,  in 
particular,  for  F  =  H. 

We  now  introduce  three  functionals  and  L,  defined  on  the  compact  set 

Lad  X  5  by 


and 


h{f,F)  :=Re 


|^F(p)dr 


(4.3) 


while,  for  a  given  v  >  0, 


lz{f,F):=  -f-G 
an 


2 

lArf) 


(4.4) 


FAf.F)  ~li(f,F)  +  vUif,F). 


(4.5) 
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With  the  usual  reparametrization,  this  expression  can  be  rewritten  in  terms  of 
integrals  over  Fq: 


L.{f, 


;  F)  =  Re  [  (pf,F 
■'n, 


(p)  — -fCp) 


an 


i 


P“PO+/(«)'? 

_d_ 
an 


Jf{q)  dFo 
F{p)-G{p) 


Jf{q)dF,.  (4.6) 


The  functional  L  is  intended  to  ensure  that  F  is  chosen  to  approximate  the  given 
data,  while  ensures  that  the  added  mass  is  minimized.  Indeed  /,  can  be  viewed 
as  a  penalty  term  which  penalizes  deviations  from  the  d“‘'.’'-ed  boundary  condition 
on  the  surface  /.  Using  arguments  completely  analogous  to  those  used  to  prove 
Theorem  3.1,  it  can  be  shown  that  both  and  /,  are  continuous  on  x  5,  and 
hence  there  exists  a  pair  (f^,  F^)e  x  S  such  that 

Lv(/v.  FJ)  ^  Uif,  F)  for  all  (/,  F)  e  x  5. 


We  note  that,  if  we  consider  an  increasing  sequence  of  penalization  parameters 
{v„}  such  that  v„— >cc  as  the  corresponding  sequence  of  optimal 

solutions  will  contain  at  least  a  subsequence  {(/*,  F*)}  which  will  converge  to  an 
element  (/q,  Fq)  e  x  A  standard  argument  (see  e.g.  Luenberger,  1969: 
p.  305)  shows  that,  in  fact,  (^,  Fq)  is  a  minimizer  for  the  original  optimization 
problem  (3.6),  so  that  aFolan  =  G. 

As  it  stands,  the  functional  (4.6)  suffers  from  the  drawback  that  there  is  no  way 
to  associate  the  added  mass  with  a  panicular  surface  without  first  solving  the 
direct  problem  for  We  now  propose  a  Galerkin-type  approximation  method 
which  eliminates  the  need  for  first  solving  the  direct  problem.  In  fact,  if  the 
dimension  of  the  approximating  subspace  is  fixed,  then  the  approximate  solution 
of  the  minimization  problem  is  obtained  by  simultaneously  solving  for  F  and  the 
optimal  surface  without  requiring  the  solution  of  a  succession  of  direct  problems. 

The  approximating  subspaces  will  be  defined  in  terms  of  a  countable  family 
of  harmonic  functions  defined  as  follows.  The  elements  U/  of  %  are  harmonic  in 
(R- X  [-A  ,  0])\5fl„  and  satisfy  conditions  (3.3b),  (3.3c),  and  (3.3e),  and  the 
normal  derivatives  {cv// are  linearly  independent  and  are  complete  in 
L^(F(/))  for  all  /  e  64^-  We  will  show  one  way  to  construct  such  a  family  at  the 
end  of  this  section.  Postponing  that  analysis,  we  begin  the  description  of  the 
approximation  procedure  by  establishing  a  convergence  result  which  we  will  use 
in  the  proof  of  our  main  result.  We  remark  that  the  completeness  of  the  family  ^ 
allows  us  to  approximate  any  function  in  L‘(r(/))  as  closely  as  desired  with  a  . ' 
finite  linear  combination  of  the  normal  derivatives  cv,l5n.  Even  more  is  true  as  a 
consequence  of  this  choice  of  the  functions  v,  as  harmonic  functions.  This 
additional  approximation  result  is  described  in  the  next  statement  in  which  F  is  a 
fixed  surface. 


Lemma  4.1  Let  G  €  L'(F)  and  let  4>  be  a  solution  of  the  system  (3.3)  with 
3<plan  =  G.  Let  be  the  complete  family  of  harmonic  funcdo ns  as  described 

above.  Suppose  that,  for  each  integer  N  5=  1,  the  coefficients  =  1.  2....,N) 
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are  chosen  so  as  to  minimize  ||Efli  9n)  -  CIlLicn-  T^hen 


lim 

iV— « 


/-I 


<P 


=  0, 


L=(r) 


where  <p  is  the  solution  of  the  integral  equation  (2.9). 


(4.7) 


Proof.  Since  <p  and  v,  (/  =  1, 2, ...)  are  harmonic  and  satisfy  the  radiation 
condition.  Green’s  theorem  yields  the  relations 


(I+Kr)v,  =  j^y(p,q)^(q)dr^,  (4.8) 

(I  +  Kr)<p  =  j^y(p,q)G(q)dr^,  (4.9) 


Kr  being  the  double  layer  operator  associated  with  the  surface  P  (see  (2.7)- 
(2.9)).  We  may  conclude  immediately  that,  since  the  integral  equation  (2.9)  has  a 
unique  solution. 


=  r(;^,  9)(Xcr)^'(q)-G(q))dr,.  (4.10) 

Jr  sn  1 


Moreover, 


0 


ll/=l 


L=(n 


||(/  .  A,-)  '|ii,=<r)  11‘5’ril 


/=! 


on 


(4.11) 


where  Sr-  is  the  single  layer  operator  associated  with  T.  The  result  follows  from 
the  boundedness  of  the  two  operators  and  the  completeness  of  the  Svii an. 

The  elements  of  the  family  ?(f  individually  satisfy  the  free-surface  condition,  the 
radiation  condition,  and  the  boundary'  condition  on  the  sea  uoor,  while  their 
normal  derivatives  are  complete  and  linearly  independent  on  L-(r(/))  for  all 
/  €  f/jd-  This  makes  them  useful,  not  only  in  approximating  solutions  of  the 
submerged  body  problem  (3.3),  but  also  in  formulating  a  sequence  of  approxi¬ 
mate  optimization  problems. 

To  this  end,  it  is  convenient  to  introduce  the  subspace  spanned  by 

the  funaions  We  then  consider  the  set  5'^=  where 

Sm  is  defined  in  (4.1).  In  terms  of  this  set,  we  may  define  an  approximate  inverse 
problem  as  follows.  For  a  given  integer  N  and  function  G,  find  w  e  S’^'  and  /  e 
which  together  minimize  ' 


•=  Re  f  <pr,Up)  H'(p)| 

-I 


P-Pn-^-fiq^q 

3 


To  \on 


Jf{q)  dTo 
w(p)-  C(p)| 


Jf{q)  dPr,. 


The  question  immediately  arises  as  to  how  the  solution  of  the  approximate 
optimization  problem  is  related  to  an  optimal  solution  of  the  exact  problem.  As 
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the  following  result  shows,  the  cluster  points  of  optimal  solutions  of  the 
approximate  problems  are  solutions  of  the  exact  optimization  problem. 

Theorem  4.1  Let 

Ll  :=  min  {U[f.  P]  x  •?}, 

Li^  :=  min  {L^LT,  <P]  :  if,  <P)eU^x  S'']. 

Then,  for  fixed  v,  lim;v_«  Furthermore,  iff’-f'^  is  an  optimal  surface  for 

with  corresponding  optimal  then  every  cluster  point  of  the  sequence 

in  C‘-TO  X  C*(/l)  is  optimal  for  L^. 

Proof.  Suppose  that  {f^,  0f]  e  x  5  is  optimal  for  L^,  so  that  L°  =  Lv[/v,  ^v], 
and  let  (/°,  0°)  be  a  cluster  point  of  the  sequence  in 

C‘’“(/o)  X  OiA).  Thus  there  is  a  subsequence  which  converges 

to  (fZ,  ^v)-  By  continuity,  we  have 

lim  =  UfZ,  <PZ)  >  LZ  =  L^(f^, 

We  wish  to  show  that,  indeed,  LJJZ,  *PZ)  ^  LZ- 
Note  first  that  since  (/v^*^  is  optimal  for  we  have  the  estimate 

W)  for  zU  We  S''^. 

Hence 


=sRe 


r 

n.'f'— dr(fZ)  +  V 

•'ref,) 


an 


an 


5^ 

50, 

an 

an 

.  !<*/•• 

•'ry;) 

•f  Re  f  d-r(f„)  -f  v( 

Jry.)  an  \ 

'•'ry,)  ' 


-gI 

1 

uKry,)) 

(■ 

50, 

-^ry.) 

5/7 

5'f^ 

an 

5/7 

\<P/,.v~  dr(f,) 

2 

LHr(7,)) 


an 


i-Kry,)) 


3W  50, 


5n  an 


-f 


drifS)'' 

(L 


/r 

50, 

Wry.) 

5/7 

Re  f 

<^7.. 

•'ry.) 

5^ 

d<Py, 

5/: 

3n 

50, 

5n 


aw 

a<p„ 

an 

5/7 

LKry.)) 


50, 


:-G 


an 


L-Hry,)) 


;C 

+  Re 


h  (m  f  dr(ff)^  H(pf^  ,p  $>/„®,llL=<ry,)) 
'  •'ry,)  ' 


C  50 

<^/,.o,^dr(f,)  + V 

■'ry.) 


aw 

50, 

an 

5/7 

L'-(ry.)) 


+ 


50, 


5n 


LHry.)) 


for  suitable  constants  C  and  A/. 
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Choosing  e 5^^*  so  that  best  approximates  90^1  dn,  it 

foDows  that 


3Xir(s,) 

hm - 

*— «.  dn  dn 


L^TO-J) 


0, 


while,  from  Lemma  4.1,  we  also  have 

i—  Jrij.) 


It  follows  that 


4.r->)SR.  f  _  feo,^dr(f.)  + 


Jr«,  a» 

=  L^Cfv,  0v)  +  0(1), 


90^ 


I-=(r(A)) 


+  0(1) 


Where  o(l)-^0  as  *->»  Since  continuity 

implies  that 


L.(/e,  aj, 

which  completes  the  proof. 

Finally,  we  address  the  question  of  the  construction  of  a  complete  family  of 
solutions.  RecaU  that  the  class  of  admissible  surfaces  is  defined  in  such  a  way  that 
all  contain  a  ball  of  radius  \a,  centred  at  the  point  po.  for  some  preassigned 
constant  a  >  0.  Certainly  we  may  consider  a  surface  strictly  interior  to”  the 
surface  of  the  ball  F;^.  We  may  then  prove  the  following  result. 

Theorem  4.2^  Let  be  a  linearly  independent  family  of  functions  that  is 

complete  in  L“(FJ.  For  each  n,  define  the  funcdon  «„  by 

^n{p)  =  I  rip,  q)(pn{q)  dr„  for  p  e  IR^£»-. 

Then  the  functions 

Vn{p)=-{5uJ9n){p)  forpeTif),  n  =  1,  2,  (4.12J 

form  a  complete  linearly  independent  family  in  L'(r(/))  for  all  f  €  U^a- 

Remark.  By  linear  independence  of  these  countable  families  we  mean  that  any 
finite  subset  is  linearly  independent. 

Proo/.  Consider  the  family  {u„}  c:  L"(r(/))  and  suppose  that  there  is  some 
IF  eL^rCf))  such  that 

{^t  for  all  ^  =  1,  2,  . 
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Then,  recognizing  that  r{f)  n  =  0, 


0  -  (  u„)LHr(/))  f  ^(p)(-7—  [  r(p.  q)<Pn(q)  dT,)  di; 

=  [  ([  ^(P)-::^?(P.  9)dJ;)^„(9)dr, 

=  f  (Wrc^'f0(9)^.(?)dr, 

where  W;-(jr)  is  the  double  layer  operator  defined  implicitly  above  with  the 
property  that  Wra-yiL\r(f))-^L\rj  and  that  the  set  {4>„}  is  the  complete  set 
L^(r^.  Therefore  W^^fyW  =  0,  and  hence  W^^f^W  =  0,  on 
Now  consider  the  function  u^,  defined  in  D/  by 


“>*<(9)  '■=  [  ^  y(p,  q)  ^{p)  di;. 

■'ruo  oftp 

Then  u^p  is  harmonic  in  Df .  Moreover,  in  the  region  i.e.  in  the  region 
interior  to  Uip  is  harmonic  and  =  0.  Thus  Up  vauiishes  everywhere  in 
and  hence,  by  analytic  continuation,  everywhere  in  DJ.  But,  since  Wp^J^W, 
we  have,  using  the  jump  conditions. 


0  =  lim 

■7— r(/)- 


The  results  of  Section  2  guarantee  that  the  only  solution  of 

{l^k'r^)u  =  0 

is  the  trivial  solution,  so  we  conclude  that  W-O.  This  establishes  completeness. 

To  establish  that  any  fimte  subset  of  the  v„  is  linearly  independent,  suppose, 
without  loss  of  generality,  that  there  exist  constants  a.v  such  that 

s 

or,!;,  =  0  on  FiJ). 

Then,  by  definition, 

s  d  ^  C 

0=2  °^iVi  =  ^1,  or,  y(p,  q)<p;(q)  dT, 

=  £-  f  y(p>  q)  2  a^.‘P.(q)  dr, 

=  y(p>qMq)dr^  for  per(f), 
where  >v(^)  ;=  Dili  ar,<p,(q). 

Now,  for  p  e  i.e.  in  the  exterior  F^^,  define  the  function  v  =  v(p)  by 

v(p)  ~  j  y(p,  q)^(q)  dr,  = 
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Thus  certainly  v  is  harmonic  in  and.  in  particular,  is  harmonic  in  D/. 
Moreover  v  satisfies  the  radiation  condition  (3.3e)  and  the  boundary  condition 

3 

—  V  =0, 

rc/) 

and  so  u  is  a  solution  of  the  exterior  homogeneous  Neumann  problem.  By  the 
uniqueness  theorem,  v  vanishes  identically  in  D/  and  so,  by  analytic  continua¬ 
tion,  also  vanishes  in  the  region  exterior  to  Hence,  again  using  the  jump 
conditions, 

0=  lim  ■fs^w  =  (I  +  KJu;  =  0, 
p— rti  on 

where 

~  [  4^  (p,  q)Hq)  d-/;. 

an^ 

But  (7  Kl^u  =  0  is  uniquely  solvable,  so  (7  -b  KJv  =  0  is  also  uniquely  solvable 
by  the  Fredholm  alternative.  Thus,  given  (7-fA:jw  =  0,  it  follows  that 
(■^  +  ■^^'^  =  0.  and  so  w  vanishes  on  r^.  Therefore,  so  does  w.  From  the 
linear  independence  of  the  {(?,}, we  conclude  that  all  the  coefficients  ar,  =  0 
(/ =  l,...,iV),  and  this  shows  that  the  corresponding  functions  u,  (i  =  1 ,..., iV) 
are  likewise  linearly  independent. 
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THE  CONDUCTIVE  BOUNDARY  CONDITION  FOR  MAJXWELL’S 

EQUATIONS* 

T.  S.  ANGELLt  AM3  A.  KIRSCH^ 

Abstract.  First,  the  conductive  boundary  value  problem  is  derived  for  the  quasi-stationary 
Maxwell  equations  that  arise  in  the  study  of  magnetoteilurics.  Then  the  boundary  integral  equation 
method  is  used  to  prove  the  existence  and  uniqueness  of  solutions  of  the  problem.  The  final  section  is 
devoted  to  a  study  of  the  set  of  far  field  patterns  for  scattering  problems  with  plane  wave  incidence. 

Key  words.  Maxwell  equations,  boundary  integral  equations,  scattering  theory 

AMS(MOS)  subject  classifications.  35P25,  45B05,  78A45,  86A20 

1.  Introduction.  Geophysicists,  in  their  study  of  electromagnetic  induction  in 
the  earth  (called  magnetoteilurics)  commonly  use  a  boimdary  condition  for  the  elec¬ 
tromagnetic  field,  which  is  often  referred  to  as  the  conductive  boundary  condition.  We 
refer  to  Schmucker  [16]  or  Vasseur  and  Weidelt  [19]  for  the  physical  explanation  of 
this  boimdary  condition.  This  boundary  condition  models  the  occurrence  of  a  thin 
layer  of  very  high  conductivity  for,  while  it  is  well  known  that  the  electric  field  does 
not  penetrate  into  an  ideal  conductor  of  positive  thickness,  such  a  field  certainly  will 
penetrate  into  the  medium  beyond  that  conductor  if  the  latter  is  in  finitely  thin. 

The  analogous  boundary  condition  in  both  the  electromagnetic  and  acoustic  prob¬ 
lems  have  been  known  for  some  time;  see,  e.g.,  Harrington  and  Mautz  [6]  or  Senior 
[17].  In  this  context,  the  conditions  have  been  considered  as  approximations  to  the 
full  transmission  conditions.  The  wellposedness  of  the  boimdary  value  problem  in  the 
scalar  case  has  only  recently  been  treated  by  HettHch  [7]  and  Angell,  Kleinman,  and 
Hettlich  [Ij.  In  this  paper,  we  employ  the  technique  of  boundary  integral  equations 
to  discuss  the  existence  of  solutions  to  the  electromagnetic  conductive  problem. 

The  use  of  integral  equations  in  problems  of  acoustics  and  electromagnetics  is  a 
weU-known  technique;  a  current  account  of  the  method  may  be  found  in  Colton  and 
Kress  [4].  For  the  problem  of  scattering  of  time  harmonic  electromagnetic  waves  by  a 
perfectly  conducting  object,  the  method  v,as  applied  at  least  as  early  as  1949  by  Maue 
[131.  Muller  [14]  used  the  method  in  1951  to  treat  the  electromagnetic  transmission 
problem.  .4s  the  classical  transmission  conditions  are  a  special  case  of  the  boimdary 
conditions  of  the  problem  discussed  here,  and  our  surfaces  may  be  less  regular  than 
those  of  [14],  the  present  work  may  be  considered  as  a  generalization  of  Muller’s 
results. 

Without  attempting  to  give  an  exhaustive  review  of  the  literature  on  integral 
equations  in  electromagnetics,  we  mention  that  various  aspects  have  also  been  treated 
by  Weyl  [22],  Saunders  [15],  Calderon  [2],  Werner  [20],  [21],  Knauff  and  Kress  [9],  and 
Gray  and  ideinman  [5].  More  recently,  Marx  [11],  [12]  has  developed  a  single  equation  - 
for  electromagnetic  and  time-dependent  scattering  problems. 

In  §2  we  derive  the  conductive  boundaiy  condition  from  the  quasi-stationary 
Maxwell  equations  for  induction  problems  in  a  layered  half-space.  This  is  the  situation 
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of  magnetotellurics.  In  §3  we  consider  the  model  problem  where  the  anomalous  region 
of  conductivity  is  embedded  in  a  homogeneous  ‘^ull  space.”  V/e  will  prove  uniqueness 
and  existence  results  for  classical  solutions. 

We  devote  §4  to  the  description  of  the  far  field  patterns  for  scattering  problems 
whose  incident  fields  are  given  by  plane  wave  solutions  of  the  Maxwell  eqiiations.  We 
prove  the  reciprocity  principle  and  use  this  result  to  show  that  the  of  all  far  field 
patterns  corresponding  to  the  incident  plane  waves  of  any  direction  and  amplitude  is 
dense  in  the  space  of  all  i^-tangential  fields  on  the  unit  sphere  5^,  provided 

that  the  pair  (ki^k^)  of  wavenumbers  is  not  an  eigenvalue  of  a  related  eigenvalue 
problem. 

2.  Physical  derivation  of  a  conductive  boundary  condition  in  magne¬ 
totellurics.  We  model  the  earth  as  a  layered  half-space  filling  the  region  X3  >  0. 
The  conductivity  cr„  (normal  conductivity)  of  the  earth  is  assumed  to  depend  only  on 
depth  X3  and  to  be  piecewise  constant. 

A  bounded  region  12  (anomalous  region)  is  imbedded  in  the  half-space  13  >  0.  The 
conductivity  Ca  in  12  is  different  from  o-„  and  is  allowed  to  depend  on  x  =  (zi, X2, 2:3). 
Furthermore,  we  assume  that  12  is  covered  by  a  thin  layer  with  very  high  conductivitv 
such  that  the  integrated  conductivity 

r(x)  :=  lim  /"  c/(x  +  tn(x))  dt,  x  6 
J—e 

remains  fimte,  i.e.,  a((x-b  tn(x))  =  r(x)(S(t).  Here  we  denote  by  n(x)  the  outer  imit 
normal  vector  at  x  €  512. 

We  now  assume  that  some  kind  of  sources  in  the  half-space  I3  <  0  (e.g.,  in  the 
ionosphere)  induces  an  electromagnetic  field  E,  B  in  the  earth  X3  >  0.  Here  E  =  E(x), 
and  B  =  B(x)  denote  the  spacial  parts  of  the  electric  field  E(x)e~"‘  and  magnetic 
field  B(x)e~‘"‘,  where  w  >  0  denotes  the  frequency.  Then  E  and  B  satisfy  Maxwell 
equations  in  Z3  >  0.  We  formulate  them  in  their  quasi-stationary  approximation 
although  this  is  not  necessary  for  the  mathematical  theory,  as  follows: 

(2.1)  curl  B  = curlE  =  iu;B, 

where  <r  is  the  conductivity  (<7  =  £r„  for  x  0  12,  <7  =  for  x  €  12)  and  fiQ  the 
magnetic  permeability  in  vacuum.  Using  SI  units  throughout,  we  measure  E  in  V /m, 
B  in  Tesla  =  Vs/m^,  a  in  A/Vm,  u  in  1/s,  and  ^  =  47rlO“’'Vs/Am. 

To  derive  the  boundary  conditions,  let  the  layer  with  conductivity  af  be  of  finite 
thickness  e  >  0.  Let  C  be  a  C^-arc  on  512  with  unit  tangential  vector  £{x),  x  £  C, 
and 


5  =  {x  +  tn(x) :  X  £  C,  lt|  <  e} 

the  surface  perpendicular  to  512  with  boundary  dS. 

For  X  £  C,  let  i'(x)  =  n(x)  x  ^(x),  where  a  x  b  and  a  -  b  are  mean  vector  products 
and  scalar  products,  respectively.  Then  the  Stokes  theorem  yields 

(2.2)  I  E’d£=  I  1/ •  curl E ds  =  iw  f  u-lBds 

-las  Js  Js 


and 
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•oximation 


nd  /io  *he 
E  in  V/m, 

ie  of  finite 
c),  X  €  C, 


:  products 


(2.3)  J  3  ■  d£  =  J  V  ■  curl  3ds  =  J  af  i'  -3  ds 

=  cr/(x  +  ta(x))i/(x)  •  E(x  +  tn(x))(l  +  0(e))  dt  d£{x). 


For  e  -  0,  we  conclude  from  (2.2)  that  /^(E+  -  E_)  ■  df  =  0.  Here  Ei  denotes  the 
limit  of  E  from  the  outside  (+)  and  the  inside  (-),  respectively.  By  the  mean  value 
theorem  for  integrals  and  with  e  — *•  0  in  (2.3),  we  arrive  at 

j  (B+ -  B_)  •  d£  = /AD  X  TV  •  E  d£. 


This  holds  for  every  arc  C;  thus 

n  X  EI4.  —  n  X  El_  =  0  on  dQ, 

(2-4)  n  X  Bt.1.  -  n  X  B|_  =  ^^QT{n  x  E)  x  n  on 

It  is  the  aim  of  this  paper  to  study  (2.1),  (2.4),  together  with  a  radiation  condition 
for  the  “anomalous”  parts  of  E  and  B  for  the  special  case  of  a  homogeneous  region 
in  a  homogeneous  full-space  (i.e.,  cr„  and  cTs  are  constant). 

Thus  let  us  assiime  that  Cn  siid  cr*  axe  constant.  First,  we  symmetrize  (2.1) 
and  define  ^  such  that  hnkj  >  0,  j  =  1,2,  and  H  — 

(u;/fci)B  in  fi,  B[  =  (w/fc2)B  in  \  B.  Then  we  see  that  (2.1)  takes  the  form 

(2.5)  curlH  =  — ifcE,  curlE  =  ikH  in  R  \dQ, 


with 


in  fl,  _ 
in  R3  \  n. 


The  boundaiy  conditions  (2.4)  change  into 

n  X  El^.  —  n  X  E]-  =0  on  dTl, 
nx  [nx(fc2HU-fciH|_)]=/A)i-2;nxE  on  dn. 

3.  Uniqueness  and  existence  of  solutions  for  a  model  problem.  We  now 
focus  on  the  main  problem  of  this  paper.  Given  an  open  and  bounded  region  B  C  R^ 
with  C^-boundary  dQ,  numbers  ki,fc2>/^i,/^2  £  C  \  {0}  with  Imk^  >  0(j  =  1,2),  a 
complex-valued  function  /?  €  C°'°{dn)^  a  direction  d  €  5^,  and  an  amplitude  p  e 
with  d  •  p  =  0,  find  vector  fields  E,H  €  Ci’“(R^  \  dCl)  n  C,  which  satisfy 

curlE  -  ifcH  =  0,  curlH  -f  ifcE  =  0  in  R^  \ 
n  X  E|+  -  n  X  E|_  =  0  on  dQ; 

^2n  X  (n  X  H)l+  -  /xin  x  (n  x  H)|_  =  /3n  x  E  on  dfl; 

E(x)  =  E‘(x)  -f  E'’(x),  H(x)  =  ^curlE‘(x)  +  H’(x),  x  ^  G, 


(3.1) 

(3.2) 

(3.3) 


with  incident  field  E'(x)  =  and  where  the  scattered  fields  E'  and  H"  satisfy 

the  radiation  condition 

(3.4)  ^  X  H'(x)  +  E*(x)  =  o  ,  lx|  oo,  uniformly  “  ^ 
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with  fc  =  fci  in  n  and  fc  =  A:2  in  \  a.  Likewise,  we  wiU  set  -  Mi  ^  and  -  ^^2 

in  \  n.  .  . 

Here  we  have  used  the  following  notational  conventions:  on  r 

(i)  denotes  the  space  of  Holder  continuous  functions  on  ail  of  order 

a  e  (0, 1)  (the  space  is  defined  analogously); 

(ii) .  C'  =  {E  :  R^  \  :  Ejn  €  C{il),  ^  \ 

(iii)  FUf_i  denotes  the  limit  of  F  on  from  the  exterior  (interior), 

(iv)  n(x)  denotes  the  outer  unit  normal  vector  at  x  €  and  a  x  b,  a  •  b  are 
the  vector  products  and  scalar  products,  respectively. 

The  situation  discussed  in  §2  is  covered  by  setting 

kl  =  iWMO^Ta,  =  tWMO^n,  (I™  *1  >  0,  Im  fcj  >  0), 

(3-5)  ^ 

Mj  =  kj  {j  =  1,2),  P  —  wMo'^i  —  jt®' 

Theorem  3.1  (uniqueness).  Ut  the  parameters  of  the  problem  satisfy  the  follow¬ 
ing  relations: 


(3.6) 


ReC^Ma)  >  0  on  lm^ii^^>0,  lm^fci^^<0. 


Then  there  exists  at  most  one  solution  (E,H)  of  problems  (3.1)-(3.4). 

Proof  Let  E'  =  0,  i.e.,  (E.H)  satisfies  (3.1),  (3.2),  and  the  radiation  condition 

(3.4).  We  use  Green’s  theorem  for  vector  fields  in  fl  as  follows: 

/(E- AE^  curl  E- curl  E)dx=  j  n  •  (E  x  cuxlE)  ds. 

Then,  .-ith  cnrlE,  -  ii,H  end  AE,  =  -ijE,  j  -  1,2  in  f!  and  Ds,  rispectively, 
Qr  ;=  {i  €  R^\n  :  |xi  <  R},  we  may  add  and  use  the  boundary  conditions  to  obtain 


(3.7) 


ilxKR 

=  -i  f  BlnxEfds-iihj  n  •  (E  X  H)  ds. 

Jan  ■^W=-« 

From  the  radiation  condition  integrated  over  the  sphere  of  radius  R,  we  see  that 

f  (In  X  Hp  +  lEp)  ds  -  2Re  /  n-(ExH)d3 
ilxNR 

=  f  lnxH  +  Epds  =  o(l)  for  R  —  oo, 

iw=R 

and,  by  dividing  (3.7)  by  Mj  and  taking  the  imaginary  part, 

[  Im(Mit/M2)lEp«ix^-  /  lm{fJ./{p2k))\kli\'^dx. 

J\x\<R  dlx|<R 

=  -  /  Re  (/3/m2)  In  X  Ep  ds  -  i  /  (In  x  Hp  +  lEp)  ds  +  o(l) 

Jan  ^  d|x|=R 


for  R  — ►  00. 
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1  of  order 


.  a  •  b  are 


he  follouh 


condition 


■pectiveiy, 
to  obtain 


:  that 


— ►  oo. 


From  (3.6)  we  see  that  Im(^:A:/^2)  ^  0,  Im(/i//i2fc)  <  0,  and  Re(A/^:2)  >  0  on  dCl. 
This  implies  that 

(3.8)  Im(;iic//i2)E  =  0mR2\5n  and  /  [El^ da  —  0  (iZ cc). 

ilx|=R 


If  Im kn  =  0,  then,  from  Rellich’s  theorem  (cf.  [4]),  it  follows  that  H  =  E  =  0  in  R.^\n. 
If,  on  the  other  hand,  Im  ^2  >  0,  then  the  identities  H  =  Es0mR^\n  foUow  &x)m 
the  first  identity  in  (3.8).  In  either  case,  n  x  E|_  =  0  and  n  x  (n  x  H)|_  =  0  on  dO,, 
which  implies,  by  the  representation  theorem,  that  E  s  H  =  0  throughout  fl,  and 
the  proof  is  complete. 

We  remark  that,  for  the  physically  relevant  situation  described  by  relations  (3.5), 
the  uniqueness  assumptions  (3.6)  are  satisfied,  as  is  readily  verified. 

Now  we  assume  a  layer  ansatz  and  use  the  integral  equation  method  (see  [10] 
for  some  related  boundary  value  problems)  to  prove  existence  of  a  solution  to  our 
model  problem  (3.1)-(3.4).  First,  we  define  the  scalar  three-dimensional  fundamental 
solution  corresponding  to  kj  (j  =  1, 2)  as 


and  set 


^i(x,y) 


4^r|x  -  y|  ’ 


J  =  1, 2 


$(x,y) 


_  /  "^iCx-y) 
\'^2(x,y) 


k{x) 


_  f  if  X 
~  (  Aio  if  X 


^2’ 


if  X  €  n,  y  6  dCl, 
if  X  ^  Q,y  €  dCl; 


( Hi  if  X  £  n, 
\h2  if  X  c  fl. 


We  make  an  ansatz  for  E^,  in  the  form  of  a  sum  of  electric  and  magnetic  dipoles 
distributed  on  the  boundary  surface 


(3.9) 


E'(x)  =  k(x)curl  /  a(y)$(x,y)  ds(y)  -f  curl^ 
dan 

H^(x)  =  -^curlE''(x) 
ik 


b(y)#(x,y)£is(y), 


in  R^  \  dQ,  where  a, b  €  :=  {c  £  :  Dive  £  C^'“(^)}  with 

{c  £  C^’“ {dV.,  C^)  :  n  •  c  =  0  on  511}  axe  unknown  vector  fields.  By  Div  c,  we  denote 

the  surface  divergence  of  c  €  C^°‘  (cf.  [4,  p.  60]  for  a  defimtion). 

From  the  properties  of  we  see  that  (E*,H'’)  satisfies  the  Maxv,-eil  equations 
(3.1)  in  R^  \  5f2  and  the  radiation  condition  (3.4).  By  standard  arguments  (cf.  [4, 
§2.6],  we  can  show  that  E^  and  H’  belong  to  C'. 

The  tangential  components  of  E*  and  on  dQ  take  the  form 


n  X  E^li  =  kj 


±ia-fnx  /  curl;c(a'i’;)ds(y) 

,  4  JdQ 


-r  n  X  cure 


n  X  H'k  = 


_  h 


[  h^jds{y),  xedQ, 
Jaa 

±ib-rnx  [  curlx(b^j)ds(y) 

,  2  Jdci 

-k  X  curl^  f  a^'j  ds(y),  x  £  dQ 
*  dan 
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the  upp>er  sign  +  and  number  j  =  2  corresponding  to  the  limit  from  \  Cl,  and  the 
lower  sign  —  and  j  =  1  to  that  frnm  the  inside  Cl.  These  jump  conditions  follow  from 
that  for  the  curl  of  the  single  layer  potential,  which  is  proved  in  [4,  Thm.  2.26]. 

The  boimdary  conditions  (3.2)  for  E'  and  H*  lead  to  a  system  of  integral  equa¬ 
tions  on  dCl  for  the  unknowns  a  and  b.  Before  we  write  them,  we  introduce  the 
following  boundary  operators: 

W  =  n(x)  X  b(x),  xedCl, 

(Mjb)(x)  =  n(x)  X  /  curU(b{y)#j(x,y))da(y),  xGdCl,  j  =  l,2, 

Jaa 

(Pjb)(x)  =  n(x)  X  curl^  /"  b(y)§j(x,y)  ds(y),  x  6  5Q,  j  =  1,2. 

Jan 

Then  (3.2)  leads  to 

(3.10)  2 ^2)^  "h  (k2l^2  ~  kiMi'js.  -f-  p2^  —  ■Pib  =  0, 


(3.11) 

where 

(3.12) 


M2^2 

2: 


■  2i  J 


Qb  +  -  fiikiQMi)h 


+-:Q(fi7P2  -  -  P 


— -kia -f  kiMia -f  Pib 


d, 


d(x)  =  ini  -  M2)n(x)  X  n(x)  x  (d  x  p)e‘*’^’*j 
-r;3(x)n(x)  x  pe**’*^'*,  xedCl. 


Thus  we  have  the  following  theorem. 

Theorem  3.2.  The  vector  functions  a,b  €  C7^’“  are  solutions  to  system  (3.10), 
(3.11)  with  d  given  by  (3.12)  if  and  only  if  the  fields  (E’,H‘)  from  (3.9)  solve  the 
boundary  value  problem  (3.1) -(3.4). 

To  discuss  the  solvability  of  (3.10),  (3.11),  we  write  them  in  matrix  form  as  follows: 

(3.13)  (^+^)(;)=(d)' 

where 

^  ^^ki-i-  k2)I,  0 

~\\Q  iP2P2  -  PlPl)  +  J.Q  -  pp. 


_  /  k2M2  -  kiMi,  P2-P1  \ 

y  — AkiAfi,  ■7il22k2QM2  —  fiikiQMi)  j’ 
and  a  =  fcipi  -h  fcaMs-  We  treat  this  equation  in  the  spaces 
L  +-K  :  C^’“  X  C^-“  — *  X 
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P.,  and  the 
follow  from 
2.26], 

:egral  eqiaa- 
iroduce  the 


=  1,2, 
1.2. 


(3.10), 
)  solve  the 

as  follows: 


It  is  kno-wn  that  K  is  compact  between  these  spaces  (cf.  [4])  and  that  L  is  well  defined 
and  bounded. 

Our  aim  is  to  apply  the  Riesz  theory  for  compact  operators;  we  first  show  that 
a  certain  compact  perturbation  of  \aQ  —  iSPi  is  an  isomorphism  from  onto 
Then  L  is  zn  isomorphism  from  x  onto  C^'  x  ,  prcrvided  that 
ki  —  k2  r 

Lemnla.  3.3.  Assume  that  k  is  Twt  an  eigenvalue  of  the  boundary  value  problem 
curlE  -  =  0,  curlH  d-  ikE  =  0  in  P,  n  x  E  =  0  on  517,  which  therefore  admits 

only  the  trivial  solution  E  s  0  in  P.  Furthermore,  let  cc  0  ond  let  k,  l3  satisfy 

I{£{kP/a)  >  0  on5P.  fret  $(x,y)  =  e'^l’^-yl/C^Trlx-yl)  anMetP,M  be  the  operators 
P2,M2,  where  $2  w  replaced  by  Then  ^aQ  -  ipP -r  aQM  is  an  isomorphism  from 

c4’“  onto  C^’“.  „  _ 

Proof,  (i)  Injectivity.  Let  b  c  C^°(5P)  with  ^ctn  x  b  —  ipPh  —  cm  x  Afb  =  0 
on  5P.  Set  E(x)  =  curl^  ^b(y)$(x.y)  ds(y),  H  =  (l/ifc)curlE  in  \  5P.  Then 
E,  H  €  \  5P)  n  <7(17)  n  C(R^  \  P),  and,  from  the  jump  conditions,  we  have 

?n  X  (n  x  H)!^.  -  5n  x  E|+  =  t  (“n  x  b  +  an  x  A?b  -  i5Pb)  =  0. 

Thus  (E.  H)  solves  a  homogeneous  exterior  impedance  problem  with  boundary  con¬ 
dition 

n  X  (n  X  H)|i  -  X  E|+ =  0  on  5P, 


where  ’5  =  kP /a  on  5P.  Since  Re  ^'  >  0,  the  uniqueness' result  in  [3]  implies  that  E  = 
H  =  0  in  R^  \  P.  Since  nxEl_  =  nxEl_-nx  EL  =  0  and  we  have  the  ass-umption 


that  k  is  not  a  Maxwell  eigeuNalue  in  P.  we  also  have  that  E^  =  Ii  —  0  in  P.  and  thus, 
from  the  jumo  conditions  for  n x  H,  we  conclude  that  h  =  i/k  {n  x  HL  —  n  x  H|_  j  = 


on  5P. 


(ii) 


€  C^'“(5P)  and  E,  H  =  \  H)  n  C(R^  P)  be 


the 


so;t 


curl  E  —  ikH  =  0,  curl  H  -r  ikE  =  0  in  R'^  \  P, 

(3.14)  s-  2i_  r=  -c  on  d^. 

which  exists  and  is  unique,  as  is  proved  in  [3].  Indeed,  the  proof  in  '[3;,  together 
with  the  standard  estimates  in  i4,  §2.6],  show  that  E  and  U  are  Holder  continuous  in 
R2  \  P.  Furthermore,  let  E,H  €  C^(P)  Q  (7(P)  be  the  unique  solution  of  the  interior 
Maxwell  problem 

curl  E  —  ifcH  =  0,  curl  H  -f-  ikE  =  0  in  P, 
n  x  EL  =  n  X  EL  on  5P 


ana  set 
13.16) 


b  :=  ^  (.n  X  H  _  —  n  X  Hj 
k 


on  C'.  1. 


Then  b  €  (7^“(5P),  since  curlH  =  -i^E  6  (7^’“(P)  n  C^'“(R’  \  P).  Moreo\-er, 


(3.17) 


E'x)  =  curl' 


b(y)‘±>(x.  y)  ds(y),  x  £  R"'  \  5P, 


Jan 


H=  4-curl  E  inR^\5P. 
ik 


(3.18) 
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In  fact,  if  El  and  Hi  denote  the  right-hand  sides  of  (3.17)  and  (3.18),  respectively, 
then  El  and  Hi  satisfy  (3.15)  and  (3.16).  By  the  above  uniqueness  argument,  (3.17) 
and  (3.18)  are  satisfied.  The  second  equation  of  (3.14)  then  reads 

1  1  fa  ^  —  -  N 

■tC  X  b -t- an  X  Mb  -  :APbj  on  i^, 

which  proves  surjectivity.  This  shows  that  L  is  bijective.  Thus  exists  and  is 
bounded  according  to  the  open  mapping  principle. 

Remark.  For  A  ^  0,  it  is  known  (cf.  [4])  that  -r  QM  is  an  isomorphism  from 
onto  {c  6  C^'  :  Div  (n  x  c)  €  C^’“(9fl)}.  This  shows  that  the  assumption 

Re(fcA/Q)  >  0  is  necessary. 

"We  now  apply  this  result  to  system  (3.13),  which  can  be  written  in  the  form 

where 

^  ■  ^0  j3{P^-P)  +  ^QMj' 


Vo  /?(Pi_P)n2QAf  j- 

Let^a  3.3  establishes  that  I  is  an  isomorphism  from  C^'“(5n)  x  C^'“(5fl)  onto 

C^’  {do.)  x  C^’“(5fl).  The  operator  K  is  dearly  compact  between  these  spaces. 
Hence  (3.19)  is  equivalent  to 

(3.20) 

which  is  a  Fredholm  equation  of  the  second  kind  in  CO£°{dO.)  x  (7^°  {80). 

To  show  uniqueness  of  solutions  of  (3.20),  or  equi\alently  of  (3.13).  we  assume 
tnat  the  boundary  \aiue  problem  (3.1)-(3.4)  itself  has  at  most  one  solution  (which 
holds,  e.g.,  under  assumption  (3.6)). 

(b)  ^  X  C^°{dQ)  be  a  solution  of  (3.13)  for  d  =  0  on  (9Q  and  define 

E,  (x)  =  fc.curl  I  a{y)^j (x,  y)  ds(y)  4-  (rurl*  f  b(y)'i>.  (x.  v)  ds{y) 

JdV.  Jqq 

in  \  80 

and 


H.fx)  = -^curlErix)  inK^  \  80  (j  =  I  2) 

IK.  '  '  '  ... 

Use  of  standard  potential-theoretic  arguments  and  the  j’ump  conditions  then  lead  to 
the  following  theorem. 

Theorem  3.4.  Let  ki,  k2,  ni,  /12  ?  C  \  {0}  v.~th  Imk-  >  Of'’  =  ^ 
p.\Ki  ~r  fi2^2  r  0,  ki  -r  ^2  w  0  and  /?  S  (I7^'“(5ii)  tciti 


Re 


f  ^(x) 


\Piki  ~  p.2k2 


>  0 


(3.21) 
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spectively, 
:£nt,  (”3.17) 


dsts  and  is 

Dhisin  from 
assumption 

-6  form 


'[dCl)  onto 
spaces. 


^  assume 
■.on  i^waich 

and  define 


R^\^. 


l) 


I 

i 


for  all  X  e  dQ  and  some  k  udth  Imfc  >  0.  If  the  boundary  value  problem  (3.1)- (3.4) 
has  at  most  one  solution,  it  has  exactly  one  solution. 

Remarks,  (a)  From  the  boundary  integral  equations  (3.10),  (3.11),  we  see  that 
the  more  general  problem  admits  a  unique  solution  for  all  c  €  C^’“,  d  €  (under 
the  same  assumptions  of  Theorem  3.4),  as  foUows: 

curlE-im  =  0,  curlH4-iA:E  =  0  in  \  dQ, 
n  X  E|+  —  n  X  Ej-  =  c  on  dCl, 

fi2n  X  (n  X  H)|4.  -  pin  x  (n  x  H)|_  =  x  E  +  d  on  dCl, 

X  H(x)  +  E(x)  =  o  j  ,  |x|  oo. 

We  see  that,  for  A  =  0,  the  assertion  of  the  theorem  cannot  be  valid  for  all  d  €  C^'“, 
but  at  most  for  those  d  6  with  n  x  d  €  C^°  (since  Div  (n  x  H)  =  n  •  curl  H  = 
— tfcn-E  €  This  transmission  problem  has  been  considered  by  Wilde  [23]. 

The  limiting  beha'vior  for  A  — ►  0  is  discussed  in  [8]. 

(b)  In  the  physical  situation  described  in  §2,  the  various  parameters  are  related 
by 

Pl^l  +  ^2^2  =  kl-rk^  =  ULljUQ{an  +  Ca)  #0,  *1  +  *2  7=  0 

and 

d(x) _ r(x) 

-i-  P’2'^2  -r  0-c 

For  k  =  i,  assumption  (3.21)  is  satisfied. 

4.  Denseness  of  far  field  patterns.  It  is  tveil  knc-?,-n  (cf.  [4])  that  the  Silver- 


H-(x)  -  HESgM  rH„(i)  -  o  (|==|-‘)1 


as  IXI  — +  OC 


uniformly  in  x  =  x/jx]  €  5^,  with  the  properties 

BLc=x>:E;c!  X  •  Eco  =  X  ■  Hoc  =  0  on  S*. 

Dne  fields  are  kno^m  as  the  far  field  patterns  of  E.  H.  The 

components  of  E-c,  are  analvtic  functions  on  5^. 

Moreover,  the  Stratton— Chu  fl8l  representation  theorem  (cf.  also  [4]) 


E''(x)=curl/  e(y)$2(x.y)ds(y)  -  T^curP  /"  h(y)$2(x, y)d3(y), 
Jen  Jdti 

X  €  R^  \  n,  with  e  :=  n  x  E“,  h  :=  n  X  H',  and  the  asymptotic  form 


.i-O(ixr’)]  for 


CC', 
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imiformly  in  x  €  and  y  6  imply  the  representation 


(4.1)  E,„(x)={;:2 


X  X 


[  e(y)e  *^’*^'^cis(y)  +  x  x  [  (h(y)  x  x)e 
■JdCl  JdCi 


for  X  e  5^.  representation  holds  for  anv  solution  (E^,  H')  of  Maxwell’s  equations 
(3.1)  in  \  n. 

Now  we  take  the  special  case  of  the  conductive  boundary  value  problem  (3.1)— 
(3.4)  and  denote  the  corresponding  solution  and  far  field  pattern  by  E(x,  d,  p)  and 
Eoo(^  d,  p),  respectively,  explicitly  indicating  the  dependence  on  the  direction  d  and 
polarisation  p  of  the  incident  plane  wave. 

Then  we  can  prove  the  following  reciprocity  principle. 

Theorem  4.1.  Let  jS,  Hi,  H2  ^  related  in  such  a  way  that  the  conductive  boundary 
value  problem  (3.1)- (3.4)  admits  a  unique  solution  for  every  incident  plane  wave  {see. 
e.g.,  the  Last  remark  of  the  preceding  section).  Then 

q-E«(x,d,p)  =  p-E«(-d,-x,q) 

for  oil  X,  d  £  S^,  p,  q  €  with  p  •  d  =  0,  q  •  x  =  0. 

Proof  ^t  x,d,p,q  be  as  indicated.  Then  E(x,  d,  p)  =  E'’(x,  d,  p)  +  E'(x,  d,  p) 
with  E‘(x,  d,  p)  =  pexp(:k2d  •  x),  and  we  can  decompose  H  in  the  same  way  with 
H’(x,  d,  p)  =  (d  X  p)  exp(ik2d  •  x).  Then  (4.1)  implies  that 


7^q-E=c(x,d,p)  =  [  fn  X  E’’(y,d.p)VlT(y, -x.ql  <is(y) 

-■‘•2  jaci  ''  ' 

-r  fn  X  H'’(y:d.p)jj  -ENy.-x.  q)  ds(y), 

since  q-  (x  X  e)  =  e •  (— x  x  q))  and  q-x  =  0.^  Lf  (E’,  H’)  ^and  (F’,  G”)  satisfy  Maxwell’s 

[(n  X  E')  •  G"  ^  (n  X  H’)  •  F^]  ds  =  0. 


J  dCi 


Hence,  if  we  choose  =  E'(-,  — x,  q), 


ik‘ 


■q-E^(x,d,p)  =  (n  X  E^(-,d,p)j  •  H(-,-x,q)L 

4 


ds 


nxH'(-,d.p)j  •  E(-,  — X. q)  ds. 


Now  n  x  (EL  X  n)  =  nx  (EL  x  n)  on  and  ponx  (HL  x  n)-,mnx  (HL  x  n)  = 
—  3n  X  E|_  on  dCl;  thus 


t; —  q  •  hj^.  i  X,  Cl,  p  t 


^  [n  X  E(-,d,  p)  -  n  X  E'(-,  d,  p)j  •  [AtiHf-.  -x,  q)|_  -  3n  x  E(-,  -x.  q)] 
[  E(-,  — X,  q)  -  I  pi n  X  H(-,  d.  p)|  -  ,5n  x  (n  x  E(-,  d.  p)) 


ds 


P2T=l  X  ir(-,d,p) 


ds. 


''ds[y)  , 
equations 


em  (3.1)- 
d,  p)  and 
ion  d  and 


boundary 
wave  {sea, 


D’(x,  d,p) 


X  n] 


q)j  ds 


! 

3 


1 

A 
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Now  we  use  Green’s  formula  in  f2  to  find  that 

[  (n  X  E(-,d,p))  ■  H(-,-x,q)|_  4-E(-,-x,q) 

Jan  ' 


n  X  H(-,  d,  p) 


ds  —  0, 


from  which  it  follows  that 
h2 


1^2 


q-Eoo(x,d,  p) 


=  -  ^  (n  X  E‘(-,  d,  p)j  •  /12H(-,  -X,  q)  ^  ds 

-  ^  E(-,  -X,  q)  •  /X2  (n  X  H’’ (•,  d,  p)  j  ds 

=  /i2  /  (n  X  H(-,  -X,  q)|^)  •  +  (n  x  E(-,  -x,  q))  •  (d  x  p)e”==‘^'ds 

Jan 


=  ^p-E^{-d,  -x,q), 

which  proves  the  theorem. 

Now  we  define 


V  :=  span  |  (d  x  p)e*^^‘^’  :  d  £  S^,  p  £  C^l , 

t  dn  J 

the  space  of  all  possible  linear  combinations  of  plane  incident  fields  on  dCl,  and  denote 
by  JFv  the  space  of  corresponding  far  field  patterns.  Define  £  by 

(El  ,E2)  £  d  if  and  only  if  there  exist  Hi,  H2  with 


curlE;  =  £1:.K.,  curl  =  —ikjEj  in  H,  j  =  i,  2, 


n  X  E2  —  n  x  El  =  0  on  dCl, 


/i2n  X  (n  X  Ho)  —  /xin  x  (n  x  Hi)  =  J3n  x  Ei  on  d£l. 

Then  we  may  state  and  prove  the  following  result. 

Theorem  4.2.  Assume  that,  for  the  given  values  of  p,  ^1,  ^2,  th~  conductive 
boundary  value  problem  (3.1)- (3.4)  admits  a  unique  solution  for  every  incident  plane 
•wave.  Then  the  orthogonal  complement  of  JFv  in  L^{S^)  is  given  by 

(4.3)  IFg:  =  {h  £  L^{S^)  :  there  exists  Ei  such  that  (Ei,Eh)  €  d}  . 


wr,cre 


f i  .dl 


Et(x)  =  h(d)e-''=^  ='ds(d), 


denotes  the  so-called  Herglotz  field  with  kernel  h. 

Proof  Suppose  first  that  h  £  L^(S^)  with  h  J.  IFy,  i.e., 


r  -  .  .  „ 

I  ni^xj  •  E^olx,  d,  d  X  p)ds(x)  =  0  for  ail  d  £  S',  p  £  C'^. 
Js^ 


i 
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Then,  by  the  reciprodt>-  principle  (since  h(x)  •  x  =  d  ■  (d  x  p)  =  0), 


[  (d  X  p)  ■  Eo-(-d, -x,h(x))cis( 
Js^ 


x)  =  0  for  aU  d  €  5^  p  € 


Interchanging  the  roles  of  — x  and  d,  we  see  that 


(x  X  p)  ■  [  Eoo(x,  d,  h(— d))(is(d)  =  0  for  all  x  S  5^,  p  € 

Js^ 


The  function 


y^E«(-,d,h(-d))d5(d) 


is  the  far  field  pattern  Foo  of  the  solution  (F,  G)  of  the  conductive  boundary-  value 
problem  (3.1)-(3.4)  with  incident  field 

E‘(x)  =  J  hi-d)e^^^-^d3id)  =  h(d)e-‘'="^-='ds(d)  =  Eh(x). 

Since  (x  x  p)  •  Foo(x)  =  0  for  all  x  €  5^,  p  S  C^,  the  far  field  Foo  vanishes  on  S^; 
thus  F*  and  G*  vanish  in  \  f2. 

We  define  Ei  :=  F,  Hi  :=  G  and  E2  :=  E*  =  E^,  H2  :=  (l/i^2)ourlEh  in  fl. 
Then  (Ei,E2)  solves  (4.2).  Hence  is  contained  in  the  set  given  in  the  right-hand 
side  of  (4.3).  The  opposite  inclusion  follows  from  reversing  the  preceeding  arguments. 

Sj-stem  (4.2)  can  be  considered  as  an  eigenvalue  problem  for  the  two  parameters 
xi,  X2.  By  essentially  *he  same  arguments  as  in  $3.  we  can  establish  the  Fredholm 
alternative  for  this  sv'stem;  If  (4.2)  admits  only  the  trivial  solution  E--  =  0  in  fl 
for  ■'  =  1.2.  then  the  inhomoseneous  form  of  (4.2i  has  a  unicue  solution  for  even.' 
inhomogeneit}'.  In  this  'Case.  The-orem  4.2  states  that  is  dense  in  ilT.'S').  Instead 
of  considering  V,  we  then  look  at  the  far  field  patterns  generated  by  the  space 


A  :=  snan 


I  (d  X  p)e''"^^'  -  (di  X  p)e'"’^^-  j  :  d  e  Sri  p  € 


101  3  nxcrd  dircrCtion  cii 


Let  be  the  space  of  the  corresponding  far  £eld 


patterns  and  h  £  Lj-(S~)  with  h  £  J-j;  i.e., 

J  h(x)  •  E-c(x.  d,  d  X  p)ds(x)  =  J  hfx)  ■  E3c(x.  di ,  di  x  p)  (is(x) 
for  aU  d  £  5",  p  £  C^.  Using  the  reciprocity  principle  as  before  and  interchanging  d 

j  ,7.  ,.7^1  J.. 


(x  x  p)  ■  /  Eoo(x.  d, h(— d))(i5(d)  = -zfc2P  •  c  for  all  x  £  S‘,  p  £  C^, 

Js^ 

'p.dth  c  :=  {l/ik2)di  x  Ecc(-^i,  -x,h(x))  ds(x),  i.e., 


p  -  X  X  /  d’  ^(d))  <is(d)  —  ik2C  =0  for  ail  x  G  5",  p  €  C*^. 
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jidary  •v’alue 


x). 

lishes  on 

r^lEh  in  0. 
.e  right-hand 
:  arruinents. 
;  parameters 
he  Fredholm 
=  0  in  n 
:n  for  ever>' 

spane 

-3l 
“  / 

ling  far  field 


h5(x) 

rchanging  d 

P  ^ 


p  -S 


I 

I 

y 


From  this,  we  conclude  that 

XX  f  Eoc(x.  d,  h(— d))(i3(d)  =  :^c  for  all  x  S  5*. 

Js^ 

As  before,  the  function 

f  E„(.,d,h(-d))ds(d) 

Js^ 

is  the  far  field  pattern  Fco  of  the  solution  (F,  G)  of  the  conductive  boundarj-  value 
problem  (3.1)-(3.4)  with  incident  field  E'  =  Eij.  Since  the  far  field  pattern  is 
a  tangential  field,  we  conclude  that  Fco(x)  =  x  c  for  all  x  €  5^.  Thus  Foo 

coincides  with  the  far  field  pattern  of  — curl  [c(exp(ifc2|x!)/]x|)].  From  the  unique¬ 
ness  of  the  far  field  patterns,  the  corresponding  fields  must  coincide;  thus  F'(x)  = 
— curl  [c(exp(ifc2|xi)/|xl)]  for  x  on  \  Cl.  Again,  we  define  Ei  :=  F,  Hi  ;=  G, 
E2  ;=  E'  =  Eh,  H2  :=  (l/tA:2)curlEh  in  Cl.  Then  (Ei,  E2)  solves 

curlEj  =  ikjHj,  curlH^  =  —ikjEj  m  Cl,  j  =  1,2, 


(4.5) 


n  X  E2  —  n  X  El 


n  X  curl 


r  exp(ifc2|x|) 


on  dCl, 


^2^  X  (n  X  H2)  —  ;iin  x  (n  x  Hi)  =  8n  x  Ei  -i-  -n— n  x 

i^2 


on  oil.  This  argument  establishes  the  following  theorem. 

Theorem  4.3.  Lei  3,  Ui,  p.2  he  such  that  the  coruixictive  bov.rxia.ry  valve  prvblsrr. 
(3.1)- (3.4)  admits  a  ur.iqve  solution  for  every  incident  wavs  E'.  Then  the  orthcponcJ. 
complement  of  Ty  of  IF  a  in  L%{S^)  is  given  by 


IF^  =  {h  €  L^[S‘)  :  there  exists  Ei  and  c  €  such  that 
(El, Eh)  solves  (4.5)}. 
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We  formulate  certain  problems  in  the  optimal  design  of  radiating  structures  such  as  multioriterta  optimiza¬ 
tion  problems.  We  review  the  basic  background  of  such  problems,  prove  the  existence  of  Pareto  optimaJ 
points,  and  give  necessary  conditions.  We  apply  the  latter  to  the  numerical  computation  of  optimal  surface 
currents  for  the  problem  of  simultaneously  optimizing  both  the  quality  factor  and  the  signal-to-noise  ratio 
of  a  conformal  antenna. 


1.  Introduction 

In  our  earlier  paper  [ij  v.e  summarized  a  coherent  approach  to  the  problem  of 
optima!  antenna  design.  By  formulating  various  measures  of  performance  as  real- 
■.aiued  functionals  denned  in  the  appropriate  function  spaces,  we  can  systematicaiiy 
use  the  methods  of  functional  analysis  and  optimization  theory  not  only  to  study  the 
existence  and  properties  of  optimal  solutions  but  also  to  develop  computational 
procedures  for  the  num lericai  appro.ximation  of  these  solutions  in  concrete  cases.  Thus 
in  [1]  we  provided  analyses,  including  computational  results,  for  two  specific  cases: 
the  maximization  of  power  radiated  into  a  given  sector  (or  sectors)  of  the  far-fieid 
region  and  the  problem  of  m.aximizir.g  the  signal-tc-noisc  ratio. 

It  has  long  been  recognized  [11],  [8]  (esp.  ch.  8)  that  the  narrow  focusing  of  the 
main  beam  of  an  antenna  has  the  concomitant  effect  of  increasing  the  near-field 
power.  Not  only  may  one  wish  to  focus  the  main  beam,  but  also  to  minimize  the 
power  stored  in  the  near-field  region.  Thus  w'e  see  a  tv'pical  problem,  that  arises  in 
antenna  design,  namely  the  problem  of  dealing  with  several,  possibly  conflicting, 
goals. 

The  approach  used  most  often  in  such  situations  is  illustrated  by  the  two  examples 
in  [1],  In  the  first  case  we  introduced  a  constraint  on  the  power  available  to  the 
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antenna  by  considering  surface  currents  that  are  bounded  m  some  aporopnate  norm- 
m  the  second,  we  required  the  so-called  quality  factor,  that  is  the  ratio  of  input  power 
to  the  far-field  power  (both  measured,  again,  relative  to  the  appropriate  function- 
space  norms),  to  be  bounded. 

In  this  paper  we  wish  to  suggest  another  approach  to  such  antenna  design  prob¬ 
lems,  namely  the  approach  of  multicriteria  optimization.  While  weU  known'in  other 
applied  fields  these  techniques  have  not  been  applied,  to  our  knowledge,  to  problems 
of  antenna  design.  The  subject  of  multicriteria  optimization  has  been  most  thorouehly 
developed  in  the  literature  of  mathematical  economics  and  is  most  often  associated 
there  wdth  the  names  of  Walras  and  Pareto  who  introduced  the  basic  notions  in  the 
late  1890s.  The  interested  reader  may  consult  the  review  article  of  Stadler  [9]  for  the 
historical  background  and  the  article  of  Dauer  and  Stadler  [3]  for  more  recent 
developments.  Applications  to  problems  in  mechanical  engineering  are  described  in 
[10],  which  has  an  extensive  bibliography. 

We^  dedicate  the  following  section  to  an  outline  of  the  necessary  background 
matenal  including  the  general  conditions  ensuring  the  existence  of  Pareto  points  and 
necessary  conditions  in  the  form  of  a  multiplier  rule.  Section  3  contains  a  statement  of 
the  optimization  problem  and  the  proof  of  existence  of  an  optimal  solution.  The  final 
section  contains  a  numerical  example. 


2.  Notarion  and  basic  theorems 


We  recall  that 
that 


a  convex  cone  A  in  a  linear  space  Z  is  a  convex  set  with  the  propertv 


5  A,  X  ^  0  iiiipiies  zx  6  A. 

Note  that,  in  particular,  0  e  A.  Such  a  cone  defines  a  partial  order, 
inz  to 


(2.1) 


<  Ar  on  Z  accord- 


.X  <  A  y  proviaed  y  —  x  e  A. 


u.zi 

L  OidCi  uO  ensure  that  tne  relation  is  not  only  renexive  and  transitive,  but  also 
antisymmetric  we  require,  further,  that  the  cone  be  pointed,  that  is  that 

Example  2.1.  The  most  common  exaw.ple  is  that  for  which  Z  =  PA  and 

./\  =  {x  =  (x\ - y’llx'  ^  0.  i  =  1.  2 . n). 

Then  x<^y  if  and  only  if  x‘  ^  y‘ for  all  i=\,  2 _ ,  n  where  the  latter  inequalitv 

involves  the  usual  orderina  in  R. 


Example  2,2.  Let  Z  —  SL^,(PA),  the  set  of  symmetric  nxn  matrices,  and  set 
—  (-d  s  SZ.„(-iR'')j(.-4.x.  x)  ^  Ofor  all  x  =  R'’}. 

Tnen  .A  is  a  convex,  pointed  cone. 

In  problems  oi  vector  ontim.ization  we  are  inte'C'^t^d  ir.’r"xn'  _ _  »  -q 

a  given  order  cone. 

Definition  23.  Let  S  0  be  a  subset  of  an  ordered  vector  space  Z.  Tnen  Xq  s  S  is 
a  minimal  element  of  S  provided  xeS  and  x  <aXo  implies  x  =  x^. 
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Example  2.4.  Let  Z  =  R*  wih  A  =  -  lx,  y)ix  ^  0.  y  ^  0}  as  order  cone.  Let 

S  =  { (x.  _v)|x  ^  0.  >■  0.  X y  ^  1 ' .  . 

Then  all  the  points  of  the  set 
{(x,  y)  6  Sjxy  =  1} 
are  minimal. 

The  general  multicriteria  optimization  problem  can  now  be  formulated  as  follows: 
given  a  linear  space  X  and  an  ordered  linear  space  Z,  let  U  a  X  and  suppose 
g:  U  Z.  Find  u^eU  such  that  giu^)  is  a  minimal  element  of  g{U). 

Definition  2  A  point  e  U  is  said  to  be  Pareto  optimal  relative  to  the  vector-valued 
function  g  provided  fl(uo)  t's  minimal  with  respect  to  g{U). 

The  term  Pareto  optimal  is  chosen  here  for  historical  reasons.  Other  terms  have 
been  frequently  used  including  ‘non-inferior  solutions’,  ‘non-dominated  solutions’, 
and  ‘efficient  solutions’.  Some  of  these  terms  may  be  more  informative  in  that  they 
better  suggest  the  property  that  characterizes  Pareto  points,  namely  that  we  cannot 
lower  one  of  the  component  values  by  moving  from  that  point  without  strictly 
increasing  at  least  one  of  the  other  components  of  the  criterion  vector. 

In  general,  Pareto  points  are  not  unique  as  we  can  see  in  the  following  simple 
example. 

Example  2.6.  Consider  the  cone  A  c:  o/ Example  2.4.  Then  the  Pareto  set  i.e.  the  set 

of  Pareto  optimal  points  for  the  function 


y)  = 


\y  / 

defined  on  S  =  {(x.  y)!x  ^  0.  y  ^  0,  xy  ^  1 },  is  just  the  set 
{(x.  y)sSixy  =  1}. 


minimize  ail  the  components  of  the  vector  criterion  simultaneously,  nor  is  it  necessar¬ 
ily  true  that  standard  scalar  optimization  methods  can  be  used  to  find  the  Pareto  set. 
In  panicuiar,  i:  is  not  generally  the  case  that  the  minimization  of  one  ciiterion  subject 
to  inequality  constraints  on  the  ot.he.-s  will  yield  a  Pareto  point. 

In  order  to  develop  conditions  guaranteeing  that  a  point  is  Pareto  optimal,  we  need 
to  introduce  the  concept  of  a  polar  cone.  To  this  end,  let  Z  be  a  Banach  space  with 
dual  Z*.  Thus  Z*  is  the  set  of  all  continuous  linear  maps  Z  — ►  R.  Denote  the  action 
of  an  element  /.  s  Z*  on  c  s  Z  by  </_  c>.  For  an  arbitrary  set  £  cz  Z  we  have 


Definirion  2.7.  Let  E  rz  Z.  Tne  polar  of  the  set  E  is  defined  to  be 
£=’:=  s  Z*;<;_  r>  O/o,-  cll  r  €  £}. 


(2.3) 


Note  that,  by  the  linearity  and  continuity  of  Z  £^  is  a  dosed  convex  cone  in  Z* 
regardless  of  the  nature  of  the  set  £.  Vv'e  shall  refer  to  £^  as  the  polar  cons  of  E.  Related 
to  the  cone  E^  is  the  set  £  "  given  by 

£~  :=  {/.e  £^|<Zc>  <  0  for  all  z  e  E.  z  ^  0}.  (2.4) 

It  is  dear  that  E~  oj  {0;>  is  li'xew'ise  a  convex  cone  in  Z*.  We  shall  call  it  the  strict  polar 
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cone  of  E.  It  is  a  standard  result  [4]  that  the  inclusion 

int(A'’)  c  A"  (2.5) 

is  valid  provided  Z  is  reflexive  and  A  is  a  non-trivial  closed  convex  cone  in  Z. 

It  is  now  a  simple  matter  to  establish  a  basic  sufficient  condition  for  a  point  to  be 
minimal. 

Proposition  2.^  Let  Z  be  a  real  Banach  space  ordered  by  a  non-trivial  convex  cone 
A  and  let  /.  €  A~ .  If  S  c  Z  and  ysS  is  such  that 

<A,  r>  <  y>  for  all  z  e  S  (26) 

then  y  is  a  minimal  point  of  S. 

Proof  Let  ZqsS,  ro#y,  and  suppose  Zo<.\y.  Then  (y  -  Cq)  e  A\{0}.  Hence 
</-,  y  —  Co)  <  0,  which  contradicts  (26). 

We  can  now  prove  a  theorem  guaranteeing  the  existence  of  Pareto  points  under 
conditions  of  wide  applicability.  We  need  only  recall  the  following  definition. 

Definition  2.9.  A  map  g:  X  ->■  Z,  X,  Z  Banach  spaces,  is  called  completely  continuous 
provided  g  maps  weakly  convergent  sequences  into  norm  convergent  sequences. 

We  can  now  state  the  following  existence  theorem. 

Theorem  2.10.  Let  X  be  a  Banach  space  and  Z  an  ordered  reflexive  Banach  space  with 
a  non-trivial  closed  convex  order  cone  A.  Suppose  that  intfA”)  #  0.  Then  if  U  is 
a  closed  bounded  convex  subset  of  X  and 

g:  u-^z 

is  completely  continuous,  then  g(U)  has  a  minimal  point  and  U  contains  a  Pareto  point. 

Proof.  By  Mazurs  theorem  [12]  U  is  w-eakly  compact  and  hence,  by  the  comnlete 
continuity  of  c.  n(L!  is  compact  in  Z.  If  we  can  show  that  g{U)  contains  a  minimal 
point  z,  then  any  u  =  U  such  that  g{u)  =  5  is  a  Pareto  point. 

Let  A  a  intfA^;.  Then  .i  =  C  for.  if  2  =  0.  then  .\^  could  contain  a  ball  and  hence 
would  coincide  with  Z*.  By  renexivity  (.hi^/  =  .\  so  that  A  =  {0},  which  would 
contradict  the  assumption  that  A  is  non-trivial. 

^iow',  lor  the  given  consioer  tne  mao 

zBg{U) 

of  g(U]  — *•  R.  By  continuity  and  compactness  this  map  has  a  maximum  on  g{U),  say  at 
z  e  giU).  Then 

<2  5 >  ^  <2  o>  for  all  r  £  g{U). 

Thus  f  is  a  minimal  point  by  Proposition  2.8. 

The  assumption  of  complete  continuity  of  the  map  g  in  Theorem  2.10  implies,  in 
particular,  that  g  maps  bounded  sets  into  bounded  sets.  Thus  Example  2.6  shows  that 
Pareto  points  may  well  exist  even  if  g  does  not  have  this  property.  Indeed  the  set  of 
Pareto  points  may  itseT  be  unbounded.  That  problems  with  unbounded  sets  g{U) 
may  arise  in  applications,  we  shall  see  below  in  section  3.  In  such  cases  it  may  be 
possible  to  show  that  the  e.xistence  of  Pai-eto  points  follows  from  the  compactness  of 
certain  subsets  of  g{U).  In  fact,  we  have  the  following  result. 
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Theorem  2.11.  Lei  X  be  a  Banach  space  and  Z  an  ordered  reflexive  Banach  space  with 
a  non-irivial  closed  convex  order  cone  A.  Suppose  that  int(A^)  #  0  and  that  U  c.  X. 
Tnen  if  g:  L’  Z  is  such  that,  for  some  z  e  Z, 

G,  =  {z-  X)r.g(U)  (17) 

is  non-empty  and  compact,  then  U  contains  a  Pareto  point. 

Proof.  Note  that  if  -o  is  a  minimal  point  for  G;  then  Zq  is  also  minimal  for  g{U). 
Indeed  since  Zo  is  minimal  for  G^. 

(-o-.'\)oG,=  {ro}.  (2.8) 

We  have  to  show  that  (zo  —  A)  n  g(L')  =  {co}.  Thus  let  x  s  p(f/)  n  (zq  —  A).  Then 
X  6  Zo  —  A  and  also  ZqB  z  —  A.  By  adding  these  inclusions  we  obtain  x  e  z  —  A,  that  is 
X  e  (zo  —  .A.)  n  G.  =  {zo}.  Thus  Zq  is  also  minimal  for  giU).  Now,  if  G;  is  compact  in 
Z  then  the  proof  of  Theorem  2.10  shows  that  G.  has  a  minimal  element  and  the  proof 
is  complete. 

We  conclude  this  section  with  a  necessary  condition,  in  the  form  of  a  Lagrange 
multiplier  rule,  which  will  be  suitable  for  the  specific  problem  discussed  in  section  3 
below.  A  more  general  statement,  as  well  as  the  proof,  can  be  found  in  the  book  of 
Kirsch,  Wanh  and  W'emer  [5], 

Theorem  2,12.  Let  X  and  Z  be  Banach  spaces  sadfying  the  hypotheses  of  Theorem  2.10 
and  suppose  that  g:X  —  Z  is  Frechet  differentiable  while  A;  Z  -*■  R  is  continuously 
Frechet  differentiable.  Let 

5  =  {x6Z!A1x1  =  0} 

and  suppose  that  x  s  S  is  a  Pareto  point  for  g.  Tnen  there  exists  a  1.6  —  .\^  and  a 
such  that 

[/.a'(.x)  -r  uA'ixjjx  =  O  for  ail  x  s  X. 


Remark.  This  theorem  holds  even  for  weak  Pareto  points  x,  that  is  for  those  X6  S  that 
satisfy 

[c(x)  -  intT]  r.c(S)  =  0 
provided  that  intT  #  0. 


3.  .A.n  optimization  problem  for  antenna  design 

As  described  in  our  earlier  paper  [1],  we  consider  as  an  antenna  any  radiating 
structure  that  supports  a  flow  of  charge,  or  surface  current  I,  and  which  thereby 
produces  an  electromagnetic  held  in  a  homogeneous  isotropic  medium  exterior  to  the 
structure.  For  definiteness,  we  consider  here  the  case  of  a  connected  region  D  zz  pp. 
with  non-empty  interior.  £>_,  and  C'-boundary  S.  We  shall  use  £>+  for  the  (connected) 
exterior  domain  R^\{S  v  D. ).  we  shall  denote  points  by  their  position  vectors  x  and 
y,  and  we  shall  choose  the  origin  of  the  coordinates  to  lie  in  D_. 
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Assuming  a  hamwnic  time  dependence.  the  field.  (E.  H),  produced  by  I  is 

required  to  satisfy  the  time-harmonic  form  of  the  Maxwell  equations 

V  X  E  -  i^-ZoH  =  0.  (3 

V  X  H -r  iA:  Eg  E  =  0,  (3.1b) 

where  Zo  =  Eg  =  l/Zg,  k  =  a(£oMo)^'~  and  eq.  /tg  are  the  free-space 

permittivity  and  permeability,  respectively.  The  quantities  Zg  and  Eg  are  the  free- 
space  imp>edance  and  admittance. 

We  recall  [2]  that  the  fields  E  and  H  have,  the  asymptotic  representation 


E(x)  =  ^F(x)-y  r^cc. 


(3.2a) 


and 

H(x)  =  Eg  —  X  X  F{x) -f  (5(l/r'),  r— »-oc,  (3.2b) 

where  x  =  x/jx)  and  r  =  lx|. 

The  vector  function  F,  which  has  no  radial  component,  is  called  the  radiation 
pattern.  It  is  an  analytic  function  defined  on  the  unit  ball  S‘. 

The  problems  that  we  summarized  in  [1]  involve  some  numerical  measure  of 
performance,  which  is  to  be  optimized  by  selecting  the  appropriate  surface  current,  I, 
from  some  preassigned  subset  of  admissible  currents.  The  existence  and  uniqueness  of 
a  solution  to  (3.1)  satisfying  the  boundary  condition 


Zgfi  X  H  =  I  on  S 

and  the  Siiver-.MuUer  radiation  condition  [2]ip.  113  for  every  tansential  field 
I  €  L,^(5)  =  ('T  €  L-(5);  n  •  ’-r'  =  0  on  5} 
guarantee  the  existence  of  a  manoinz 


.;f:Lr(5)-^Lr(SM, 


whicn  associates  m  each  admissible  current  I  the  corresponding  far-fieid  pattern  F. 
This  map,  which  is  not  known  explicitly  except  in  cenain  special  cases,  is  known  to  be 
compact  and,  by  Corollary  4.10  of  Colton  and  Kress  [2],  it  is  one-to-one 
In  terms  of  this  co.mpa^*  '  ■ 


Ciatcr  we  can  introduce  several  dinerent  measures  of 


‘  *  . . ai  Ci  Ui 

antenna  performance.  An  extensive  list  appears  in  [1].  Here,  we  shall  consider  two 
examples  of  opnm.ization  problems  based  on  such  criteria;  the  first  problem  is  one 
related  to  the  problem  of  antenna  synthesis,  while  the  second  (and  more  complicated) 
example  involves  the  concept  of  signal-to-noise  ratio. 

The  classical  proble.-n  of  antenna  synthesis  can  be  formulated  as  follows  (see  e.s., 
[8]).  Given  a  desired  lar-field  pattern  Fg,  find  the  surface  current  I  whose  far  field 
produces  Fg, 

Stated  in  this  way.  the  problem  has  no  solution  in  general  as  Fg  mav  not  be  an 
actual  far  field.  In  panicular  Fg  may  not  be  analytic.  However,  as  shown  in  [2],  the 
range  of -if  is  dense  in  Lb(S*),  and  we  usually  formulate  the  problem  as  that  offindine 
a  best  approximation  to  Fg  measured  in  some  suitable  norm.  For  examole.  it  is 
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common  to  consider  the  functional 


D{1):= 


'  —  Fo(xli‘  dj. 


Js- 


Good  approximations  in  this  sense  can  be  realized  only  by  producing  unacceptable 
levels  of  the  'quality  factor'  given  by 

^(r):=l!I|i[.„/i!^Iii^.,,.  (3.6) 

which  compares  the  power  radiated  into  the  far-field  region  with  the  power  supplied 
to  the  antenna  structure.  Here  we  suggest  that  appropriate  compromises  can  be 
studied  by  identifying  the  Pareto  points  for  the  vector  criterion 


2(1)  ;= 


D(I) 


(3.7) 


subject  to  the  power  constraint 

(3.8) 

We  are  assured  of  the  existence  of  Pareto  points  for  this  problem  by  the  followina 
result: 

Theorem  3.1.  Tne  map 2::  LpfSj-tK’  is  completely  continuous  and  hence  Pareto 
points  exist. 

Proof.  Since  the  relatively  compact  sets  in  are  the  bounded  sets,  it  suffices  to  show 
that  2  maps  bounded  sets  into  bounded  sets.  However,  this  follows  immediatelv  from 
t.ne  Dottnaecness  ct  .r.e  operator  St  an.^  t.iC  ^act  tnat  S  is  s.  bounded  suriace  oi  hnite 
area. 

.A.S  a  second  example  we  tntroduce  the  signal-to-noise  ratio  I'SNR)  denned  bv 

Sr<  K  i  i  I  :=  r: - — : - : — — — t  o , 

Js:  wi yr Ii,y),"cs' 

where  co  s  is  r.or.-oero  on  a  set  T  of  positive  meas'ure.  The  denominator  ofie.T 

is  a  measure  of  how  m.uch  the  radiated  field  is  corrupted  by  noise.  For  a  fixed  directicn 
X  and  constant  c  >  0.  we  can  formulate  an  optimization  problem  as 


m.aximize  SNR 

(I) 

subject  to  i  I J  ^ 

r.'Si  ^  ‘ 

where  2  is  given  by  (3, 

.6). 

This  problem  was  st 

udied,  1 

fo.rmuiated.  as  we  ha-. 

•e  done 

problem  in  [1].  These 

results 

first  s'.'udied  by  Lo  e:  a. 

*•  L '  ■  c 

:h  and  V,'iide 


C  '  3nG  v\'3.5 


inc  proDism  lor  piaxiar  apertures  tnai  were 
we  wish  10  consider,  not  this  constrained  problem, 
b'ut  the  vector-valued  probiem  with  the  cnterion 


V(I):= 


SNR  (I) ''I 
£'(1)  I 


(3.1 
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subject  to 


In  order  to  prove  that  Pareto  points  for  the  problem  (3.10).  (3.1 1)  e.xist  we  shall  use 
Theorem  2.1 1. 

Let  'i''  be  the  set  of  attainable  points,  that  is 

^":={V(I):i#0}.  (3.12) 

Since  we  cannot  show  the  closedness  of  Y,  we  extend  this  sen  show  the  existence  of  the 
Pareto  points  of  this  extended  set  and  prove  afterwards  that  these  Pareto  points  lie  in 
fact  in  We  begin  with  the  following  result. 

Lemma  3.2.  The  set 

r  ^  ol 


IS  closed  and  -Tq  r,{z  -  A)  is  compact  for  every  Hence  r'a  has  Pareto  points. 

Proof  To  show  that  is  closed  let  {!„}  c:  Lr(S),  {r„}  cz  R  with  r„^0,l„^0  and 


Since  V  is  scale  invariant,  that  is  for  any  scalar  a  e  C\  {0},  V(-I)  =  V(I),  we  can  assume 
that  ||I„||  =  1  and  thus  {!„}  contains  a  weak-limit  point.  Without  loss  of  generality 

we  assume  that  I„->I  weakly  in  Lf{S)  for  some  I  with  ^  L  Since  jT  is 

compact  both  as  a  map  into  L.-(S*)  and  into  C(S')  we  have^that  — in 
L,‘(S‘j  and  C.(S‘,i.  we  show  that  I  #  0.  Tnis  follows  from  the  convergence 

since  r„  ^  0  and  A'  f  i;  || Furthermore 

-  ■■  aT  2:  0. 

.A.!so  we  ha\e  that  cuJTI,  — ••cujf  IinL,'(S‘)and  cuJf”!  #  0  because  of  the  anaiyticitv  of 
JTI.  Therefore  SNRfl.)  —  SNR(I)  =  -  Thus  we  have 

1  -  till-. 

with  5  =  r  -r  ^  0. 

This  means  that 


'  Or 


which  proves  that  '  g  is  closed. 

To  show  the  compactness  of -r  onfa  -  T)  we  only  have  to  prove  that  this  seh  is 
bounded.  Let 


f  0 


and  V(Ij  - 


be  a  scGuencc  in  o.  (r  —  Asa’'^  we  cc 


.n  assi 


that  i;L 


-id 
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Certainly  0  $  J(I„)  -f  r,  :$  Z;  and  SNR(IJ  ^  0.  Again  we  conclude  as  in  the  firs:  pan 
of  this  proof  that  (I„)  contains  a  weak  limit  point  I  with  [j  I  jj  1  and  JCI„  JCT  in 

X,-{S‘)  and  C,(S‘).  From  i(IJ  ^  we  conclude  that  ,1 X"!,  ;|  ^  1  C;  and  thus 

jCI  #  0.  This  shows  that  SN'R(I„)  —  SNR{I),  that  is 


V(I„)  A 


is  bounded. 

In  the  light  of  Theorem  2.1 1  we  know  that  i-^o  contains  Pareto  points.  This  ends  the 
proof. 

It  is  now  very  easy  to  show  that  existence  of  the  Pareto  points  of  'f''. 

Theorem  33.  Let 

'0'' 


I  #  0,  r  ^  0 


be  a  Pareto  point  of  Tnen  z*  s  Y,  that  is  z*  is  also  a  Pareto  point  of  Y. 
Proof  Let 

0 


=  V(I*) 


I*  #  0,r*  >  0. 


Since  V(I*) eY  cz  Yq  and  V{I*)  we  conclude  from  the  minimality  of  c*  that 
r*  =  VfI’)£7C  This  completes  the  proof 

Now  we  shall  apply  Theorem  2.12  to  the  optimization  problem  (3.10),  (3.11)  and  will 
use  the  resulting  equations  to  compute  the  set  of  all  ‘critical  points',  which,  as  in  the 
case  of  a  single-cost  functional,  contains  the  set  of  Pareto  points.  Note  that,  for  this 
particular  example  we  shall  not  need  the  full  force  of  that  theorem  since  we  have  no 
i f  1 1  -a ' i r %•  cc^ (r^ri2.!niv  och'Sr  siiu2,uons  2.71st  in  2n'pii--*iC'n,s 7.t7t 

it  will  be  useful  to  be  able  to  handle  such  constraints  and  we  may  bring  the  fuil  force  of 
Theorem  2.12  to  bear  in  such  cases. 

The  Frechet  derivatives  of  SNR  and  3  at  I,  =  LriS)  are  (here  and  in  the  following 
we  write  ij  •  ii  for  the  I*-  norm,  either  on  S  or  on  SM: 


SNR'ilc.  Ii  =  - — — — [iiaiA'Ioii'ReiJt'Iofx)- oi'Ii.xi) 

I;  Ji  Iq  ji 

-  I  jrio(x)l’Re  (cuJflo,  a;.;ri>], 

u?'(Io3)=  ^[;iJrioli-Re<Ic,I>  -  !:io)-Re<.>fTo..;fN>]. 

ii  Iq  i: 


constant  cross  section  we  also  denote  by  D  cz  -.-c-  (with  boundary  S).  rurihermore  let 
I  =  fz  with  a  scalar  function  1  e  L*(S).  Finally,  let  yf  be  given  in  the  explicit  form 


Yl\\]:=c\  /(vie  ds(  v)  =  (7</.  wuh  a  =  -  —re" 

j  5  '  ■  ■  ‘  2  \  ..X 
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Let  /q  be  a  Pareto  point.  .Application  of  Theorem  2.12  yields  the  e.xistence  of  A,  /j  ^  0 
with  -r  /j  >  0  and  -  ;.SNR'(/o.  /)  -r  /)  =  0  for  aU  /  s  L-(S),  that  is 

-  -j— [i:cJJt'‘/o:r(Jf'/o(x)<je‘^"'  -  \sfio(x}rs^*ia-srio)] 


Jfl 


—  UsfloVIo  -  =  0. 


0  li 


or 


l-^/o(x)!- 

11  j|  '* 


jr*(a)-jr/o) 


!i  0  li " 


y- 


Qo-^^JiTIo 


where  Oo  =  l|/o!r 

Now  we  distinguish  between  two  cases.  Tf  Apf  /o(x)  =  0  then  X'*X'Io  =  (l/'Oo)/o, 
that  is  I/Oo  is  an  eigenvalue  of  Pf ‘jT  with  eigenfunction  /q. 

If  A  >  0  and  Jflo{x)  #  0  we  set 


^  llcojr/oir  ^  ,  srioix)  , 

AiiJT/oi;^  !l.;r/o(x)i-  no^/oH^  °- 

Then/i  is  also  Pareto  optimal  and  Xl^ix)  =  UcupT/i  H’,  thus  SNR(/i)  =  \\o}jn^f~, 
and 


”  ^cij~  Ji'  I  ■_}  —  —  uO-.  jy"  *  Jr"/ ■  =  7e'^'^’  on  5.  i '] 

1  hereiore  we  see  that  if  /j  is  a  Pareto  point  oi  (3. 10),  (.3.1 1  j,  that  is  normalized  so  that 
JT/;  (x)  =  i'cuJf"/; )  -  then  there  exists  u  ^  0  with  (3.i3)  where  Qo  =  )  fi )  ‘ ' :  Ji"'/-  i 
Solutions  o!  1.3.13)  are  cailed  critical  Pareto  points  of  the  problem  (3.10),  (3.11). 

If.  on  the  other  hand.  /,  solves  (3.13!  for  some  0-.  and  u  >  0  then 

=  ffi,  (fe'"'"')  =  [iCjJt'P  -  -  J)  /  ,  ;i  -  -  uQo  :i  -^"/i  ii  % 

that  is 

jr/;(x)  -  :  cojr/i  ji-  =  I'-Qo :  Af/i  p]. 

Hence 


Jf/i(x)  =  laoi'Ii  li-  is  equivalent  to  j;/.  (-  =  Qoil-^-Ii  il"-  (3-14) 


Equations  (3.13)  and  (3.14)  describe  a  one-parameter  family  of  critical  points  that 
contains  the  set  of  Pareto  points  or  even  the  weak  Pareto  points. 

iVe  want  to  illustrate  this  approach  via  t.he  necessary  optimalitv  conditions  with 
a  numencal  example  (cf.  Kirsch  and  Wilde  [6]  .Cor  the  related  examp'le  where  i?  is  fixed 
and  SNR  is  to  be  maximized). 

V.e  consider  the  case  where  D  is  the  unit  disc  in  and  a  is  the  characteristic 
function  of  a  portion  of  the  unit  circle,  for  example. 


«(r) 


f  1  if  fj  r  <  t;. 


Otiicrwisc. 
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Thus  we  see  that  is  an  infinite  diagonal  matrix  with  elements  2-o-(  —  i)-'J;(i;). 
Likewise  jT’jT  is  diagonal  with  elements  dj\=  and 

X’(D-Jt'!)(i)  =  27t\a\-  y  x,(  -  iyjdk)  I  e‘^^e‘*  ds 

y  IS  _  ^  , 

""  S  Z 

(=-=  J=-X 

where  the  coefficients  a,j  are  defined  by 
a,j  =  27:\(x\H  -  iyjj(k]i^J,ik)  I  ‘ 

I  if/#/, 

(  27::cri-J^(Ly(N-ri),  if  j  =  1. 

We  project  equation  (3.13)  onto  the  finite-dimensional  space 
X„  =  span{e’^'';  i/l  n}. 


Table  1.  Solutions  of  Equation  (3.15) 


fi 

Qo 

SNR 

Qo 

SNR 

Qo 

SNR 

Qo 

SNR 

0.2 

7.39 

36.23 

11.20 

0.52 

1164 

4.32 

U.J 

I.^C> 

IvJ.O/ 

0. 18 

12.58 

3.4o 

O.d 

“  T* 

QQ 

in.^O 

0.10 

12.54 

•; 

0.5 

7.36 

24.43 

10.36 

0.06 

1152 

175 

0.6 

".36 

10.29 

0.C4 

1151 

0.7 

7.36 

20.51 

10.25 

0.03 

1150 

2.44 

14,94 

0.2S 

O.S 

7.35 

1  S.92 

10.21 

0.03 

1150 

2.35 

14.78 

0.20 

' 

'  ‘‘V  =  ^ 

■  .2-4 

T 

:4.6" 

fi  :  ^ 

i.O 

7.35 

16.23 

10.16 

0.02 

12.49 

2.22 

14.55 

0.12 

I.! 

1  -> 

7.35 

15.09 

*  * 

1.3 

7.34 

13.17 

1.4 

7.34 

1133 

1.5 

7.34 

11.58 

1 _5 

1  r,  0") 

1.7 

7.33 

10.34 

l.S 

7.33 

09.78 

1.9 

7.33 

09.2S 

2.0 

7.33 

0S.84 

10.06 

0.00 

oo 

r  i 

1.95 

14.22 

0.03 

3.0 

7.3 1 

06.0! 

10.01 

0.00 

12.48 

1.86 

14.11 

0.0 1 

4.0 

'.31 

Oa.65 

10.0! 

0.00 

12.48 

1.S2 

14.05 

0.01 

5.0 

7.30 

03.8S 

09.91 

0-00 

1147 

1.80 

14.02 

0.00  ' 

6.0 

7.30 

03.38 

09.91 

0.00 

1147 

1.77 

14.00 

0.00 

7.0 

7.30 

03.04 

09.81 

0.00 

12.47 

1.75 

13,98 

0.00 

S.O 

".29 

02.78 

09.8! 

0.00 

lO.d' 

1.75 

13.9" 

O-O-O 

9.0 

7.29 

0160 

09.71 

O.'OO 

1147 

1.73 

13.96 

0.00 

10.0 

7.29 

0145 

09.61 

0.00 

12.47 

1.73 

13.95 

0.00 
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Thus  equations  (3.13)  and  (3.14)  take  the  form 

ft 

(.4+ flE- uOoD)x  =  r.  y  (I  -  QodjYixy- =  0,  (3.15) 

j= 

where  E  is  the  identity  matrix, 

D  =  diag(dj;  1;|  ^  n),  with  dj  =  4-*|o-i'J;(k)*- 

4=  (a, ;),.;=- . .  and  rj^d'EJj{k)s~'^‘' 

where  x  =  (cos  <5,  sin  5). 

We  have  computed  this  example  for  the  choice  k  =  6,  t^=4Q',  t;  =  140°, 
5  =  —  90°  and  n  =  16.  For  large  ranges  of  (from  0.2  to  20)  we  computed  all  the  zeros 
of  the  function 

o{Qo)r-=  i  (1  -Qo^;)lX;|ri 

j  -  -  n 

where  x  solves  the  first  equation  of  (3.15)  for  Qo,  by  a  simple  bisection  method.  It  turns 


-15  -0  7.15  -r- 


Fie.  1  Pci 


lations  of  minimal  solouor.s 


660  T.  S.  Angcil  and  A.  Kirsch 


out  numerically  that  this  function  (o(2o)^  has  several  zeros  that  correspond  to  local 
Pareto  minima.  Table  1  contains  the  parameter  u  with  the  correspondma  2o  and 
SNR. 

Figure  1  shows  the  different  branches  of  solutions  of  these  necessary  conditions  for 
this  range  of/i-values.  Numerical  tests  show  that  the  branch  of  solutions  correspond¬ 
ing  to  the  lowest  0-value  is  likely  to  consist  of  Pareto  minima.  In  Fig.  2  we  show  the 
distribution  of  (  —  SNR,  0)-values  corresponding  to  complex  perturbations  of  the 
individual  components  of  the  surface  currents  x  associated  with  each  of  three 
(  -  SNR,  0)  points  on  the  low-est  branch.  In  each  case,  all  the  resulting  (  -  SNR,  Q) 
pairs  lie  outside  the  negative  cone  as  indicated  in  the  figure.  Hence,  within  the  range  of 
the  perturbations,  the  points  on  the  lowest  branch  appear  to  represent  Pareto  minima. 

We  note,  finally,  that  this  lower  branch  shows  a  relatively  wide  variation  in  the 
value  of  SNR  for  very  smaD  changes  in  the  value  of  the  quality  factor  0.  This  indicates 
that  one  should  be  able  to  achieve  relatively  high  values  of  SNR  without  an  appreci¬ 
able  degradation  of  the  quality  factor. 
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1.  Abstract 

In  recent  years,  there  has  been  increasing  interest  in  the  use  of  iterative  methods 
for  solving  a  varierv'  of  problems  in  propagation,  scattering,  and  inverse  scarterine  of 
radio  waves.  In  this  paper,  we  review  a  number  of  the  most-prom.inent  methods  for 
soKing  operator  equations,  arising  in  wave-neid  problems.  The  methods  are  used 
both  in  time-Goma:n  and  frequencv’-domain  problems  and.  in  the  frequencr.'  oomiain, 
are  most  useral  at  low  and  intermediate  frequencies,  in  direct-scanering  probiem.s, 
we  describe  the  essential  features  of  the  Neumann  series,  over-relaxation  methods, 
N.r»'!0'''-?uDsp2C-  TTi’t'riOZS.  2nd  biconi-22^*-2T2di5n;  msthocs  ir.d 

tr.e  conjugate-graaient-squared  technique.  Most  of  these  methods  are  showm  to  be 
derivable  from  an  error-minimization  principle  using  various  error  criteria. 
Convergence  or  i.nese  methods  is  discussed.  The  error-minimization  orincipie  is 
shown  to  underlie  a  number  of  approaches  to  inverse  probiem.s,  of  reconstructinz 
complex  indices  of  refraaion  and  scattering  shape,  from  scanered-neid 
measurements.  The  same  iterative  methods  used  in  the  (linear)  direct  problems  are 
also  applicable  :n  the  (nonlinear)  inverse  problems. 

2.  Introduction 

Radio-wave  probie.m.s  are  often  formulated  as  inteo.'a!  equatio.ns,  and  it  is  thus 
mrm  which  serves  as  the  starting  point  for  most  numerical  solutions.  T^qilcailv,  the 
cpetiitcrs  w.nicn  occur  a-e  bouncay  integ.'als,  when  considenns  scattering 
lii.penetraoie  or  penetrable  homogeneous  objects,  and  domain  integrais,  for 
penetrable  inhomogeneous  scatterers.  Tnese  operators  are  invariably  complex  and 
no,i-self-adjoint,  which  complicates  most  numericaJ  approaches.  In  a  large  number  of 
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Electromagnetic  Scattering  by  Indented  Screens 
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Abstract — The  problem  of  three  dimensional  electromagnetic 
scattering  from  a  perfectly  conducting  screen  with  a  bounded 
indentation  is  formulated  as  a  system  of  boundary  integral 
equations  for  the  electric  current  density  on  the  cavity  wall  and 
the  interface  between  the  cavity  and  free  space.  It  is  shown  how 
the  fictitious  current  density  on  the  interface  may  be  eliminated 
resulting  in  an  integral  equation  of  the  second  kind  for  the  current 
density  on  the  cavity  wall  only,  with  no  integration  over  the 
infinite  screen.  In  addition,  integral  representations  are  derived 
that  represent  the  field  everywhere  in  space  in  terms  of  the 
current  density  on  the  cavity  wall  only.  Furthermore,  asymptotic 
expressions  for  the  far  field  are  also  presented.  The  equations 
and  representations  simplify  considerably  in  the  two-dimensional 
scalar  case  and  results  are  presented  for  both  TE  and  TM 
polarization. 

I.  Introduction 

OUND.ARY  integral  equation  formulations  of  electro¬ 
magnetic  scattering  problems  serve  as  one  of  the  primary 
bases  for  numerical  approximations.  Tne  electric  and  magnetic 
he'd  mtegraJ  equation  formulations  of  scattering  of  an  incident 
field  from  a  bounded  obstacle  i.mmersed  in  free  space  are 
well  Imo'A'n  (e.g..  Poggio  and  Miller  fl],  Colton  and  Kress 
[2j)  as  are  alternate  forms  which  have  been  developed  to 

interior  eigenvalues  or  cavity  resonances.  Tnese  include  the 
combined  field  and  combined  source  equations  (e.g..  Braichage 
and  Werner  [3],  E-.-ron  ana  Miller  [4],  Harrington  and  Mautz 
[5j)  and  modi.ned  Green's  function  methods  (e.g.,  Jones  [6], 
Kleinma-n  and  Roach  [7],  Jos:  [8],  and  Yaghjian  [9]). 

VCncn  the  scattering  object  is  above  a  conducting  plane, 
the  integral  equation  formulation  is  much  the  same.  Using  the 
method  of  images,  integrals  over  the  plane  may  be  removed 
by  introducing  the  Green's  function  for  the  plane  as  the 
fundamenml  soiuticn.  Tne  resulting  integral  equations  are 
changed  only  by  replacing  the  free  space  Green's  function 
by  the  Green's  function  for  the  plane  a.nd  adding  a  renected 

PitiCi.  10  LOO  KiiovvTi  tcrrn. 

Vvlten  the  scattering  o'oject  puncmres  the  conducting  plane, 
the  problem  is  still  easily  reduced  to  familiar  integral  equa¬ 
tions,  In  the  case  of  scattering  by  extrusions  on  a  perfectly 
conducting  plane,  me  p.-esence  of  the  plane  may  be  taken 
into  account  by  combining  the  results  for  scattering  from 
an  unpercuroeG  plane  witn  me  held  scattered  by  an  obstacle 
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consisting  of  the  extrusion  and  its  image  in  the  plane,  a 
bounded  obstacle  in  free  space. 

The  picture  is  dramatically  changed  when  the  conducting 
plane  has  indentations  rather  than  extrusions.  The  previously 
cited  methods  of  reduction  to  simpler  problems  which  do  not 
involve  integrals  over  the  infinite  plane  are  no  longer  available. 
Moreover  this  case  has  become  important  since  it  has  been 
observed  that  small  indentations  may  considerably  change  the 
scattering  characteristics  of  otherwise  smooth  surfaces. 

This  problem  has  received  considerable  attention  over  the 
years.  Most  of  the  boundary  integral  formulations  in  the 
engineering  literature  are  based  on  Schelkunoff  s  equivalence 
principle,  which  is  essentially  an  application  of  the  vector 
Green’s  theorem,  see  Chen  [10],  coupled  with  the  network 
formulation  of  Mautz  and  Harrington  [11],  Tne  scattering 
domain  is  decomposed  into  two  pans,  an  infinite  half  space 
and  a  cavity  in  the  plane.  The  two  are  connected  via  currents 
on  me  i.endous  suriace  berx'een  me  cavity  anc  mie  nair  soace. 
How-ever,  the  integral  equation  for  the  closed  do.T.ain  'oounded 
by  the  actual  physical  indentation  and  Lhe  fictitious  surface 
separating  the  caviw  from  the  half  space  is  plagued  by  me 
usual  problem  of  non-uniqueness  at  the  cavity  resonances, 
e.g..  Liar;g  and  Cheng  [i2].  In  mis  aooroach.  me  fields  interior 
and  exterior  to  the  cavity  are  coupled  by  a  fictitious  imagnetic 
current  on  the  interface  between  the  cavitx'  and  free  space.  The 
virtue  of  this  equation  is  its  relative  simpliciT:  however,  the 
price  one  pays  is  the  occurrence  of  spurious  resonances. 

Recently  a  different  attack  has  'oeen  made  using  a  com¬ 
bined  finite  element  boundary  eiement  aporoach  wherein  the 
boundary'  integral  equation  arisinz  from  the  exterior  haif  soace 
is  coupled  on  the  fictitious  surface  with  a  finite  eiement 
formulation  for  the  fields  in  the  cavity  (see  Jin  and  Voiakis 
[13.  14],  Jeng  [15],  and  Jeng  and  Tzeng  [lolV  .4  va-riation 
on  this  approach  was  used  by  Vvazig  and  Ling  [17.  IS]  in 
which  the  cavity  was  decomposed  into  subeiements  each  of 
which  was  treated  via  iniegrai  equations  on  me  subeiement 
boundaries.  These  hybrid  approaches  apparentlv  eli.minate  Lie 
resonance  problem  (although  no  theoretical  uniqueness  proof 
is  available  yet)  at  the  cost  of  a  firdte  element  ratiier  uhan 
'Doundary  element  computation. 

For  related  scalar  problems  in  acoustic  scattering.  V,l!lers 
[19,  20]  derived  boundary  integral  equations  for  unknown 
functions  defined  only  on  the  surface  of  the  indentation  and 
showed  that  these  equations  wxre  uniquely  solvable  for  all  k 
for  both  Dirichlet  and  Neumann  boundary  conditions.  How¬ 
ever  the  kernel  of 'Willer’s  integral  equations  involve  integrals 
of  free-space  Green’s  functions  over  the  entire  boundary, 
screen  plus  indentation,  and  therefore  are  awkward  for  nu¬ 
merical  implementation. 
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F:g.  1.  Geomerry  of  the  Lodented  Screen  Problem. 


In  the  present  paper  we  develop  boundary  integral  equations 
for  the  electromagnetic  indented  screen  problem  that  avoid 
the  introduction  of  a  “magnetic"  current  density.  We  obtain 
integral  equations  in  terms  of  an  electric  current  density  on 
both  the  cavity’  wall  and  the  interface  between  the  cavity  and 
free  space,  and  show  how  these  lead  to  a  second  kind  intesral 
equation  for  the  electric  current  density  on  the  cavity-  boundary- 
only.  This  approach  is  based  on  the  direct  approach  using 
Green’s  theorem  rather  than  a  layer  ansatz.  The  integral  equa¬ 
tions  obtained  do  net  involve  any  integrals  over  the  infinite 
screen  and.  thus,  lend  themselves  to  numerical  comnutatior.. 
Moreover,  these  equations  are  expected  to  'oe  free  of  cavity 
resonances  tinough  ’riis  is  still  to  be  proved. 

Ln  Section  n  we  state  the  problem  and  in  Section  m  the 
main  results:  an  interrai  eauaticn  for  the  current  de-A;-^.- 
on  ths  ep.o  iniCirsJ  riDrsscri^iio":''  c"' 

every-where  in  space  in  terms  of  ’die  solution  of  the  integral 

far  field  and  the  results  are  presented  in  Section  fVi  Section  V 
contains  the  corresponding  two-dimensional  integral  equations 
and  representations  for  both  transverse  electric  and  transverse 
magnetic  polanzanons.  The  derivation  of  the  main  results  is 
pi'esented  in  the  .Apoendix. 


II.  Si.A.THME.NT  o.E  THE  PROBLE.M 

Tne  geom.etry  of  the  problem  is  shown  in  Fig.  I.  The  domain 
or  interest  is  that  exterior  to  an  indented  penectly  conducting 
plane.  The  plane  is  ’uLken  to  coincide  with  the  x-y  plane 
in  a  Cartesian  coordinate  system.  The  bounded  indentation, 
denoted  by  D.  has  a  bounda-y  consisting  of  two  paTs;  5  which 
lies  in  the  lower  half  space  and  a.  a  portion  of  the  ~-y  plane. 
Tne  entire  plane  consists  of  a  and  its  unbounded  cornmlement 
r'-.  In  the  scanering  problem  the  boundary  consists  of  S  and 
r*. 

Vee  consider  an  incident  electromagnetic  field  (E’^‘^(r’!, 
H’”'(r))  originating  in  the  upper  half  space,  with  the  restric¬ 
tion  that  no  sources  exist  in  the  image  of  D  or  its  boundary 
and  assume  that  all  field  quantities  have  a  harmonic  time 
dependence,  which  is  suppressed.  The  subscript  i  on 

a  vector  quantity  indicates  its  image  in  the  x-y  plane,  for 


example  if  Sic  CatEsian  components  of  E(r)  are  given  by 

Iiz:=  {E^{T).Ey{T).E,[T))  (2.1) 

then  by  E-fr)  we  rsean 

E£ir;=  (£^(r),£'y(r).-£',(r))  (2.2) 

Consistent  wia  62s  aotation  we  denote  a  position  vector  bv 
r  =  (x,2/,c)a!8d,asmage  in  the  x-y  plane  by  r.-  =  (z,  y.  -.). 
Moreover  seffitKE  by  £,  and  5;  the  images  of  £  and  5  in  x- 
y  plane  atsd  Dj  that  part  of  the  upper  half  space  excluding 
Di  and  £;. 

If  the  UKkaaecis  absent  so  that  we  are  treating  scanering 
by  a  perfe%  osaEsning  plane,  then  the  total  field  may  be 
found  by  the  tKEsx  of  images  to  be 

E^r)  :=  E'"=(r)  -  E|-''=(r,) 

Wk)  ~  H‘"=(r)  +  Hr-=(r,) 

Since  (£“=(1),  B“’(r))  satisfy  the  homogeneous  Maxwell 
equations 

V  X  E(r)=ifcZH(r),  V  x  Hi^r)  =  -iicyE(r)  (2.4) 

except  at  sobcdkiks,  if  any,  in  the  finite  part  of  the  plane, 
it  is  reaiSy  ve^  that  (E°(r),  H°(r))  also  satisfy  the 
homogeneoss  Maradl  equations  except  at  source  points  and 
their  images.  Tse  qaantities  Z  and  Y  are  respectively  the 
lice-space  nspecEuCS  and  aojmruince.  Nloreover  when  z  =  0 

z  X  E^fr)  =a.  z  •  E°(r)  =  2z  •  E^’''‘=(r)  (2.5) 

and 

z  X  H^'ri  =2z  X  z-H":'r;  =  0.  C.f) 

Here  z  deacses  a  isit  vector  in  the  z  direction. 

The  presence  of  the  indentation  gives  rise  to  fields  in  D  as 
wei!  as  a  scasai  field  in  the  upper  half  space  leading  to  'die 
natural  deccmpcstiai  of  uhe  total  fields 

Kr)  =  E°(r)-LEfyr) 

H(r)  =  H°(r)-^H^(r),  z>0 

w'here  (E’.E-)  sansty  the  Silver-Miiller  radiation  condition 
for  z  >  0.  .A  hke:  precise  statement  of  the  scattering 
problem  then  is:  for  a  prescri'oed  (E'-"’-'".  find  )E,  h"! 

in  the  scanering  (ktnain  consisting  of  the  indentation  D’: 
the  upper  half  space,  and  tr  such  that  fE.H)  and  (EMIC 
satisfy  .MaxweTs  esations  in  D  and  the  unner  half  snace 
respectively  andaxE  =  0  on  c7"  and  5  or  equivalently 

rixE'’  =  0  on  and  rixE  =  0  on  S.  (2.8) 

In  addition  we  rniirin  that  t  |Hjfydu  <  cc  where 

T  is  anv  boimfieti  ntbsef  nf  t.hp  scatterir!^  do"’ai'' 
energy  condiiksi  easnres  fulfillment  of  tiie  edge  condition  at 
the  intersection  c  5  with  the  plane.  Note  that  since  <7  is  in 
the  scattering  dosiaaL  E  and  H  (and  their  derivatives)  are 
continuous  tee. 

In  this  pajer  s«  present  boundary  integral  equations  over 
finite  boundaries  wfiose  solution  gives  rise  through  a  represen¬ 
tation  theofcifl  B3  the  solution  of  the  problem  described  above, 
which  we  refer  10  kxeafter  as  the  indented  screen  problem. 
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EQ.  Main  Resli-TS 

We  derine  the  free-space  scalar  Green’s  function  as 

^  1 1 ;  r  —  r  ■' ! 

G(r.r')  :=  - 


4Tir-r^| 


(3.1) 


and  introduce  the  DirichJet  and  Neumann  functions  for  the 
full  plane 

GD(r,r')  :=  G(r,  r')  -  G(r,r-)  (3.2) 

G.v(r.r'):=G(nr')mG(r,r^).  (3.3) 

Here  r  ■  is  the  image  of  the  point  r'  in  the  x-y  plane  and  Go 
and  G.v  satisfy  the  conditions 


fy(E.  H)  solve  the  scattering  problem  defined  in  Section  II, 
then 

f  J^(r)  X  'vGir,r')dcr 
J  <J 

J5(r)  X  VG{T.T’)ds  =  ^H’(r'),c'  >  0  (3.16) 
2ik  f  J  air)  X  VG(r,r')tiiT 

_  J5(r)  ■  r2(nr')tis  =  im(r'),r'  S  D  (3.17) 

J  3s{tt)  ■T^ir,r')ds  =  zm-'(r'),r'  e  Df 

and 


(3.18) 


Gd{t.t')  - —Gs[t.t') —Q  for  z  =  0. 
oz 


(3.4)  xr,iT,r')ds  =  k-YE’{T)ft' eDf.  (3.19) 


'We  also  introduce  three  dyadic  Green’s  functions 

r(r,r')  =  2JcVxG(r,r')I  (3.5) 

Ei(rTr')  =  X  [G.v(r,r')L -r  G£j(r,  r')zz]  (3.6) 
r2(r,  r')  =  ikV  x  [Gni(r,  r')Ij  -r  G.v(r, r')2z]  (3.7) 

where  I  is  the  identity  dyad  and  I.  is  the  transverse  identity. 

L  =  XX  ^  yy.  (3.8) 

^^'e  talte  V  to  operate  on  r  and  V'  to  operate  on  r'.  These 
dyadics  satisfy  tine  following  distri'outional  differential  equa- 

V  X  V  X  r  -  Ic-r  = -ixV  X  5(r,r')I  (3.9) 

V  X  V  X  r,  -  Ic-r,  =  V  X  f5(r.  r')I 

—  5(r.  r')(I.  -  zz)]  (3.10) 

V  X  V  X  To  -  fc-r,  =  -ikV 

X  [c(r.  r')I  -  (5(r,  r.)(L  -  zz)]  (3.11) 

and  the  'ooundary  conditions 

zxr-=0,  zxVxr2  =  0  for  c  =  0.  (3.12) 

Now  assume  that  (E.  H)  satisfy  the  scatterina  oroblem  denned 
m  Secccn  n.  Let  us  introduce  the  electnc  current  densirr 

Js  n  X  H  on  S  (3.13) 

wnere  n  points  away  from  D  and  the  au.xiliary  current  density 


.AJl  four  representations  are  derived  in  the  Appendix.  Tne 
first  twfo,  (3.16)  and  (3.17),  show  that  the  electromagnetic 
fields  (E,  H)  may  be  represented  everywhere  in  the  scatierinz 
domain  in  terms  of  J5  on  5  and  J^.  on  a.  For  these  two 
current  densities  we  can  state  the  following. 

The  current  densities  in  (3.16)  and  (3.17)  are  solutions  of 
the  coupled  pair  of  boundary  integral  equations 


y  z  X  [Js(r)  X  'vG(r.r')]c5 

=  -  ij°rr').r'  S 

1  r . .  -  ,  . 

—  /  n  X  f  y-t]  ■  Law-  "  Nn 


J  s 


m2  I  it'  X  [Jfyr)  X  VG(r.r')]d- 
=  xJsfr'i.r''  ■=  S 


(3.21) 


where 


J°(r') 


=  z  X 


(3.22) 


Equation  (3.20)  can  be  considered  as  a  definition  of  the 
fictitious  current  density'  J^.  in  terms  of  me  real  one.  J  c.  We 
can  use  this  definition  in  (3.21)  to  eliminate  J-  altoaether  and 
obtain  the  following. 

Tne  electric  current  density  J5  in  (3.16/-^3.19)  is  a  solution 
of  the  boundary  integral  equation 

ijs(r')  -  n'  X  [(K  o  J5)(r')]  =  F(r'),  r'  €  5  (3.23) 

where 


Jjr  :=  z  X  H  on  a.  (3.14) 

Since  S  is  a  pan  of  the  physical  perfectly  conducting  boundary, 
J5  is  an  acmal  current  density  but  since  u  lies  in  the  scattering 
domain  and  is  not  pan  of  the  physical  boundary,  J^.  is  a 
fictitious  electric  current  density.  While  it  is  useful  to  use  J^. 
in  the  analysis  it  is  not  essential  ats  will  be  shown.  Nevertheless 
it  is  in  terms  of  these  two  currents  that  we  may  represent  the 
field  according  to  the  following  representation  theorem; 


and 


F(r')  :=  n' X  f  3°{r]  x  TG{r.r')da  (3.24) 

J  a 


{KoJs){r)  :=  —  /  Js(r)  •  £0(1, 


■T  2  y  ds  J  da''{z  X  iJs(r)  x  VG(r.r")]} 
X  V"G(r".r') 


(3.25) 
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In  (3.25),  the  integrarion  variable  on  S  is  r,  while  the  one 
on  a  is  r''  and  V"  denotes  the  gradient  with  respect  to  r".  The 
unknown  current  density'  can  be  e.xtricated  from  the  integral 
over  G  in  (3.25),  and  we  can  malte  the  following  statement, 
alternative  to  the  one  above. 

The  electric  current  density  J5  in  (3.16}~(3.19)  is  a  solution 
of  the  boundary  integral  equation 

Ijsiv')  -  (L  O  J5)(r')  =  F(r'),  r'  e  S  (3.26) 
where  F  is  defined  in  (3.24),  and 


(L  o  J5)(r')  J  dsJsir)  ■  j  ^r,(r.  r')  x  fr 


—  2  /  ciCT"VG(r.  r")  X  zxl 


+  (n  X  z)V'G(r".r') 


9G(r".F) 


on' 


(3.27) 


Once  the  current  density  is  known,  the  fields  in  Df  can 
be  found  using  representations  (3.18)  and  (3.19).  In  order  to 
determine  the  fields  in  D  and  its  image  D;  one  must  first 
find  Jg.  from  (3.20)  and  then  use  the  representations  (3.16) 
and  (3.17)  to  find  the  scanered  magnetic  field  in  Di  and 
the  total  magnetic  field  in  D.  Additional,  simpler  looking 
representations  for  the  fields  may  be  obtained  in  terms  of  the 
ncLiuOus  Current  GsriSiC^' 


M-  =  2  X  E  on  a.  (3.28) 


iwo  examples  are 


-2  C 


J  r  2  ' 

r  \c.c  ■=■  K 


2  /m. 


•  Fi  r.  t')d.G  =  -ikY.' 


\  r 


F  >  0. 


(3.29) 

(3.30) 


While  these  are  initially  appealing  because  of  their  simplicity. 
They  involve  the  calculation  of  M5.(r).  While  it  is  possible  to 
express  thus  quantity  in  terms  of  J5  and  this  calculation 
involves  a  number  of  additional  integrations  so  that  the  sim¬ 
plicity  gained  in  the  representations  of  the  field  for  c'  >  0  is 
paid  for  by  the  additional  work  in  finding  M,-. 


where  |r'|  =  jibi  =  r'  and  h;  =  r^/F.  Thus  in  the  far  field 
(for  F  >  0  or  0  <  <  7r/2) 


Hfrr'i 


r 

-f  Js(r)  •  [r'e-'"'-"  -  r'e-‘"^^]  x  iz]ds  (4.4) 


or 


I  {e-'"''-'iJs(r)xf'-[L4-iz] 

s 

■'’lJ5(r)  X  r-  •  [I,  -  zz]l}tis 


(4.5) 


Tnis  expression  may  be  fiirher  simplified  by  noting  that 

J5(r)  X  f'  •  [L  -f  zz]  =  J 5(r)  x  f'  (4.6) 


and 


>^5(r)xf''[L-zzj  =  (J5(r)xf'.)i  =  -(J5)i(r)  x  r'  (4.7) 
where 

(J5)ifr)  =  Jcfr)  —  2J5(r)  •  zz.  (4.8) 

Then  (4.5)  may  be  written  as 

,,  ,,  iks''^'  f  .. -I 

_ ,  r  X  j  i{3s)i{r)e  -  Js(r)e— 'Tci.s. 

(.4.9  "1 

Note  that  die  term  O(pfr)  has  been  omitted  from  (4.4),  (4.5) 
Slid  "Fhs  sisctnc  fsx  n^^id  is  s2-silv  ^rorr 

reiadon 

E’  -Zt'  X  Hh  (4.10) 

It  is  observed  that  the  far  field  is  expressed  entirely  in  terras 
of  the  current  J5  on  the  indentation  S. 


W.  The  F.tr  Field 


1  ne  far  field  is  most  easily  determined  using  the  represen¬ 
tation  (3.18)  which  we  repeat  here  in  expanded  form 

f  Js(r)  •  X  iG.vfr.  r')I,  4-  Go(j.  T')zz\ds 
J  s 

=  W{r'),r' e  Df.  (4.1) 


Recalling  the  definitions  of  the  Greens  functions.  (3.2)  and 
(3.3),  and  employing  the  standard  asymptotic  forms  for  large 
r'  we  see  that 


VG.v  = 

VGd  = 


me 


ikr' 


'—ikr'-r  , 


IT  e 


r,e 


-h  0 


Attr' 

itl _ r  _  J./  Q  f 

4Tr' 


(4-2) 


(4.3) 


V.  THE  2D  C.ASE 


p.'esented  previously  simpiiiy-  greatly  when  it  is  assumed 
that  the  indentation  is  cylindrical  and  all  field  quantities 
are  identical  in  planes  perpendicular  to  the  cylinder  axis. 
Specifically,  we  assume  that  the  a-axis  is  the  symmetry  axis, 
that  the  scanering  suri'ace  consists  of  a  curve  5  in  the  y-z 


j.ij, ' tC  liHcS 

quantities  are  independent  of  a, 
function  to  be 


Ofi  diw  y  -IXiS,  LuGL  Oil  fiCid 

and  we  define  the  Green’s 


G(r.r')  =  -^iT'')(^-ir-r'|)  (5.1) 

where  r  =  [y.  c)  and  r'  =  (y' .  z').  Tne  image  r;  of  r  is  (y,  c). 
We  then  consider  the  followina  two  cases. 
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■A.  Transverse  Magnetic  P oiarization: 

Here  we  assume  that 

E‘^"(r)  =  u‘^'^(r)x  =  -u^“‘^(y,c)x 

(5.2) 

E°(r)  =  u°(r)x.u°(r)  =  - 

U"'(r,)  (5.3) 

E(r)  =  ii(r)x,  E’(r)  =  u’(r)x. 

(5.4) 

Tne  boundary  condition  (2.9)  then  implies  that  u{t)  =  0  on 

a^  U  S.  Using  Maxwell’s  equations  w'e  find 

that 

H(r)  =  -^Vu(r)  x  x. 

h  AC  ^ 

(5.5) 

The  surface  current  densities  become 

.r  1  oti .  „ 

Js  =  -T7m:— X  on  S 
ikZ  on 

(5.6) 

1  du  . 

=z - - X  on  a 

ikZdz 

(5.7) 

and 

M-r  =  uy  on  a 

(5.S) 

The  au-xiliary  unknown  fr  on  cr  may  be  eliminated  sielding 
an  intesrai  ec|uation  of  the  second  kind  for  the  basic  current 
density  on  S 

1  9u(r0  ,  f  du(r) 


2  dn 


where 


'■  Js 

du'^’^(r)  dG{r.  t') 


(5.15) 


_  _o 


dz  dn' 


da.  r' t  5 


dn 

5G(r'ir') 


oz 


The  basic  •'current  density”  is  on  S  whie  u  and  on 
N'^e  semnent  a  are  auxiltarN’ '  current  densities  .  Operating 
with  the  curl  on  the  representations  in  (3.16)  and  (,3.1/),  and 
taking  into  account  (0.1)— '(5.8),  leads  to  the  representations 

a,T-\ 

'-G[v,  r')ds 


^^da".  T.T'eS.  (5.16) 
on' 

We  see  that  it  is  sufficient  to  solve  (5.15)  for  on  S. 
Then  li  and  |r  on  tr  may  be  found  in  a  sequence  from 
(5.9)  and  (5.13)*  Once  all  of  these  functions  are  obtained,  the 
representation  formulas  (5.9)— (5.1 1)  may  be  used  to  determine 
the  field  at  any  point  in  the  scattering  domain.  It  should  be 
noted,  however,  that  if  the  far  field  is  the  quantity  of  inmrest 
it  may  be  determined  through  (5.12)  solely  in  terms  of  ^  on 
S,  the  basic  current  density,  to  be 


u-(rO  = 


2-v2nkr' 


ciii  r  i 


''  '"-^Gir.  v'':da  —  2 


■0 


-:2 


1  ^ 
1 

J 


>5.17) 


L  oi 


Js 


and 


OZ 


/5  on 


iir'),r'€D  (5.10) 


wiLh  the  integrations  being  with  respect  to  arc  length.  Equation 
(5.9)  may  be  rewriaen  'using  Green's  theorem;  in  i?  and  the 
fact  that  ti  =  0  on  5  as 


0 


u(r) 


ddr.  r’l 


-u^'r),c'  >  0 


(5.11) 


E.  1  rcp-P.'frsc  c-iectnc  Fot-tinzsy.ori 

In  this  case  we  assume  that 

=  f-'Tr;x  =  r-Ty.c)x  O.li.) 

H''(r)  =  f^Crjx.  u°(r)  =  v^-'’=(r)  -  v'--’'-=(r.:)  (5.19) 

Hi;r)  =  u(r)x.  H''(r)  =  u’(r)x.  (5.20) 

Maxwell’s  equations  then  imply  that 

and  the  boundary  condition  (2.9)  'oecomes 
dv 


which  m.av  also  'oe  obtained  directly  from  (3.c0).  Since  the 
smale  laver  distribution  is  continuous,  (5.9)  holds  for  z'  =  0 
also,  in  which  case  it  defines  u  (or  equivalently  u')  on  a  in 
terms  of  on  cr  u  S.  Equation  (3.19)  becomes 

f  =7.'’fr').r'  «  D--  ("5.12) 

J s  on  ~  " 

in  aereement  'uith  Wlllers  [201.  The  integral  equations  (3.20) 
and  (3.21)  become 

du[v')  _  I  du{T)dG{T.r')  ^  s  a  (5.13) 

dz'  Js  dn  dz  dz' 


=  0  on 


or 


Tne  surface  current  densities  become 

J5  =  rh  X  X  on  S 
=  uz  X  X  on  a 
1  ov  . 

Me  =  -rrr  — X  on  a. 


(5.21) 


i'5.22) 


(5.23) 

(5.24) 

p.'ci 


C  9u(T)  5G(r.  r') 
L  dz  on' 

1  dui  r' ;  , 

- r - - .  r  £0. 

2  on' 


da 


5u(r)  5G,v(r. r') 
dn  dn' 


ds 

(5.14) 


IKX  oz 

The  basic  ‘‘current  density”  is  v  on  S  and  the  field  everywhere 
in  space  is  expressible  in  terms  of  this  fundamental  quantity. 
With  these  expressions  and  using  the  2D  G.men’s  function, 
(5.1).  in  the  dyadics  (3.5)-(3.7),  the  represenution  formulas. 
(3.16)  and  (3.17)  become 

f  5G(r,  r')  ,  ^  f  ,  :  dG(T.  r')  , 

2  /  r(ri - ^ - her  4-2  /  t-’(r) - - -as 

J.  ■  <5--  Js  on 

=  r’(r'),c'>3  (5.26) 
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aG(r.r') 


(xcr-f  /  r(r) 


,  dG £)(r.  r'j  , 


v(r').r'  e  D.  (5.27) 


Equation  (5.26)  may  be  rewritten  using  Green’s  theorem  in  D 
and  the  boundary  condition  (5.22)  as 

2  j^^^G[T,t)da  =  u’(r'),r'  >  0.  (5.2S) 

a  result  which  may  also  be  obtained  directly  from  (3.20).  Note 
that  the  continuity  of  the  single  layer  ensures  that  (5.28)  holds 
when  z'  =  Q  and  hence,  this  equation  may  be  used  to  define 
on  <7  in  terms  of  |r  on  <7;  however,  it  is  preferable  to  use  v 
on  c7  and  5  as  the  basic  unknowns.  Equation  (5.28)  represents 
for  a'  >  0  in  terms  of  on  cr  whereas  (5.26)  requires  v 
on  both  G  and  S.  Equation  (3.18)  however,  yields 


9G;v(r,  r') 


ds  =  t;’(r').r'  €  Df 


w'hich  represents  v’,  at  least  in  D/,  in  terms  of  v  only  on  5. 
The  integral  equations  for  u  on  S  and  a  are  found  from  (3.22) 
and  (3.23)  to  be 


;(r')  -  r(r) 


dG{T.T') 


ds  =  r‘"‘^(r').r  €  cr  (5.30) 


5Gr.lr.  r') 


V>''’nile  (5.30)  and  (5.31)  may  be  considered  as  a  system  of 
integral  equations  for  the  two  unknown  functions  v  on  5  and 
V  on  £7.  the  auxiliary  unknown  v  on  cr  may  be  eii.Tunated 
vieidins  a  Fredholm  eauarion  of  the  second  'Kind  for  v  on  5; 


v{r)K{r.  r')ds 


/  ^  - n- - 


aGD(r.r') 


5G(r,r") 


5G(r".r')  .  „ 

X  - i:; - -da 

o  z ' ' 


r.  r'  £  5  (5.33) 


it  is  clear  that  v  or.  S  is  the  basic  current  density.  When  it  is 
known  then  (5.30)  may  be  used  to  define  v  on  g  and  once  these 
quantities  have  been  found,  the  representation  formulas  ('5-26) 
and  (5.27)  may  be  used  to  define  u  in  the  entire  scanering 
domiain.  However,  the  far  field  may  be  determined  solely  in 
terms  of  v  on  5  from  (5.29)  to  be 


2V2Gkr' 


r(r){n  •  f'e 


'f—ikr  r 


VI.  Conclusion 

In  this  paper  w'e  have  derived  new  integral  equations  whose 
solution,  used  in  conjunction  with  new  integral  representations 
also  derived  here,  give  the  field  scattered  by  an  indentation  of 
arbitrary  shape  in  a  perfectly  conducting  plane  screen.  Integral 
equations  of  the  second  kind  for  the  unknown  electric  current 
density  on  the  wall  of  the  indentation  are  found  and  it  is 
shown  that  the  field  everywhere  in  space  may  be  represented 
in  terms  of  this  quantity.  .Additional  representations  involving 
fictitious  electric  and  magnetic  current  densities  on  the  plane 
interface  between  the  indentation  and  free  space  are  presented. 
It  is  conjectured  that,  while  alternative  integral  equations  for 
these  fictitious  currents  have  exhibited  the  familiar  problem  of 
non-unique  solvability  at  frequencies  corresponding  to  cavity' 
resonances  of  the  structure  bounded  by  the  indentation  and  the 
intenace  between  the  indentation  and  free  space,  the  equations 
presented  here  are  uniquely  solvable  at  all  frequencies.  The 
simplifications  that  result  when  the  structure  is  cylindrical  are 
presented  for  both  transverse  electric  and  transverse  magnetic 
polarizations.  Finally  the  far  field  representations  in  terms  of 
integrals  of  the  electric  current  density  only  over  the  walls  of 
the  indentation  are  given  for  the  general  319  case  as  well  as 
the  2D  cases  for  both  polarizations. 


.APPE.NDIX 

Here  we  indicate  how  the  integral  representations  and 
equations  of  Section  El  are  derived.  Tne  basic  dyadic  identity 
for  this  purpose  is 

r  . 

I  ;Vx(Txai-A  —  a-VxVx  A;dt’ 

J 

=  /  n  •  [a  X  (T  X  A)  -r  (V  X  a)  X  Ajds  (.A.l) 


whe.-e  a  and  A  a-e  twice  differentiable  vector  and  dyadic 
valued  functions,  respectively,  in  V'  and  a  x  (V  x  A)  —  (T  x 
a)  X  A  is  continuous  in  V  u  B,  V  denotes  a  domain  in  IR' 
with  boundary  B  and  n  denotes  the  unit  normal  on  B  directed 
away  from  V.  This  identity  is  found,  for  example,  in  [211. 
If  X£,  i  =  1,2.3  denote  rectangular  unit  vectors  (xi  =  x. 
X2  =  y,  X3  =  z)  W'e  define  Lhe  dyadics 


r''^''(r.r’)  :  = 


Identifying  A  with  T^''  and  taking  V'  to  be  Lhe  domain  interior 
to  B  and  exterior  to  a  ball  of  small  radius  centered  at  r',  the 
above  identirv  can  be  used,  letting  Lhe  radius  of  the  ball  go 

lO  ZSrO,  to  Obl2u.Il 

Theorem  A..]  //T  x  V  x  a  —  \-'a  =  0  in  V,  then 

/  fi  •  _a(r)  X  (V  X  r'*^'(r.r';)  —  (T  x  a(r))  x  r'''(r,  r'l’ide 

J  3 

=  ikXfX(  ■  V'  X  a(r').  r'  6  V 
-O.v'gV.  (.a. 3) 


where  V’  :=  V’  U  B. 

The  derivation  of  this  theorem  is  a  standard,  though  sensi¬ 
tive,  process  but  we  note  that  both  terms  in  the  integral  over 
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Lhe  boundarv'  of  the  ball  contribute,  that  is,  if  B,{r')  denotes  vvhere  V'  =  ( -A.  9  \  a  ^  ^  ■ 

the  boundaiy  of  the  ball  of  radius  €  and  center  at  r'  then  ~  ^  ^ 


lim 
<  —  0 


/  h  ■  a  X  (V  X  r<^>(r.r'))i5 
ik 

=  -—X(Xc  ■  V  X  a(r').  r'  6  F 


-y  plane.  We  define  the  dvadics 
NO, 


the 


(A.4) 


and 


Hin  /  n-(V  xa(r))  X  r'^)(r.r')£f5 
2ik  . 

=  — ^  X  a(r  ),r'  £  V 
where  use  is  made  of  the  expansion 

a(r)  =  a(r')  -  (r  -  r')  •  V'a(rO  +  O(e-) 


(r.  r')  =  r‘  ‘’(r,  r')  =  (r.  ri )  -  ^ (r,  r'  i 

=  r<‘^(r,  ri)  u-r'^Nr.  r')  “  V.  ri) 

=  inW  X  {G  .V  (r.  r')xx  -f  G  s  (r.  r')v-y  -r  G  d  (r,  r')zz} 

(A.  13) 

with  G.v  and  Go  defined  in  (3.1)-(3.3).  With  these  definitions 
it  is  straightforward  to  verify  that  the  boundary  conditions 
(A.5)  (3-12)  are  satisfied;  that  is, 

ZXrj=:2XVxr2=0  for  r=:0  (A.  14) 

(.A.6)  2nd  moreover  that 

for  r  on  B  (r').  Tnis  process  does  not  yield  results  for  r'  £  B  ti  •  a(r)  x  V  x  ri(r,r')  =  2n  •  a(r)  x  fV  x  Tfr  r')) 
since  me  limit  m  (A.4)  exists  only  if  the  intesration  is  over  f  _  n  ^  ~ 

the  entire  sunace  of  the  ball.  Tneorem  A.l  remains  valid  if  ^  ~  ^ 

V  is  unbounded  provided  that  a  satisfies  the  Silver-Miiller  ttnd 
radiation  condition 

=  o  u,4fo™lv„  MA.7,  ”  '  X  =  7n  •  (V  x  x  r(..0 

(A.16) 

We  note  that  Lhe  dyadic  Green’s  function  r{r.r')  introduc“'^  ‘  rh»  ^  ^  ^ 

in  (3.5)  is  siven  by  ^  ^  =  *  defininon  of  the  dyaoics  T,  and  Tj  equations  (A.3) 

2nd  (A.12)  may  be  combined  to  \ield  the  reuresentation 

r(r.rO=r-)(r.O-r'-2'(r.r')-D=)(r.r')  (A.Sl  /  '  _ 

y^n-ia^r;  x  (v  xr.(r.r  ))  -  .V  x  afr))  x  £ ;  (r.  r')]<i5 

n  •  ail )  x  I  V  X  F!  ".  r  ')  —  i~  x  a(r')  x  £■'’1, r’'’-'-' 

=  ikGJ'  X  afr’).  r'  £  V 


ana,  hence,  (.A.3)  may  be  used  to  obtai 

r  . 


—  V,  X  a(r,;:,.r  £  f.r'.  £  f 
=  0.  r'  £  r,  r!  £  V.  z'  i  t  -7 


^  ■  (A.9i  Ii'  we  choose  V  to  be  the  entire  upper-haif  space,  require 

Idennfy'ing  V  with  D.  the  portion  of  the  scanetins  doma’'’  satisfy  the  Silver-Miiller  radiation  conditions  in  it  and 

;ying  beiow  me  x-y  plane  in  the  mdented  screen  pro'oiem,  and  account  the  bounaary  conditions  (A.M)  satisfied  bv 

a  first  with  E  and  then  with  H  leads  to  '^r^dics,  we  see  that  (.A.  17)  implies 

Theorem  A.2  IfE  arBU  satisfy  Mcrr^eil's  eauoriorx  f  -  ,  ,  „ 

IK  D  crxi  n  X  E  =  0  c.n  5  :r.£K  '  J  ^  ^  ^  E;'--r  ))—  =  ik\"  x  air'j.z'  >  Q 

=  X  3.ir.j),.r  ~  D 

(A.  18) 


n  X  E(r)  •  W  x  £.(-.  r')c-  -  -.kZ  j  n  x  H(r)  ■  r(r.  r')ci 
=  0.  z'  >  0 


arZ 

f 

I 

J  C"^ 


r'  £  D  (.A. 10) 


-  n  X  Kvr;  ■  a  x  £(r.  r'jCs  -  ikY  j  n  x  Efr)  •  Fir.  r'cc 


-r 


_  ^  ^  F;(r.r  )cr  =  v  '  x  a  r' ) .  z'  >  0 

=  -ik(T-  X  a;r;)),,r'  £  D 

^0  A  n  choosing  a  to  be  EMn  (A.18)  ana  in  (.A.19) 

we  find,  since  2  x  E  =  0  on  o-'^ 

=  x-rE(r'),  r'£D  (.A.Il)  r 

r.r.ere  n  =  z  on  c.  Observe  that  tinese  representctiorj  involve  ~  J  ^  ^  ^  r(r;r  'jdo  =  ^■ZH^(r  j.z'  >  0 

nor  only  the  electric  current  densities  nr  r  and  5  cut  z’sc 

magnetic  current  density'  on  c.  To  obtain  representations  for  ~  ^  ^  €  D 

E  ana  H'  when  z  >  0  we  proceed  as  follows. 

By  replacing  z  by  —z'  in  (.A.3)  we  obtain 

/  n-[a(r)  x  (V  x  r(^'(r.  r'))  -  (V  x  a(r)) 

^  3 

X  F^^'(r.  r')]ds  =  z/rXfXf  •  V'  x  a(r').  r'  £  V 

=  0-r[^V  (.A.12) 


2  f  zx  E(r)  ■  r(r,  r')dcr  =  -i7(:E\'r').  c'  >  0 

J  (j 

=  :^Ef(r;.),r'  £D. 


(A.21) 
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To  obtain  (A. 20)  and  (A.21)  we  have  used  Maxwell’s  equa¬ 
tions  and  the  simplifications  in  (A.  15)  and  (A.  16).  Note  that 
we  may  'Axite  E  or  E*  in  the  integrals  since  z  x  E°  =0 
on  O'.  This  establishes  the  representations  (3.29)  and  (3.30). 
Combining  the  representations  (.A. 20)  and  (A.21)  with  those 
obtained  earlier,  (A. 10)  and  (.A. 11),  to  eliminate  the  terms 
involving  z  x  E  we  find  that 

r  k- 

ikZ  /  h  X  R(r)  ■T{r,r’)d3  - - ZW{t'),z'  >  0 

k- 

=  -A:-ZH(r')  -  —ZH^^ir’^,  t'  e  D  (A.22) 
and 

r  kZ 

/  h  X  H(r)  ■  V  X  r(r.r')ti5  =  —YR’{v').z'  >  0 

JauS  2 

=  fc-yE(r')  -  yyE.J(r'),  r'  €  D.  (A.23) 

Introducing  the  definition  of  E  and  the  currents  =  z  x  H 
on  a  and  Js  =  n  x  H  on  S  we  obtain  the  first  of  two  main 
representations  which  we  state  as 
Theorem  A.3 

If  (E,  H)  solve  ihe  indented  screen  problem,  then 


We  recall  that  Df  is  the  upper  half  space  excluding  the 
image  of  D  and  5.  In  arriving  at  this  theorem  we  have  used 
the  boundary  conditions  satisfied  by  E.T^  and  E,  as  well  as 
(A.  15)  and  (A.  16)  to  simplifv'  e.xpressions  containing  E^  and 
E,  on  a.  Using  the  definition  of  E  w'e  see  that  (.A. 27)  es¬ 
tablishes  the  representation  (3.17).  Additional  representations 
may  be  obtained  by  choosing  a  to  be  H  in  (A.  17). 

Combining  (A.20)  with  (A.26)  to  eliminate  the  term  involv- 
ina  z  X  E  on  cj  leads  to 


ik 


I 


J,(r)  X  VG(r,r')(i<7-f  /  Js(r)  x  VG(r,r')tis 


—  xa.  y,-  >  U 


(d  X  H(r))  ■ri(r.r')ds  =  H^(r'),r'  £  Df 

=  H(r')TH,^(r'),r'6l7 

(A.28) 


thus  establishing  the  representation  (3.18).  Taking  the  curl  of 
both  sides  of  (A.28)  we  obtain 


n  X  H(r)  •  V  X  r2(r,r')ds  =  A:-yE'(r'),  r'  €  Df 
s 

=  k-YE^ ir')  -  k-YEfr[).,T'i  e  D 
=  fc-yE(r')  -  k-YElir'i),r'  6  D 

(A.29) 


which  establishes  (3.19).  Ln  carrying  out  the  computation 
leading  to  (.A.29)  we  used  Lhe  facts  Lhat 


=  K(T')-^K’{Y).r' 

6  D 

8G0 

dGo 

dGo 

cGo 

dGs 

(A.24j 
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dy 
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dGs 

oGy 

oG.v 

5G.V 

oGs 

dGo 

-l;Mr 

•  'v  >  \^T .  T  J  K  3  c  .  r  , 

t 

ox 

or 

dy' 

oy 

dz’ 

dz 

(.A.30) 

=  —ikYElz')  —  ^^^E’(r'),r'  6  D. 

(A.25) 

The  first  part  of  this  theorem  establishes  the  representation 
(3.16).  To  obtain  the  second  vital  represenmtion  choose  a  to 
be  E  and  U  to  be  D  in  (.A.  17)  and  successively  take  E  to  be 
E^  and  then  £2  wriich  then  yields 

Tr.icrerr.  7’  'E,  H'  sctisD  Mzx,<eirs  equations 
in  D  arid  n  x  E  =  0  or.  S.  then 


to  show  that 

V'x:a-r,(r,y;]  =  A-Vxr2(r.r') 


(A.31) 


2  J  (z  X  E(r))  •  V  X  Efr.  r’)dc7  A  liZ  J  n  x  H(r)  •  E,  (r.  r' 


=  -yZH(rA.r  6  D 
=  -k^ZH.fr'Z.r:  6  D 
=  O.r  6  Df 


)ds 


(.A.26) 


and 


for  any  vector  A  constant  w'ith  respect  to  the  primed  variables. 

Tne  right-hand  sides  of  (,A.28)  and  (.A.29)  are  not  con¬ 
tinuous  for  r'  on  S.j,  the  image  of  S.  However,  because  of 
the  singularities  in  E,  and  E,  the  integrals  on  the  left '.have 
jumps,  not  only  when  r'  —  S  but  also  when  r'  ^  S, 
for  then  rl  —  S.  It  is  these  jumps  that  allow  us  to  derive 
the  integral  equations.  Tne  integral  equations  follow'  from  a 
straightforward  application  of  the  following 

Tneorem  A. 5  (Miiller  [22])  Let  B  denote  the 
smooth  bourBary  of  a  dorrxtir.  V  and  n  point  cv.ay  from  \ 

If  J  is  continuous  on  B  then 

lim_  n'  x  /  J(r)  X  TG(r,r')ds 
J3 


r  — -  a  — 


2  j  z  X  H(r)  •  r(r.  r'jdtj  A  j  n  x  H(r)  •  ^-(r.  r'lds 


A^J(r)  — ii'x  f  Jfr)  X  VG(r.  r'jds 
Jb 


=  ikHlr'].  T  E  D 
=  -DtH,(r;).r:  €  D 
=  O.r'  6  Dr. 


(A.27) 


(.A.3  2) 

where  r'  — •  B~  means  r'  —  B  from  the  exterior  of  V  and 
r'  —  B"  means  r'  — ■  B  from  the  interior  ofW 
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Apphing  this  result  to  equation  (A. 24),  letting  s'  —  0  and 
recalling  that  for  s'  =  0, 

i  X  H^'r')  =  z  X  H(r')  -  i  x  H°(r')  =  J,(r')  -  J^(r'). 

(A.33) 

we  obtain 

zx  f  3ff{T)  X  VG(r.r')da- 

J  C 

-r  i  X  [  Js(r)' X  VG(r.r')(is 


=  J^(r')  -  -J°(r').r'  €  c. 


(A.34) 


But  when  r  and  r'  are  on  c,  then  ^  =  0  and  z  •  J^-  = 
z  •  z  X  H  =  0;  hence,  the  integral  over  a  vanishes  and  we 
arrive  at 

zx  f  J5(r)  X  VG(r,  r'jda  =  Jo'(r')  -  ij°(r'),r' £  cr 
^  (A.35) 

w'hich  is  equation  (3.20). 

Finally  we  apply  Theorem  .A. 5  to  (A. 27)  by  letting  r'  — >•  5. 
Using  the  dennitions  of  £,  Tj,  and  Js  we  may  rewrite 
(A.27)  as 

2  ^J^(r)  X  VG(r,r')dff  +  J  Js(r)  ■  V 

X  iG(r,  r')I  -  G(r.  r-)(L  -  zzlids 
=  H(r'),  r'  €  D.  (.A.36) 


i.ne  otuy  sir.gu.anr*'  m  me  integral  over 
the  te.-m 


iS  r 


0  IS  ;r 


Jcir; 


G'.r.r  I  =  Jc(r)  X  VG(r.r') 


so  Lhat  Theorem  .A. 5  applies  directly  yielding 


In  X 


Jff(r)  X  TG(r, r''Gc  —  —  X  j  J5(r)  •  r;(r, r')a’s 


r'tS 

±us  establishins  the  validitv'  of  (3.21). 


(A.37) 
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Abstract 


Kleinman.  R.E.  and  P.M.  van  den  Berg,  .A.  modified  gradient  method  for  two-dimensional  problems  in 
tomography,  Journal  of  Computational  and  .Applied  .Mathematics  42  (1992)  17-35. 


.A  method  for  reconstructing  the  com.piex  inde.x  of  refraction  of  a  bounded  rv-’o-dim.ensionai  inhomogeneous 
object  of  known  geometric  configuration  from  measured  scattered  field  data  is  presented.  Tnis  work  is  an 
extension  of  recent  results  on  the  direct  scattering  problem  wherein  the  governing  domain  integral  equation 
was  solved  iteratively  by  a  successive  over-relaxation  tec.hnique.  The  relaxation  parameter  was  chosen  to 
minimize  the  residual  error  at  each  step.  Convergence  of  this  process  was  established  for  indices  of  refraction 
much  larger  than  required  for  convergence  of  the  Bom  approximation.  For  the  inverse  problem  the  same 
tech.nique  is  applied  except  in  this  case  both  the  index  of  refraction  and  the  field  are  unlcnown.  Iteratwe 
solutions  for  both  un.knowT.s  are  postulated  with  rwo  relaxation  parameters  at  each  step.  Tney  are  determined 
by  simultaneously  minimizing  the  residual  errors  in  satisf>ing  the  domain  integral  equation  and  matching  uhe 
measured  data.  Tnis  procedure  retains  the  nonlinear  relation  between  the  rwo  unknowms.  Numerical  resuits 
are  nresented  for  a  number  of  representative  r.vo-cimensionai  obiects. 


atEoritnj 


ve  solution  or  tne 


problem  is  rapidly  convergent. 
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1.  Introduction 


In  this  paper  we  show  how  a  novel  iterative  technique  can  be  used  to  reconstruct  complex 
indices  of  refraction  of  two-dimensional  objects  from  measurements  of  the  field  (acoustic  or 
electromagnetic)  scattered  when  the  object  is  illuminated  by  known  sources.  The  method  is  an 
extension  of  the  ideas  presented  in  [9,10].  Essentially  the  method  involves  casting  the  inverse 
problem  as  an  optimization  problem  in  which  the  cost  functional  consists  of  two  terms,  one  is 
the  defect  in  matching  measured  data  with  the  field  due  to  a  particular  index  of  refraction  and 
the  second  is  the  state  equation,  an  integral  equation  in  which  the  index  of  refraction  appears 
and  which  the  field  must  satisfy.  A  modified  gradient  method  is  employed  to  solve  the 
optimization  problem.  By  modified  gradient  we  mean  that  the  update  of  the  index  of  refraction 
takes  place  in  the  direction  of  the  gradient  of  one  term  of  the  cost  functional,  while  the  update 
of  the  field  involves  a  successive  over-relaxation  method. 

Successive  over-relaxation  is  one  of  a  number  of  iterative  methods  for  solving  operator 
equations  w^hich  emerge  as  special  cases  of  general  technique  based  on  least-square  error 
minimization,  see  [7,11,22],  In  a  recent  paper  [8],  the  application  of  the  over-relaxation  method 
to  the  integral  equation  arising  in  scattering  from  an  inhomogeneous  object  was  presented. 
There  it  was  shown  that  the  iterative  solution  of  the  direct  problem  converged  for  much  larger 
indices  of  refraction  than  those  for  which  the  Bom  series  converged. 

Tne  Bom  approximation  or  Bom  series  is  well  known  as  a  tool  in  attempts  to  solve  inverse 
pioOiei.iS  VtiiCieiii  one  tiies  ^o  determine  un  unKnown  inoex  Oi  refraction  from  measurements 
of  a  scattered  field  on  some  mieasurement  surface  e.xterior  to  the  scattering  object.  The  essence 
of  this  approach  involves  making  an  initial  guess  of  the  field  in  the  object,  the  Bora 
appro.ximation,  then  determining  the  index  of  refraction  to  minimize  the  discrepancs'  between 
the  far  field  and  the  mieasured  data,  next  solving  the  direct  problem  with  this  newly  detemiined 
index  of  refraction  in  order  to  update  the  field  in  the  object  and  then  determining  a  new  index 
of  refraction  to  minimize  the  discrepancy  in  the  far  field.  This  iterative  process  is  continued 
until  the  defect  in  m.atching  the  m.easured  data  is  reduced  to  an  acceptable  level.  Essentially 
the  updating  involves  a  linearization  of  the  highly  nonlinear  dependence  of  the  field  on  the 
index  of  refraction.  In  general  there  are  no  rigorous  convergence  results  but  the  schem.e  has 
proven  to  be  of  practical  utility,  see  e.g..  [2.5.12.17.19]. 

Our  approach,  inspired  by  the  success  of  the  over-relaxation  method  in  solving  the  direct 
problem,  avoids  the  necessim  of  solving  a  direct  problem  at  each  step  of  the  iteration.  Instead 
the  field  update  directions  are  chosen  as  in  the  successive  over-relaxation  method  to  be  the 
residual  error  in  the  integral  equation  while  the  index  update  involves  the  gradient  of  the 
defect.  This  involves  the  introduction  of  rwo  rela.xation  parameters  which  mmst  be  detennined 
at  each  step.  They  are  found  by  sim.ultaneously  minimizing  the  residual  errors  in  the  field 
equation  and  in  matching  the  m.easured  data.  This  procedure  retains  the  nonlinear  relation 
becvveen  the  rwo  unknowms. 

In  the  ne.xt  section  we  introduce  some  notation,  formulate  the  problem  more  precisely,  and 
present  a  little  more  detail  on  previous  approaches  to  the  inverse  problem..  Section  3  oresents  a 
brief  summary  of  the  relevant  over-relaxation  results  for  the  direct  problem.  The  new  algorithm 

^  ^  A  y  ^  li...  “r  tii'w  IwUU.lk.fi  i.  i. 

experiments  using  this  algorithm,  in  recovering  the  index  of  refraction  of  a  two-dimensional 
object  are  presented  in  Section  5.  These  results  are  promising  in  that  they  successfully 
reconstmct  indices  of  refraction  of  fairly  general  shape. 
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2.  Notation  and  problem  statement 


Let  D  denote  the  interior  of  a  bounded  domain  in  1R“,  with  piecewise  smooth  boundary'.  A 
precise  mathematical  characterization  of  the  assumed  smoothness  is  given  in  [8].  Erect  a 
Cartesian  coordinate  system  with  origin  in  D  and  denote  points  in  as  p  =  (x^,  y^)  and 
q  =  (x^,  y^).  The  subscripts  v,hll  be  omitted  when  there  is  no  danger  of  confusion. 

We  assume  that  the  penetrable  inhomogeneous  object  D  is  irradiated  successively  by  a 
number  of  knowm  incident  fields  nl"',  f  =  l,...,/.  For  each  excitation,  the  direct  scattering 
problem  is  modelled  by  the  following  transmission  problem.  For  a  given  incident  field  uf^{p) 
determine  u-.  in  D  and  in  ext  D  (exterior  of  D)  such  that 

(1) 
(2) 

(3) 

(4) 


-i- 


+  k~n~{p)\u^{p)  =  0,  almost  everyv-'here  in  D, 
[ =  0,  in  ext  Z), 
u‘^  =  U:,  on  oD, 

- =  —  on  0D, 

01/  Bp 


.  i 

lim  r'^-\  -ry - \ku]'' 

r~=z  L 


=  0,  uniformly  in  p  =  p 


(5) 

(61 


-.•k  Ci  i  w,ki 


QT-in  II  X" u ■  s.rc  continuous  in  D.  but  mcv  not  bo  if  tho  C'Omplox 
nip)  is  discontinuous.  Here  u'f-  is  defined  in  and  is  analytic  in  D,  k  is  ass'umed  constant 
vri'n  Im ^  0  ar.-v,  the  compie.x  in^e.-,  Oi  rei.ic:Ctnjii  m  p  *  is  pieccxisc  nOi'-iei  cunu.nuc'U;  in  e9. 
Funher  B/Bp  denotes  the  derivative  in  the  outward  direction  normal  to  BD,  and  r  ■■=  \  p\ 
:=  vx-  -y-  . 

Introduce  the  complex  contrast  x  by 


TThcii  the  dilcCt  SCattciiii^  plOCiOkU  ui 


ay  be  refomralated  as  the  domain  integral  equation 
u..{p)  =  uf-'{p)  m k- f  x{q)i^,{q)7{p.  q)  p^d,  i=i,...,/, 

^  D 

where 

r(;7,  ij)  =  \  p  -  q\). 

If  u-  solves  (8).  then  the  scattered  field  is  obtained  from  the  representation 
uf\p)  =k-  f  x{^)^Xq)l{P^  q)  pee.xt  D,  i=  1,...,/. 

n 


Introduce  the  operator  notation 

Ct.  II .(  =  k~  f  v(  (  n\rj(  n  A’' 


n 


(S) 

(^■) 

(10) 

n  1  \ 


and 


(12) 
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If  is  restricted  to  lie  in  LJ,D)  (which  includes  piecev/ise  continuous  functions),  then  (8). 
which  is  simply 

=  P^D,  (13) 

may  be  considered  as  an  equation  for  w,(p)  s  Lr{D)  where  the  norm  and  inner  product  are 
IU/ilD=  dtt^l  , 


^i.2>0  =  I  UiAP)^i,2{P) 

-'n  ^ 


(14) 


Assume  that  nf'  is  measured  on  some  subset  S  c  ext  D.  S  may  be  a  surface  enclosing  D  or 
a  set  of  discrete  points  exterior  to  D.  Define  a  norm  and  inner  product  on  S  by 

ii  II  5  =  ( /"  i  ^,(p)  I  ■  di  1  ,  if  5  is  a  surface, 


l;“l 


,  if  5  consists  of  J  discrete  points  pj, 
o,.:)s=  [ S,.iip)i,.2{p)  dSp,  if  5  is  a  surface, 

J 


(15) 


Denote  by  p,(p),  p  s  S.  the  measured  data  for  each  excitation  i.  z  =  1 . I.  and  introduce  the 

operator  notation  (compare  (ll',i) 


^gapXip)  =  ^-fx(c)uXq)yip.  q)  df,, 
n 


^5;  (16) 

in  what  follows  it  is  convenient  to  distinguish  between  the  operator  as  a  mapping  of  x^--  to  D 
and  to  5,  respectively. 

The  profile  inversion  problem  is  that  of  finding  x  lor  given  g,-,  or  solving  the  equation 

^(u^)X{p)=gi{p)>  P  s5.  z  =  1, (17) 

for  subject  to  the  additional  condition  that  u.  and  satisfy  (13)  in  D.  The  ill-posed  nature  of 

this  problem  is  well  knowm  [3].  A  frequent  approach  is  to  attempt  to  find  and  zz,-  to  minimize 

— 1  II  o, ~  II  s-  Since  u.  depends  on  x  through  (13)  in  a  highly  nonlinear  way,  most 
artad.3  on  this  problem  embody  two  principles;  first  a  linearization  of  the  nonlinear  depen¬ 
dence  and  second  a  regularization  of  the  optimization  problem.  The  process  is  usually  carried 
out  iteratively  in  the  following  way;  if  is  found,  determine  Xn  by  minimizing  ||  g-  - 

I!  5  using  some  kind  of  regularization  and  update  z^,-.„_i  by  solving  the  equation 

The  staning  value  is  usually  taken  to  be  u,. q  =  (the  Bom  approximation). 

This  essentially  follows  the  idea  of  [16]  and  has  been  utilized  in  various  forms  by  many 
investigators  [18,24.25]. 

Our  approach  follows  this  same  line  of  reasoning  and  incorporates  the  idea  of  [25]  in  usine 
the  state  equation  itself  as  the  regularizer.  A  novel  feature  of  our  approach  is  that  we  avoid 
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solving  a  forward  problem  (13)  at  each  step  of  the  iteration  by  generalizing  the  successive 
over-relaxation  method  [11,22]  to  solve  the  direct  problem.  This  avoids  the  linearization  implicit 
in  other  approaches  [18,24,25]. 

Specifically  we  will  seek  u-  and  x  simultaneously  to  minimize  the  functional 

£  \\u‘r-L,^,u,\\B  E  \\gi-K,,,,x\\i 

+  .  (18) 

E  E  11.“,  ill 

,•=1  ,'=i 

Most  approaches  treat  the  regularizer  as  a  penalty  term  with  a  coefficient  which  often  must 
be  taken  to  be  very  small.  We  choose  to  put  the  two  terms  in  (18)  on  equal  footing  and 
normalize  them  in  the  sense  that  they  are  both  equal  to  one  when  u,  =  0,  :  =  1, . . . ,  I. 

The  iterative  solution  of  the  direct  problem  is  summarized  in  the  next  section  and  provides 
the  motivation  of  our  choice  of  correction  direction  for  the  field  in  the  inversion  algorithm. 


3.  The  direct  problem 


Details  of  a  number  of  iterative  procedures  for  solving  the  operator  equation  L 


!  =  u  I 


are 


d  in  [7,11,22].  For  cur  problem,  of  many  excitations  they  consist  of  constructing 
sequences  of  functions  and  associated  residuals  for  each  i  where 

n>0,  i  =  (19) 

tiori  rTictuGG  the  scG/ucuCc  Oi  functions  {u.-  is  dciincG  cs  loiiovr’s 

for  each  i: 


n.r. 


U;^  Q  GrOitralO’)  —  c  ^  ^  1. 

whereas  the  corresponding  successive  over-relaxation  algorithm  is 
arbitrary,  w,-,,.  =  u,  -i- or.,/-, n>l. 

I 


at 


n 


'=  1 _ 

E  III 

,■=1 


(20) 


(21) 


The  difference  in  the  two  methods  lies  in  the  relaxation  parameter.  In  the  staticnar.’  method 
there  is  a  single,  possibly  complex,  parameter  a  which  must  be  chosen  in  some  manner  whiie  in 
the  successive  over-relaxation  method  there  is  a  new  a„  at  each  step  which  is  completely 
specified  by  the  requirement  that  it  be  chosen  to  minimize  |j  r,.  ^  ||  It  should  be  noted 
that  what  we  call  stationary  and  successive  over-relaxation  methods  are  simple  examples  of 
what  [13]  calls  generalized  over-relaxation  methods.  These  are  operator  analogues  of  Richard¬ 
son's  iterative  method  in  matrix  tneory  tsee,  e.g.,  [23,  p.l41jj  and  are  descent  methods  with 
fixed  or  variable  relaxation  parameters  or  direction  coefficients  (see,  e.g..  [6,  pp.  6 iff.]). 

For  one  excitation  it  was  shown  [8]  that  if  Im(;^)  >  0,  Im(/:)  >  0  and  is  piecewise  Holder 
continuous  on  D,  then  there  e.xists  an  a  such  that  (13)  may  be  solved  by  the  stationary 
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procedure.  That  is,  for  each  /,  the  sequence  generated  bv  (20)  converges  in  i|  •  ||  q,  to  the 
solution  of  (13).  No  recipe  for  finding  the  best  choice  of  a  is  available  but  numerical 
expenments  showed  that  by  choosing  a  to  minimize  i|  r- j  ||  which  leads  to  the  e.xplicit  choice 
^  ^  II  I!d,  resulted  in  an  iterative  method  w'ith  a  w'ider  range  of  conver¬ 

gence  than  the  Bom  series  which  is  the  stationary  over-relaxation  method  with  a  =  1. 

While  a  convergence  proof  for  the  successive  over-relaxation  method  is  not  available  for  the 
integral  equation  under  consideration,  numerical  experiments  indicate  not  only  convergence 
but  also  more  rapid  convergence  than  in  the  stationary  case.  In  the  stationary  case  it  is  shown 
[8]  that  it  is  always  possible  to  choose  a  relaxcation  parameter  so  that  the  spectral  radius  of 
^  ~  one,  so  that  the  iteration  converges.  Numerical  e.xperiments  [11]  have 

shown  that  the  successive  ov'er-relaxation  method  clearly  converges  for  a  range  of  contrasts 

v.''here  the  Bom  senes  diverges  and  converges  faster  than  the  Bom  series  when  the  latter 
converges. 

The  success  of  the  successive  over-relaxation  method  in  the  direct  problem  suggests  the 
generalization  to  the  inverse  problem  described  in  the  next  section. 


4.  The  inversion  algorithm 


Here  we  propose  an  iterative  inversion  algorithm  which  incorporates  the  ide^s  successive 
o^er-relac^ation  with  the  choice  of  relaxation  parameters  determined  bv  miniirdzin.g  res^’idual 

eiior.  Ui  course  now  there  is  an  unknown  function  and  a  vector  function  u...  /  =  1 . /. 

while  two  error  teims  are  incorporated  in  the  functional  (18X  This  generalizes  the  resuhs’of 
CO  muitiplc  sources  and  higher  dimension. 

Bearing  in  mind  the  fact  that  the  data  may  consist  of  a  discrete  number  of  m^asu'^me-'s 
rrom  wnicn  cne  unique  reconstruction  of  a  completely  arbitraiy  function  would  be  imoossiblT 
T  hXTJ  Introduce  wo  families  of  liuearly  independent  mnetions 

‘  o  -  ■  ?-  -n..  to/.p),  p  -  Ratner  than  to  atte.T.pt  to  reconstruct  y  we  limit 

usXTllrc  STnusXXa'ssufr"”"  ^ 

Y.  Xn-.d>r.{q).  p.s 

m—\  V  ""  / 

somewhat  arbitral  but  with  an  eye  toward  an  eventual 

vf  ~r  \  should  be  ultimatelv  den^e  (as 

-  /  - in  .he  space  m  which  the  function  ;y  is  sought.  Funher,  {6j  should  be  piecewisb 
Holder  continuous  on  D  in  oraer  to  be  consistent  with  the  assum.Dtinr.  on  ;p-  In  --Hrit'tio-o  r’n»s“ 

incorporate  any  a  pnori  information  about  ^  ±at  isTvaiiabirin 

funcrionriTe  polynomials  or  finite-element 

tions.  ITe  choice  of  the  functions  is  also  arbitrary,  although  it  would  be  convenient  if 

they  were  mutually  onhogonal  on  5.  If  the  surface  5  is  a  circle  or  sohere  an  ob^Tou!  ho  ce 

expansion  coefficients  S  ffitdm: 
Doints  -am  arc  avaiiaoie  oniy  at  a  aiscrete  number  of  sample 

(r^>/is  [Te^preie^a: 
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We  propose  to  find  the  projection  of  on  the  linear  span  which  minimizes  the  error 

in  the  projection  of  on  the  linear  span  of  In  order  to  do  this  we  express 

functions  on  S  as  vectors  whose  components  are  projections  onto  iPj.  First  define  the 
coefficients  in  (22)  as  an  A/-component  vector 

X=  iXi,  (23) 

NeXT  introduce  this  vector  x  into  (11)  with  the  definition 

M 

L  (24) 

and  in  addition 


^(x)^i'  (25) 

Now  define  /-component  vectors  from  functions  on  S  so  that  the  measured  data  g^(p)  becomes 
the  data  vector 


and  in  addition 


.,T 


II 

<3. 

<y. 

4> 

in  which 

X-^  =  Z-^^iX„<5>rr. 

.  Define 

rK  r 

esidi 

r,:=ur-L^^^u,, 

Pi=g 

,-A- 

(u^X 

V.'e  then 

nroDOse  the  iterative  con^tr 

uction  of 

Sf 

Aro  = 

=  0. 

( 

^i.r.  =  -  <^r/. 

i.r.  -  1  ‘ 

Xr. 

=Ar^- 

- 1 

r .  ~  li  1^*“  —  7\  u. 

,n  » 

Pi.n 

- 

(26) 

(27) 

(28) 


O  r  n  M  o  n  r  f  r/  1  o  t-  T  •«  -  )  c  ^ 

' - - WWW. 


(29) 


w 


•here  and  /3^.  are  in  general  complex  constants  which  are  chosen  at  each  step  to  mdnimize 


/ 

v 


3  r,  II 


—  I 


r,  .  Ilo  Z.  il  Pi  r.  ils 
<=i  ,  ;■=! 


(30) 


Elurilfi  Ll!^,iii 

1=1  ;=1 

Here,  the  residual  errors  can  recursively  be  written  as 

’'i.r.  ~  fi-./i-l  ~  ‘^r.22{x„-0^i.r.-l  ~  \  nl^  r.^  (^d  ^  i  .r.  -  \  i 

P:..-.  ~P:.r.-l  ^  r. ^  _  )Xr.  ~  i  ~  ^  —  U  ,,  p  ^  A  ^  .  U  _  . 

Noie  that  lor  each  n,  the  vector  Xn  hns  M  components,  while  p,  ^  and  g,  have  J  components 
so  that  by  the  norm  and  inner  product  on  5  are  meant 

j 

II i,  115=  E  4'j)s\^, 

;  =  i 


y=i 


Implicit  in  this  definition  is  the  assumption  that  the  functions  i/f-  are  orthoaonal  on  S. 
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In  (29)  the  function  d^,  which  is  the  updating  direction  for  Xr.^  ^2.s  to  be  specified.  We 
choose  to  be  the  gradient  of  the  error  in  matching  the  measured  data  at  the  previous, 
(n  -  l)st,  step.  Explicitly,  treating  x  and  x  as  independent  variables,  we  define  the  M-compo- 
nent  complex-valued  vector  d^  to  be 


d.  = 


/  3  6 

—  J  J  •  •  •  >  TH 


Canying  out  the  differentiation  we  find 

/  I 


^  V  ^ 

w  ,  j=i 


d=- 


l  /=  1 


(33] 


E 

1=1 

7 

(34) 

(35) 

where  the  vector  is  defined  as 


and  the  operator  is  defined  in  (io). 

in',,  nnnimizaiion  of  the  ouanLitv'  E.  Oi  (jjO),  using  (j1).  leads  to  a  nonlinear  problem  for  rhe 
variables  a.  and  j3^_  at  each  step,  which  we  solve  using  the  Fletcher-Reeves-Polak-Ribiere 
conjugate  gradient  method  [14]  to  nnd  values  of  and  '.vhich  nr-Q-iiir®  •=  rin-oi'i 
ine^SLaning  values  or  a,,  and  /3„  are  cnosen  to  be  equal  to  zero.  Other  solutions  of  this 
nonlinear  algebraic  equation  have  not  been  investigated. 

j.n  the  nexi  section  v-.e  will  aemonstrate  the  peaormance  of  the  present  scheme  for  some 
representative  examples. 


5.  Numerical  results 


In  this  section  we  present  the  results  of  a  number  of  numerical  examples.  In  these  examples, 
the  domain  D  is  taxen  to  be  a  square  and  this  square  is  subdivided  into  subsquares  of  equal 
sizes.  In  fact,  ihe  domain  D  need  not  actually  be  a  square.  Other  shapes  can  be  achieved  by 
cnoosing  the  contrast^  At  to  be  zero  over  ponions  of  the  square  and  this  is  illustrated  in  our 
examples.  Hence  the  inversion  algorithm  not  only  reconstructs  the  index  of  refraction,  but  also 
locates  the  scatterer  within  this  square.  The  integrals  in  the  operator  expressions  are  replaced 
by  a  sum.mation  of  the  integrals  over  the  subsquares.  Over  each  subsquare  the  field  function 
and  the  contrast  function  are  assumed  to  be  constant  (the  functions  6^  are  pulse  functions). 
Consistent  with  this  aporoximation. 

integration  over  a  circular  domain  of  equal  surface  area.  Then,  the  integrations" 'wer  "the 
subdomains  can  be  carried  out  analytically  [15].  The  operator  expressions  containing  the  L 
operator  or  the  G  operator  have  a  convolution  structure  and  thev  can  then  be  computed  verv' 
efriciently  with  a  Fast  Fourier  Techniaue  [21]. 
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The  measurement  domain  5  is  taJcen  to  be  a  set  of  points  {p,}  equally  spaced  on  a  circle 
circumscribing  the  square;  so  the  inner  products  of  a  function  u  on  S  with  ih-  must  be 
interpreted  as 

{u,  = 

The  sources  will  be  taken  to  be  line  sources  located  at  these  same  points  [p^],  so  that  in 
our  examples  /  =  /. 

For  each  configuration  we  first  present  convergence  results  for  the  direct  problem  using  both 
the  successive  over-relaxation  method  and  the  Bom  series.  We  shall  compare  the  R.M.S.^error 
/ 


E  ii  r,.. 


Err.  = 


1  =  1 


E  lur 

i=  1 


(36) 


as  a  function  of  the  number  of  iterations  n.  These  results  w'ill  be  used  to  support  the  conjecture 
that  effectiveness  of  the  inversion  algorithm  depends  on  the  rapidity  of  convergence  of  the 
over-relaxation  method  for  the  direct  problem  and  not  on  the  convergence  of  the  Bom  series. 

We  then  present  the  results  of  the  inversion  algorithm.  The  measured  data  were  simulated 
by  solving  the  direct  scattering  problem  with  a  conjugate  gradient  method  (CGFFT  [21])  w^hile 
imposing  an  error  criterion  with  an  k.M.S.  error  J—rr^  <  10 The  reconstmcted  contrasts  are 
presenteo  pictorially,  and  in  addition  numerical  convergence  is  shown  by  plotting  the  profile 
error 


and  the  R.M.S.  error  F^-,  defined  in  (30). 

Configuration  I 

As  first  example  we  consider  a  square  object  with  dimer 
the  free-space  wavelength.  The  contrast  profile  is  given  by 

=  cosf  — ]  cosf 


n.s  of  A  X  A,  whi 


A 


A 


'  <  IS 


(38) 


where  the  origin  of  the  coordinate  syste.m  is  at  the  center  of  the  object.  Tne  object  is  subdivided 
into  19X19  subsquares.  A  surface  plot  of  this  profile  over  the  discretized  object  do.main'is 
presentee^  m  Fig.  1.  Note  that  the  imaginary  part  of  the  complex  profile  is  equal  to  zero.  On  a 
circle  of  diameter  ^A  around  the  object  we  locate  10  (line)  receivers  at  equallv  spaced  points, 
while  the  object  is  irradiated  by  a  (line)  source  that  is  located  successively  at  each  receiver 
location,  hence  /  =  /  =  10. 

_  We  first  solve  the  direct  problem^  for  this  configuration  by  using  the  successive  over-relaxa¬ 
tion  method  of  (21)  and  compare  the  convergence  of  this  method  with  that  of  the  Born  series 
which  is  obtained  from  the  stationary  over-relaxation  method  (20)  with  a  =  1.  The  errors  are 
plotted  as  a  function  of  the  number  of  iterations  in  Fig.  2.  .Although  the  Bom  series  still  seems 
to  converge,  at  a  very'  slow  rate,  the  successive  over-relaxation  method  converges  much  faster. 
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Fig.  1.  Tne  contrast  profile  for  Connguration  I;  the  Fig.  2.  The  numerical  convergence  of  Bom  series  and 

dimensions  are  A  XA;  the  peak  value  of  the  contrast  the  successive  over-relaxation  method  in  the  direct 

T  problem  for  Configuration  I. 


We  secondly  solve  the  inverse  problem.  The  numerical  convergence  of  the  profile  error 
R.M.S.  error  Fy~  is  plotted  in  Fig.  3.  It  should  be  remarked  that  in  practice  we 
are  never  able  to  measure  the  profile  error.  This  means  that  the  error  quantity  F}''-  is  the  onlv 
available  measure  of  convergence.  We  obser,^e  that  with  as  few  as  15  iterations  the  errors  are 
decreased  to  values  of  about  1%.  Some  sun'ace  plots  of  the  reconstructed  profiles  are 
presentee  tn  Fig,  -  for  vanous  values  of  n.  the  number  of  iterations.  Comoarison  with  the 
original  profile  in  Fig.  1  indicates  the  success  of  the  reconstructions.  Note  that  the  imaginary 

■•vj..  ^r~w5  .o  Zero  3.3  it  sriCUiC.  .i-iGGiucnEi  nurricriCGi 


experiments  conrirm  mat  our  inversion  algorithm  reconstructs  smooth  profiles  very'  accurately 
as  long  as  the  successive  over-relaxation  method  for  solving  the  direct  problem,  converges 
reasonabiy  rapidly. 


Configuration  II 


As  second  example  we  consider  an  object  with  discontinuous  profile.  We  assum.e  that  the 
object  consists  of  two  distinct  square  homogeneous  objects  contained  inside  a  square  domain 
with  dimensions  of  d  x  d.  The  tw'o  objects  have  diameter  of  approximately  nd  and  the  distance 
between  them  is  also  rd.  Tne  contrast  or  profile  function  in  the  larger  square  has  step 
discontinuities;  t  0  outside  the  objects  and  =  0.8  inside  the  objects.  This  exam.ple  is 
equivalent  to  that  in  [1].  However,  we  use  a  finer  discretization  by  subdividing  the  surroundina 
square  into  29  x  29  subsquares.  sunace  plot  of  this  profile  over  the  discretized  dommin  is 
presented  in  Fig.  7.  Note  that  the  imaginary  part  of  the  complex  profile  is  again  equal  to  zero. 
A  circle  of  diameter  2d  around  the  object  is  equally  partitioned  by  J  points.  These  points  serve 
as  recer.'er  locations,  while  the  object  is  irradiated  by  a  source  that  is  located  successively  at 
each  receiver  location,  here  /  =  /.  We  consider  three  cases,  viz.  (i)  d  =  k  and  /  =  /=  10,  (ii) 
u  =  2 A  and  I  =j  =  20.  (iii)  d  =  5A  and  I  =  J  =  30. 


W'e  first  solve  the  direct  problem  for  this  configuration  by  using  the  successive  over-relaxa¬ 
tion  method  of  (21)  and  compare  the  convergence  of  this  method  with  that  of  the  Born  series. 
The  numerical  results  are  presented  in  Fig.  5.  We  observe  that  in  the  case  of  =  3A  the  Bom 
series  diverges,  while  the  successive  over-relaxation  method  still  converges  rapidly. 
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Niizber  o: 


Fig.  3.  The  numerical  convergence  of  the  profile  recon¬ 
struction  for  Configuration  I. 


Fig.  4.  The  reconstructed  profiles  for  Configuration  I. 


We  secondly  solve  the  inverse  problem.  Tne  numerical  convergence  of  both  the  profile  error 
Err,^  ,  and  the  R.M.S.  error  F.y-  are  plotted  in  Fig.  6.  We  observe  that  for  the  case  ri/A  =  1 
the  profile  error  remains  high  as  the  number  of  iterations  increases.  This  is  also  obvious  froht 
the  surface  olots  of  the  reconstructed  orofiles  shown  in  Fia.  8  for  various  values  of  ,u.  the 


iber  of  iterations.  It  appears  that 


rhf 


w: 


-length  of  the  incident  waves  is  too  large  to 


resolve  the  discontinuities  in  the  profile.  Our  scheme  attempts  to  reconstruct  a  band-limited 
version  of  the  real  profile.  This  observation  is  in  agreement  with  that  of  [18,  p.310],  which  states 
that  the  expected  resolution,  using  the  Ra\leigh  criterion,  is  about  half  a  wavelength.  We  have 
also  performed  an  additional  experiment  with  30  transmitters  and  30  receivers  (  /  =  /  =  30),  but 
we  did  not  obtain  higher  resolution.  Therefore  we  nave  penormed  some  more  e.xperiments  with 
smaller  wavelengths,  viz.  d/X=2  and  d/\  =3.  The  reconstructed  profiles  are  presented  in 
Figs.  9  and  10,  respectively.  W’e  indeed  see  that  for  decreasing  wavelengths  a  higher  resolution 
is  obtained:  however,  we  observe  a  phenomenon  similar  to  the  Gibbs  phenomenon  in  the 
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the  successive  over-reiaxanon  method  in  the  direct 


problem  for  Configuration  II,  for  <f/A  =  1.2  and  3. 


r:g.  5.  ine  nume.dcal  convergence  of  the  profile  recon¬ 
struction  for  Configuration  II,  for  d/A  =  1,  2  and  3. 


approximation  of  a  discontinuous  function  by  band-limited  functions:  there  occur  oscillations 
near  the  discontinuities  and  they  increase  for  smaller  wavelengths  and  they  accumulate  close  to 
the  discontinuities.  'This  confirms  that  our  inversion  algorithm  is  strictly  band-limited  and  the 
resolution  is  determined  by  the  wavelength  of  the  incident  waves. 

Data  with  noise 


For  our  latter  example  with  d/X  =  3  w'e  investigate  the  influence  of  noisy  data.  We  have 
added  to  the  data  a  noise  signal  with  maximum  am.plirude  of  1033  of  the  mia.ximum.  amplitude 
of  the  data  at  all  data  points  i  —  1. y  =  1, It  is  observed  that  this  hiah  noise  level  has 
only  a  minor  influence  on  the  reconstruction  process.  In  Fig.  11  we  observe  that  the  profile 
error  Err^^_,  in  the  case  of  data  with  10%  noise  behaves  almost  the  same  as  that  x>ithout  noise, 
while  the  R.M.S.  error  py-  in  the  case  of  noisy  data  is  at  a  very  high  level  (as  it  should  be). 
OuviOuSi,.,  hi  tiic  Cj.Sc  Oi  noiSv  Lijia.  ihe  xv.In.S.  error  is  not  a  realistic  measure  of 


convergence.  In  Fig.  12  the  plots  of  the  reconstructed  profiles  using  noisy  data  are  presented. 
Comparing  Fig.  12  with  Fig.  10.  we  observe  the  influence  of  the  noise  only  after  large  number 
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Fig.  1.  Tns  contrast  profile  for  Configuration  II;  the 
dimensions  of  the  square  domain  are  dx  d;  the  peak 
value  of  the  contrast  is  0.8. 


Fig.  $.  The  reconstructed  profiles  for  Configuration  II. 
when  d  =  \. 


of  iterations.  Since  the  imaginary  pan  of  the  reconstructed  profile  has  to  vanish,  the  noise  is 
clearlyvisible  in  the  reconstructed  imaginary  part  of  the  profile.  We  believe  that  the  band-limited 
properties  of  our  inversion  scheme  make  the  scheme  very  robust  and  not  very  sensitive  to  the 
presence  of  noise  in  the  data.  ' 


As  last  example  we  consider  an  object  that  has  a  complex  contrast  with  a  nonzero  imaginary 
pan.  We  assume  the  profile  function  of  the  object  to  be  defined- inside  a  square  domain  with 
dimensions  of  3A  x  3A.  The  profile  distribution  is  given  as  follows;  inside  a  square  domain  of 
about  A  X  A  the  contrast  is  Xz  0-2i;  outside  this  domain  and  inside  a  square  domain  of 

about  2A  X  2A  the  contrast  is  X:  =  0-3  -j"  0.4i;  outside  the  jatter  domain  the  contrast  vanishes, 
so  that  the  scattering  object  is  indeed  smaller  than  the  square  with  side  3A. 


Fig.  9.  Tne  reconstructed  profiles  for  Configuration  11,  Fig.  10.  Tne  reconstructed  profiles  for  Configuration 
when£f  =  2A.  II.  when  id  =  3A. 


The  square  is  subdivided  into  29  X  29  subsquares.  On  a  circle  of  diameter  6A  around  the 
object  30  receivers  are  located  at  equally  spaced  points,  while  the  object  is  irradiated  by  a 
source  that  is  located  successively  at  each  receiver  location,  hence  /  =  /  =  30. 

.As  in  the  previous  examples  we  first  solve  the  direct  problem  for  this  configuration  by  using 
the  successive  over-relaxation  .method  of  (21)  and  com.pare  the  convergence  of  this  m.ethod  with 
that  of  the  Bom  series.  The  num.erical  results  are  presented  in  Fig.  13.  We  observ'e  that  the 
Bora  series  diverges  while  the  successive  over-relaxation  method  converges  rapidly. 

We  secondly  solve  the  inverse  problem.  The  numerical  convergence  of  the  profile  error 
R.M.S.  error  F;/~  is  plotted  in  Fig.  14  (solid  lines)  and  the  reconstructed 
orO'.iles  are  civ^en  in  Fia.  lo.  .A  few*  hundred  qtp  roT* 

tions.  .Again  it  appears  that  the  algorithm  tends  to  reconstruct  a  band-limited  profile,  because 
the  profile  error  remains  at  a  much  higher  level  than  the  R..M.S.  error. 
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Fig.  11,  Tne  numerical  convergence  of  the  profile  re-  Fig.  12.  Tne  reconstructed  profiles  for  Configuration 
construction  for  Configuration  II,  when  d  =  3A,  from  II,  when  d  =  3A,  from  data  with  lOfF  noise, 

data  with  lOfc  noise  and  without  noise,  respectively. 


Band-limited  profile 


In  order  to  investigate  the  phenomenon  of  band-limitation,  we  appro.xima:; 
profile  by  a  finite  Fourier  series 


me  onema! 


E  E  Xjk  cos  —  !  cos 

;=0A=0  '  -A  - 


ik-v 


where  the  origin  of  the  coordinate  system  is  at  the  center  of  the  object.  The  Fourier  coefficients 
are  easily  determined  from  the  original  discontinuous  profile  shown  in  Fig.  if.  This  new 
profile  is  taken  to  be  a  new  original  profile  and  is  shown'  in  Fig.  16.  Note  that  this  band-limited 
profile  closely  resembles  the  reconstructed  profile  of  Fig.  15  (rz  =  512).  Subsequently,  we 
simulated  measured  data  by  solving  the  foinyard  problem  for  this  given  band-limited  profile. 
'With  these  data  we  use  our  inversion  algorithm  to  reconstruct  this  profile.  The  numerical 
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F;g.  1j.  The  numerical  convergence  of  Bom  series  and  Fig.  14.  The  numerical  converaence  of  the  profile  re 
the  successK'e  over-relaxation  method  in  the  direct  construction  for  Configuration  III. 

problem  for  Configuration  HI  (discontinuous  profile). 


convergence  of  the  errors  are  given  in  Fig.  14  (dotted  lines).  We  observe  that  the  R.M.S.  error 
F;/  -  in  the  reconstruction  of  the  original  discontinuous  profile  is  very  close  to  that  of  the 
band-limited  profile,  but  the  proiiie  error  in  the  reconstructed  band-limited  profile 

decreases  at  a  much  larger  rate.  The  surface  plots  of  the  reconstructed  profiles  for  this 
band-lLmited  case  are  presented  in  Fig.  16.  Comxparing  Figs.  15  and  16  we  see  that  the 
reconstructed  profiles  are  very  similar.  This  supports  the  assertion  that  our  inversion  scheme 
reconstructs  band-limited  appro.ximaiions  of  the  actual  profiles. 


6.  Conclusions 

XU  ir.xuj  yyc  piOposcu  d  iicw  iterative  scfiemc  to  reconstruct  the  constitutive  parameters  of  a 
bounded  inhomogeneous  object  from  scattering  data.  The  scheme  involved  the  simultaneous 
minimization  of  the  error  in  both  the  object  domain  and  the  measurement  domain  in  an 
iterative  w'ay.  The  method  was  formulated  and  tested  in  one-dimensional  problem.s.  scattering 


n  =  2 


n  =  12S 


by  a  slab  at  a  single  frequency,  in  which  the  available  data  are  severely  limited  (back  and 
forward  scattering).  This  limitation  on  the  number  of  data  points  essentially  restricted  the  class 
of  profiles  we  were  able  to  reconstruct  to  constant  and  linear  varying  indices  of  refraction. 

In  the  present  paper  we  have  extended  the  algorithm  to  two  dimensions  wTere  the  number 
of  data  points  which  might  be  utilized  is  greatly  increased,  even  at  a  fixed  frequency',  by  varying 
source  and  receiver  location.  The  essential  features  of  the  algorithm  are  retained.  It  is  still 
based  on  a  successive  over-relaxation  method  for  solving  the  direct  problem  coupled  with  a 
gradient  scheme  for  minimizing  the  error  in  matching  measured  data.  While  the  algorithm  Is 
more  comolicated  in  tnat  a  numocr  oi  vUificrcnt  i.orxam  proolems  corresponoing  lO  a  numoc. 
of  different  incident  waves  are  included,  the  essential  features  are  the  same.  It  still  avoids  the 
need  for  solving  any  forward  problems  at  any  stage  of  the  iteration,  instead  the  accuracy  of  the 
reconstructed  contrast  and  the  associated  field  are  increased  gradually.  .A.  number  of  numerical 
examples  have  been  presented  which  indicate  that  the  algorithm  is  very  effective  in  reconstruct¬ 
ing  complex-valued  spatially  varying  contrasts  in  cases  where  the  successive  over-relaxation 
method  produces  rapidly  convergent  solutions  of  the  direct  problem.  The  fact  that  the  success 
of  the  reconstruction  depends  on  successive  over-relaxation  rather  than  convergence  of  the 
Bom  series  means  that  it  is  applicable  to  a  wider  range  of  contrasts  and  frequencies  than  other 
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Bom-based  inversion  methods.  Tne  limits  on  the  magnitude  of  the  contrast  that  can  be 
reconstructed  using  this  method  are  still  to  be  explored.  We  expect  that  a  necessar.'  but  not 
sufficient  constraint  on  the  contrast  is  that  the  successive  over-relaxation  method  must 
effectively  solve  the  forward  or  direct  problem.  However,  if  a  more  sophisticated  forward  solver 
were  incorporated  into  the  algonthm,  then  even  wider  ranges  contrasts  and  frequencies  could 
be  accommodated,  see  e.g.,  [4],  This  is  one  item  for  future  research.  Another  way  to  possibly 
enhance  the  effectiveness  of  the  method  is  to  build  into  the  scheme  the  distorted  Bom  iterative 
method  [1,20],  but  this  has  yet  to  be  done. 

The  numerical  examples  support  the  contention  that  spatial  variations  much  less  than  a 
wavelength  cannot  be  resoiveo.  Moreover,  the  way  in  which  the  algorithm  is  constructed,  it 
attempts  to  reconstmct  not  the  profile  itself,  but  a  projection  of  the  profile  onto  a  finite-dimen¬ 
sional  space.  This  effectively  imposes  a  band-limitation  on  the  reconstructed  profiles,  which  is 
confirmed  by  the  numerical  e.xamples. 

While  we  have  indicated  a  number  or  limitations  and  possible  avenues  for  future  work,  the 
method  as  it  stands  appears  to  constitute  an  effectwe  tool  for  profile  reconFtructic^. 
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.A  method  fat  reconstructing  the  complex  index  of  refraction  of  a  bounded  inhomogeneous  object 
from  measured  scanered  field  data  is  presented.  The  index  and  the  unknown  fields  within  the  object 
are  simultaneously  reconstructed  in  an  iterative  algorithm.  The  method  is  a  refinement  of  earlier 
work  which  incorporates  a  more  effective  way  to  update  the  unknowns  at  each  stage  of  the  iteration. 
Considerable  efficiency  in  the  algorithm  is  achieved.  Some  numerical  examples  are  given  indicating 
the  limits  on  the  contrasts  which  can  be  reconstructed.  These  limits  show  that  the  range  of  contrasts 
that  may  be  reconstructed  is  extended  over  that  achievable  with  the  earlier  work. 


INTRODUCTION 

In  previous  work  [Kleinman  and  Van  den  Berg, 
1992]  we  presented  a  novel  method  for  solving  the 
inverse  scattering  problem  of  reconstructing  the 
index  of  refraction  of  an  unknown  scatterer  from  a 
knowledge  of  the  field  scattered  wfien  the  object  is 
illumiinated  successively  by  a  number  of  diS'erent 
excitations.  Pne  method  w'as  inspmed  by  the  suc¬ 
cess  of  iterative  solutions  of  the  direct  scattering 
p.robiern.  and  indeed,  these  iterative  methods 
played  a  crucial  role  in  the  inversion  algorithm.  The 
method  consists  of  casting  the  inverse  rroblem.  as 
an  optimization  problem  in  which  the  cost  func¬ 
tional  is  the  sum  of  two  terms;  one  is  the  defect  in 
miatchung  measured  field  data  with  the  field  scat¬ 
tered  by  a  body  with  a  pardcular  index  of  refrac¬ 
tion.  and  the  second  is  the  error  in  satisfying  the 
equations  of  state,  a  system  of  integral  equations  for 
the  field  due  to  each  excitation.  The  index  and  the 
fieids  are  updated  by  a  linear  iterative  method  in 
which  the  updating  directions  are  weighted  by  pa¬ 
rameters  which  are  determined  by  minimizing  the 
cost  functional.  A  %'arie:y  of  choices  for  the  updat- 
i.ng  dhection  exists,  and  a  relatively  sim^ple  one  has 
been  made  by  Kleinman  and  Van  den  Berg  [1992] 
whuch  sufficed  to  enable  some  remarkable  recon- 
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structions.  In  the  present  paper  we  describe  a  more 
sophisticated  choice  of  updating  directions  which 
results  in  a  much  more  efficient  algorithm,  with  an 
iteration  count  reduced  by  approximately  a  factor 
of  4.  With  this  more  advanced  algorithm  we  analyze 
the  limits  of  reconstructibility  in  terms  of  both 
object  size  and  the  magnitude  of  refraction  index  in 
some  two-dimensional  examples,  and  the  results  of 
this  analysis  are  presented.  RoughJy,  the  upper  limit 
of  reconstructibility  is  fou.nd  to  be  kd'x-ix'  ~ 
where  k  is  the  wavenumber,  d  is  the  object  diameter 
and  is  the  maximum  absolute  value  of  the 

contrast  In  terms  of  the  index  of  refraction  n,  x  = 

n~  —  This  problem  of  reconstruction  of  the  index 
of  refraction  has  been  attached  by  a  number  of 
dinerent  m.ethods.  The  most  notable  numerical  re¬ 
sults  are  given  by  Chew  and  Wang  [1990]  and 
Colton  and  Monk  [1992]  for  real  refractive  index, 
and  by  Joachimowicz  et  al.  [1991]  and  Habashy  et 
al.  [1992]  for  complex  refractive  index.  Additional 
references  are  given  by  Kleinman  and  Van  der. 
Berg  [1992].  Uniqueness  for  the  problem  of  recon¬ 
structing  the  index  of  refraction  from  scattered  field 
data  has  been  proven  by  Isakov  [1990]  if  the  scat¬ 
tered  field  is  known  in  all  directions  for  plane  wave 
incidence  from  ail  directions  at  a  single  frequency,  a 
situation  which  is  approxLmated  in  the  present  case. 

In  this  paper  we  wiU  briefly  review  our  inversion 
algorithm  and  refer  the  reader  to  Kleinman  and  Van 
den  Berg  [1992]  for  more  details.  Major  emphasis 
w'ill  be  placed  upon  the  new'  choice  of  update 
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directions  and  numericaJ  experiments  that  probe 
the  limits  of  applicability  of  the  algorithm. 

DESCRIPTION  OF  THE  1AVO-DIMENSIONAL  PROBLEM 

Assume  that  a  two-dimensional  inhomogeneous 
obstacle  D  is  irradiated  successively  by  a  number  of 
knowii  incident  fields  /  =  1,  •  •  •  ,  /.  For  each 
excitation  the  direct  scattering  problem  may  be 
reformulated  as  the  domain  integral  equation; 

-  G£);r“i(p)  =  pG-D.  (1) 

where 


F—  1 1  inc  r  I  j  2  .  / 

D.l  “  ii  £)’ 

where  the  subscripts  S  and  D  are  included  in  the 
norm  !|  •  || ,  and  later  the  inner  product  ( • .  • )  in  L' 
indicates  the  domain  of  integration.  Rather  than 
seek  X  to  minimize  the  data  error  subject  to  the  state 
error  as  a  constraint,  we  combine  these  two  error 
measurements  into  one  normalized  cost  functional; 

/  I 

;■=  1  i=  1 


<^nA“i(p)  =  I  G(p,  q)A(q)“i(q)  p  e£>,  (2) 

Jd 

and 

G(p,  q)  =  7  -  qi).  (3) 

Here  u;  is  the  total  field  corresponding  to  the 
incident  field  uj"',  k  is  the  wavenumber,  x  is  the 
complex  contrast  (x  =  n'  -  1,  where  n  is  the  index 
of  .refraction),  and  p  and  q  are  position  vectors.  G{p. 
cj  is  the  free-space  Green's  function  in  two  dunen- 
sions.  The  inversion  algorithm  holds  equally  well  in 
tliree  dimensions  with  appropriate  choice  of  GH'p, 
q).  Gd  is  an  operator  mapping  L-(D)  (square  inte- 
grable  functions  in  D)  into  itself.  If  5  is  a  surface 
enclosing  D,  then  the  scattered  field  ul^'  on  5  is 
given  by  G^x^i,  where  Gs  is  the  same  operator 
defined  in  (2),  except  the  field  point  p  now  lies  on  5. 
Hence  G5  is  an  operator  mapping  L'(Z))  into  L‘(5). 
We  assume  that  is  measured  on  5  and  denote 
^y//(p)>  P  G  S,  the  measured  data  for  each  excita¬ 
tion  f,  /  =  1,  •  •  • ,  /.  The  profile  inversion  problem  is 
that  of  finding  for  given /,-,  or  solving  the  equations 

G5A“:(p)  =/,(p)-  pe5.  i=  I,  ■■■.!,  (4) 

fcr  ,:;^,  subject  to  the  additional  condition  that  and 
X  satisfy  (1)  in  D  for  each  i.  Thus  there  are  two  error 
measurements  involved;  the  first  is  the  defect  in 
matching  the  measured  data  in  i;(5);  namely, 

CT  _  II V  -  /  rs 

^  S.i  -  lUi 


inci!- 
‘i  110 


;‘=I 


'■  s  - 


(8) 


If  the  data  f;  originate  from  an  actual  scattering 
problem,  then  there  exists  x  u;  in  LiiD)  for 
which  F  vanishes.  In  practice,  we  approximate  x 
and  Uj  in  subspaces  of  L~{D),  and  hence  the  guiding 
principle  is  to  seek  A^d  i/,-  simultaneously  in  a  way 
which  mdnimizes  F. 


INVERSION  ALGORITHM 

Tne  basic  idea  underlying  the  inversion  algorithm 
IS  tc  inccrporEtw  th-  idw3.s  of  2.  £r3disrit  tv’Ow  c*' 
algorithm  to  iteratively  solve  the  direct  scattering 
problem  together  with  a  similar  algorithm  for  solv¬ 
ing  the  iU-posed  inverse  problem.  Specifically,  we 
propose  the  iterative  construction  of  sequences 
{u:^}  and  as  follows: 

".A  =  -  ar.~!.r.,  Xn  =  An-1 

n  =  1,  2  •  •  •  .  (9) 

Pne  functions  v-.  ,.  and  d.  are  update  directions  for 
the  functions  u:,.  and  Xn’  respectively,  while  the 
parameters  orj,  and  are  weights  to  be  determined. 
The  residual  errors  at  each  step  in  the  state  equation 
and  data  equation  are  denned  as 

An  =  -  irj.jUi,n-  Pi.r.  =fi  "  GsXrXi.r..  dO) 

and  the  value  of  the  cost  functional  at  the  nth  step  is 

/  / 

Fn  =  2  lAniii)  -  "'5  2  ilpl.Jii. 

.=  1  /=! 


and  the  second  is  the  error  in  the  state  equation  in 

LziD) 


(11) 
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Following  Kleinman  and  Van  den  Berg,  [1992]  the 
values  of  the  parameters  a„  and  /3„  are  determined 
by  requiring  to  be  a  minimum.  This  leads  to  two 
nonlinear  complexly  valued  algebraic  equations 
which  we  write  implicitly  as 

/ 

;=  1 

! 

-  GsXr.-\^Ln  ^  ^  sd.Vi,r.)  S  =  0-  (12) 
i=I 

/ 

2  ^’"i.r.^GodnUi^r.-]  et  p  d  „V  p 

1=1 

/ 

-  Gsd„Ui,n-:  9-  a„Gsdryi,n)s  =  0.  (13) 

I- 1 

where  the  residuals  satisfy  the  recursive  relations 

’’i.n  =  G.«-l  ~  +  j3 r.Godr.Ui.„-\ 

-  a„Pr.GDdry:.r.,  d'^) 

P:.r.  =  P:.r.-\  -  '^rGsXr.-l-':.r.  ”  P  r.G  sd  .U [ 

~  ^■r.PrGsdryi.r.-  (13) 

Substitution  of  these  expressions  in  (12)  and  (13) 
results  in  two  equations  involving  terms  determined 
at  the  O':  -  I)st  step,  the  directions  d„  and  i; and 
the  two  parameters  a„  and  /3„.  Once  the  directions 
d^  and  u,- „  are  chosen,  we  have  nonlinear  algebraic 
equations  in  a.  and  13.,  and  the  solution  of  these 
equations  is  accomplished  using  the  Fleicher- 
Reeves-Polak-Ribiere  conjugate  gradient  method 
[Press  et  al.,  1986],  The  starting  value  for  a„  is 
obtained  by  taking  =  0  and  minimizing  F„,  while 
the  starting  value  for  p,.  is  found  by  setting  =  0 
and  again  minimizing  T,; .  This  procedure  retains  the 
nonlinear  character  of  the  problem  at  each  step  in 
contrast  with  ether  iterative  treatments  that  linear¬ 
ize  the  problem  at  every  stage  [e.g.,  Roger,  1981]. 
The  essential  ingredients  remaining  are  the  initial 
choices  and  the  update  directions. 

iNiTLvL  oLEss  AND  CORREC'iiO.N  uiRECnONS 

In  our  previous  treatment  of  this  problem  [Klein¬ 
man  and  Van  den  Berg,  1992]  we  chose  ;^o  “  0 


UjQ  =  The  update  direction  for  the  field  was 
directly  adapted  from  the  successive  overrelaoiation 
method  for  solving  the  direct  problem  with  known 
contrast  [Kleinman  and  Van  den  Berg,  1991]  to  be 
and  the  update  direction  for  the 
contrast  was  chosen  to  be  the  gradient  of  the  error 
in  the  measured  data  at  the  previous,  (n  —  l)st, 
step.  In  the  present  work  we  refine  these  choices 
considerably.  As  the  result  of  many  numerical  ex¬ 
periments  it  was  found  that  substantial  advantage 
could  be  gained  by  first  reconstructing  a  best  pos¬ 
sible  constant  contrast,  even  when  the  contrast  in 
reality  was  variable.  Thus  the  algorithm  was  split 
into  two  stages,  or  more  precisely,  the  algorithm 
was  run  twice,  first  to  determine  the  constant;^‘“^^ , 
using  =  I,  and  the  associated  fields  then 

using  these  initial  values  in  the  algorithm  to  obtain 
the  final  values  of  xn  The  update  directions 

were  chosen  in  different  ways  depending  on  how 
rapidly  corrections  were  occurring,  the  idea  being 
that  simpler  directions  should  be  used  when  possi¬ 
ble.  This  resulted  in  significant  reductions  in  com¬ 
putational  time. 

Specifically,  we  proceed  as  follows.  Define  the 
normalized  change  in  the  field  by 


To  determine  the  initial  values,  we  set  an  arbitrary 
switching  criterion  s  and  run  the  algorithm  of  (9) 
with  ~  0-  ^.7*0“^  “  T  and  = 

until  <  s,  then  switch  the  definition  of 

V;,;,  to 

1 

X  Ft.n-^D 

f=l 

_  '■}  .  V  ^  V  _  _ 

Q  un  y  n 


with  the  gradient 

9ln  =  '^n(G.r.-!  -  Xr.-\Gor:,^.,,)  -  H’r  y  ,  _  .  Gc  p  . 

where  the  overbar  denotes  complex  conjugate,  and 
Gs  is  a  map  from  L'iS)  to  L~{D).  Tne  choice  of  the 
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direction  in  (17)  and  (18)  is  the  Polak-Ribiere 
conjugate  gradient  direction  [Brodlie,  1977],  assum¬ 
ing  the  contrast  does  not  change.  Continue  this 
algorithm  until  we  again  achieve  <  e.  The 
resulting  values  are  taken  as  and 

each  step  the  constants  and  /3„  are  determined  as 
described  above.  In  our  computations  we  choose 
£  =  0.01;  however,  this  is  arbitrary,  and  other 
choices  could  be  made.  No  attempt  was  made  to 
find  the  optimal  e,  one  that  minimizes  the  number  of 
iterations. 

With  these  initial  choices  we  run  the  algorithm  of 
(9)  with  as  in  (17)  and  (18),  and  is  taken  in 
one  of  the  two  ways:  if  >  £,  then  is  taken  to 
be  the  gradient  direction  assuming  that  the  fields  do 
not  change;  that  is, 


; 

;«1 


-r  2  Uij^^lGsPu- 


(19) 


whereas  if  £„-i  <  s,  we  use  the  Polak-Ribiere 
conjugate  gradient  direction  [Brodlie,  1977] 


9  fi  '  7/i^n- 1  j 


7«  = 


I ^d  \ 

<0-,  g.  —  g--')r_ 
W.i  11 2 


(20) 


Continue  the  iteration  until  ei±er  .meets  a  preset 


considered  we  were  able  to  drive  the  normalized 


error  F ^  below  1.5%  before  it  ceased  changing  with 
rurther  iterations. 

It  should  be  pointed  out  that  the  choice  of  the 
update  directions  described  here  is  geared  to 
achieving  reconstructions  for  hizh  contrasts.  When 
the  contrast  is  low,  not  only  is  it  unnecessary  to  use 
the  sophisticated  update  directions  for  the  field 
given  by  (17)  and  (18),  it  is  actually  beneficial  to  use 
the  simpler  update  direction  of  the  successive  ove.^- 
reiaxation  method  for  solving  the  direct  problem. 
The  update  directions  for  the  contrasts,  however, 
should  stdl  be  chosen  as  in  (19)  and  (20).  .An 
explanation  tor  this  behavior  is  that  for  low  con¬ 
trasts  the  first  few  iterations  in  the  successive 
overrelaxation  method  for  solving  the  field  equation 
converges  faster  than  the  corresponding  number  of 
iterations  in  the  conjugate  gradient  method.  Thus 

*c.'  corrcciioni  in  ihc  ncld  b^scu  on 

the  overrelaxation  method  are  preferable  to  those 
based  on  the  conjugate  gradient  methods.  What 
constitutes  a  "low”  contrast  is  determined  by  the 


rapidity  of  convergence  of  the  overrelaxation 
method  for  solving  the  direct  problem.  In  the  in¬ 
verse  problem,  such  information  may  not  be  avail¬ 
able,  in  which  case,  tests  may  have  to  be  run  using 
both  choices  for  the  field  updates. 

.NU.MERIC.AL  EX.AMPLES 

In  actual  numerical  examples  a  discrete  form  of 
the  algorithm  was  used.  In  these  examples  it  was 
assumed  that  the  unknown  scatterer  was  located 
entirely  within  a  test  square  of  known  dimension, 
although  knowledge  of  the  precise  location  within 
the  test  square  was  not  assumed.  This  test  square 
was  panitioned  into  J*  equal-sized  subsquares,  and 
the  integrals  over  the  domain  D  in  the  algorithm 
were  all  carried  over  this  test  square.  The  position 
of  the  actual  scatterer  is  determined  as  the  support 
(nonzero  values)  of  the  reconstructed  contrast.  The 
domain  integrals  were  approximated  by  assuming 
that  the  contrast  and  fields  were  constant  on  sub- 
squares.  The  resulting  integrals  over  subsquares 
were  approximated  by  integrals  over  circles  of 
equal  area,  winch  were  calculated  analyticaiiv 
[Ricr.Tv.ond,  1965],  The  discrete  spatial  convolu¬ 
tions  of  the  G£)  operators  w'ere  computed  using  .fast 
Fourier  transfo.rm  .routines  [Van  den  Berg,  198-1. 

The  measurement  sun'ace  5  was  chosen  to  be  a 
circid  concs-ining  iht  isst  dornsin.  Ths  iriCiCw""' 
fields  were  chosen  to  be  line  sources  parallel  to  the 
axis  of  the  scatterer  considered  as  a  cylinder  in  31  ri 
These  sources  were  taken  to  be  equally  spaced  on 
the  measurement  circle,  and  the  source  locations 
were  also  chosen  as  discretization  points  on  the 
circle.  .Ail  integrals  on  5  were  appro.ximated  bv 
point  coUocation  at  the  discretization  points,  that  is. 
the  rectangular  rule  with  the  integrand  evaluated  at 
the  end  point.  The  measured  data  w'ere  simulated 
by  solving  the  direct  scattering  problem  with  a 
conjugate  gradient  method  [Van  den  Berg,  1984]. 
The  forward  solver  was  run  until  a  residual  error 
criteria  of  10  was  met;  that  is,  n  was  taken  iarze 
enough  so  that  I,Ci  ||r,.  J|  <  10"’°.  This  inveV 
sion  method  is  illustrated  in  a  number  of  examples. 

In  the  first  two  examples  the  test  square  was  d  = 
3A  on  a  side  and  was  divided  into  29  x  29  sub¬ 
squares  {J  =  29).  The  measurement  surface  was  a 
circle  of  radius  3 A.  there  were  30  measurement 
stations  equally  spaced  on  the  circle,  each  of  which 
seiw'ed  in  turn  as  the  location  of  a  line  source  (/  = 
30). 


KLEINMAN  AND  VAN  DEN  BERG:  A  MODIFIED  GR.ADIENT  TECHNIQUE  FOR  PROFILE  INVERSION 


8S1 


In  ihe  first  example  the  actual  profile  was  iaho- 
mogeneous  and  complex,  consisting  of  a  square  of 
dimension  A  x  A  with  contrast  x  —  0-6  2i, 

surrounded  by  a  larger  square,  2 A  x  2A  with  con¬ 
trast  ;r  =  0.3  —  0.4(.  Outside  of  this  square  the 
contrast  was  zero,  so  that  the  scattering  object  wtis 
smaller  than  tne  test  square,  ihe  actual  protiie  is 
shown  in  Figure  1.  This  example  was  also  treated 
by  Kleinman  and  Van  den  Berg  [1992],  who  used 


the  earlier  approach.  Here  we  use  the  aigonthm 
described  in  the  present  paper.  .A.  constant 
was  first  found  using  d„  =  1  until  £„  <  0.01.  Then, 
the  Polak-Ribiere  directions  (19)  and  (20)  were 
employed.  The  field  update  directions  were  always 
chosen  to  be  those  of  the  successive  overrelaxation 
method,  i.'/„  =  as  the  contrast  was  suffi¬ 

ciently  low  so  that  the  Polak-Ribiere  directions  (17) 
and  (18)  ware  not  needed.  The  results  of  the  recon- 
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r;a  =  0.002 

Fig.  2l  Reconstiuction  of  real  contrast;  limiting  case  of  W  =  6sr  and  =  I;  30  stations. 


ing  point  is  indicated.  After  128  iterations,  when 
Fi2s  -  0.004,  a  reconstructed  profile  was  obtained 
which  required  about  512  iterations  using  the  earlier 


scheme.  Tiias  the  new  denniiion  of  the  update 
directions  for  the  contrast  resulted  in  a  savings  of 
approximately  a  factor  of  4  in  iterations. 

In  our  second  example  we  considered  a  higher 
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Fig.  3.  Reconstruction  of  real  contraLSt;  limiting  cases  of 
=  6-Z-;  20  stations. 


ma.xiT.'jm  con'J^st  so  that  Ae  Pclak-Ribiere  direc¬ 
tions  were  used  in  bouh  field  and  contrast  updates. 
The  actual  profile  v/as  sinusoidal  in  both  x  and  y, 

—  Sin  {77x/d')  sin  {TTr/d')  for  0  .x.  y  <0  ti  =  oA,  so 

that  kd.Xmzxi  -  6-  The  actual  profile  and  the 
rscouSiruction  sxs  sno»*'''ri  in  I'i^urc 
the  simplest  scheme  in  which  we  use  the  field 
update  directions  of  the  successive  overrelaxation 
method  (SOR  in  Figure  2)  =  /■/_„_],  and  the 

constant  conu-ast  update  directions  d„  =  1.  As 
shown  in  Figure  2,  this  simplest  scheme  was  used 
until  n  =  ?.  Then  with  a  switching  criterion  of  s  ~ 
0.01  the  Poiak-Ribiere  directions  were  used  only  for 
the  field  updates  until  n  =  32  after  which  they  were 
used  to  update  both  field  and  contrast.  Tne  original 
contrast  was  well  constructed  after  128  iterations  at 
which  point  the  cost  functional  had  a  value  of  F 
=  O.C1O2.  Experiments  with  higher  values  of 
indicated  that  the  algorithm  failed  to  reliably  recon¬ 
struct  the  profile. 

Additional  examples  were  investigated  to  deter¬ 
mine  how  object  size  and  individually  influ¬ 

ence  the  reconstruction,  as  the  amount  of  data 
diminishes.  In  these  examples  the  test  square  was 
still  di'.'ided  into  25  x  25  sub:>quai'cs,  tiic  prorue  w'as 
still  sinusoidal,  with  y  =  sin  {"id)  sin  {-ryld), 
and  A'dlyrnaxl  “  6”  However,  three  different  pairs  of 


values  of  test  square  dimension  d  and  were 

tested;  (1)  d=  3A,  =  1,(2)  d  =  \.  =  3,  and 

(3)  d  =  0.3A,  ;t'rT’.ax  ~  '0.  Moreover,  the  number  of 
source  and  receiver  stations  was  reduced  to  20, 1  = 
20.  For  each  case  the  full  method  was  e.mployed 
using  a  switching  criterion  of  s  —  0.01.  The  results 
after  128  iterations  are  shown  in  Figure  3.  They 
show  that  the  loss  of  data  causes  most  instability  at 
the  shorter  wavelengths,  whereas  spatial  resolution 
diminishes  at  longer  wavelengths.  In  obtaining  the 
results  in  Figure  2  wdth  30  stations  and  those  of 
Figure  3  for  if  =  3A.  Xm^x  =  R  >1  found  that  56 
iterations  were  needed  to  obtain  the  initial  guess  for 
the  case  with  20  stations,  while  38  were  needed  with 
30  stations.  Moreover,  the  values  of  the  functional 
in  (II),  which  was  to  be  minimized  were  Fi2g  = 
0.013  for  /  =  20  and  Fj28  =  0.002  for  /  =  30,  almost 
a  factor  of  10  smaller. 

CONCLUSIONS 

An  iterative  method  for  complex  profile  recon¬ 
struction  has  been  considerably  refined  to  achieve 
significantly  greater  efficiency.  These  refinements 
have  been  described,  and  the  Imiits  01  me  new 
algorithmi  have  been  tested.  The  method  combines 
the  features  of  successive  overrelaxation.  gradient, 
and  conjugate  gradient  methods  to  minimize  a  func¬ 
tional  consisting  of  normalized  errors  in  satisfying 
the  field  equation  and  the  e.rror  in  matching  tire 
measured  data.  The  field  equation  sen-'es  as  the 
regularizer  for  the  ill-posed  problem  finding  a  func¬ 
tion  in  L^iD)  to  minimize  the  error  in  solving  (A). 
The  nonlinear  optimization  problem  is  not  Linear¬ 
ized;  however,  the  two  components  of  the  func¬ 
tional  in  (7)  are  treated  somewhat  separately.  Tne 
algorithm  was  constructed  to  delay  large  changes  in 
the  contrast  until  the  field  was  somewhat  stable. 
This  was  the  motivation  for  the  separate  treatment 
of  the  initial  guesses  as  w'ell  as  the  subsequent 
switching  in  the  algorithm  based  on  the  magnitude 
of  the  change  in  consecutive  appro.ximations  of  the 
field.  £„.  Tne  numerical  results  presented  here,  as 
well  as  additional  experiments  indicate  that  the 
algorithm  successfully  reconstructs  complex  con¬ 
trasts  for  <  6-rr.  To  achieve  reconstructions 

for  large  values  of  Xrr^^  low-frequency  measure¬ 
ments  will  not  suffice  to  give  reasonable  resolution. 
Fuaher  work  is  directed  towara  extencing  tne 
method  to  include  measurements  at  more  than  one 
frequency  to  accommodate  larger  contrasts.  The 
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algorithm  appears  to  be  stable  with  respect  to  noise. 
We  checked  the  effect  of  introducing  random  noise 
equal  to  10%  of  the  maximum  value  of  the  data.  The 
algorithm  was  run,  and  at  each  iteration  the  real  and 
imaginary  parts  of  the  contrast  were  set  equal  to 
zero  if  negative  values  were  obtained.  The  recon¬ 
structed  profiles  displayed  a  noisy  distortion 
roughly  equivalent  to  the  magnitude  of  the  noise. 
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Abstract.  A  method  for  reconstructing  the  location  and  the  shape  of  a  bounded 
impenetrable  object  from  measured  scattered  field  data  is  presented.  The  algorithm  is, 
in  principle,  the  same  as  that  used  for  reconstructing  the  conductivity  of  a  penetrable 
object  and  uses  the  fact  that  for  high  conductivity  the  skin  depth  of  the  scatterer  is 
small,  in  which  case  the  only  meaningful  information  produced  by  the  algorithm  is  the 
boundary  of  the  scatterer.  A  striking  increase  in  efficiency  is  achieved  by  incorporating 
into  the  algorithm  the  fact  that  for  large  conductivity  the  contrast  is  dominated  by  a 
large  positive  imagmary  part.  This  fact,  together  with  the  knowledge  that  the  scatterer 
is  constrained  in  some  test  domain,  constitute  the  only  a  priori  information  about  the 
scatterer  that  is  used.  There  are  no  other  implicit  assumptions  about  the  location, 
connectivity,  convexity,  or  boundary  conditions.  Some  refinements  of  the  algorithm 
which  reduce  the  number  of  points  at  which  the  unknown  function  is  updated  are 
incorporated  to  further  increase  efficiency.  Results  of  a  number  of  numerical  examples 
are  presented  which  demonstrate  the  effectiveness  of  the  location  and  shape 
reconstruction  algorithm. 


Introduction 

.Among  the  many  inverse  problems  of  current 
interest  there  are  two  general  classes  of  primary 
concern  in  acoustics;  eieciromagnetics  and  seis- 
mics.  One  class  involves  the  determination  of  the 
constitutive  parameters  of  a  penetrable  scatterer 
(e.g.,  local  sound  speed,  index  of  refraction,  con¬ 
ductivity),  while  the  second  class  is  concerned  with 
determining  the  shape  of  the  boundary  of  an  impen¬ 
etrable  scatterer.  Ln  both  cases  the  location  and 
orientation  of  the  scatterer  is  also  of  interest.  The 
data  from  which  these  reconstructions  are  at¬ 
tempted  consist  of  a  knowledge  of  how  the  object 
perrurbs  known  exciting  fields  at  points  exterior  to 
the  object.  WTien  the  exciting  field  is  one  or  more 
incident  waves  it  is  standard  to  use  a  knowledge  of 
whether  the  object  is  penetrable  or  impenetrable  as 
a  priori  information  in  designing  reconstruction 
algorithms.  Even  when  the  methods  stem  from  the 
same  mathematical  approach  such  as  the  use  of 
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complete  families  [Angeil  et  ai.,  1986,  1989]  or 
Herglotz  wave  functions  [Collar,  and  Monk.  1987: 
Colton  and  Kress.  1992],  the  algorithms  specifically 
mcorDomite  information  as  to  w-hether  the  sca.tterine 


object  is  penetrable  or  not. 

The  present  paper  describes  a  method  for  recon¬ 
structing  the  location  and  shape  of  the  bounda.--  of 
an  impenetrable  object  without  .making  the  a  priori 
assumption  of  impenetrability.  In  fact,  the  algo¬ 
rithm  is  precisely  the  same  as  that  used  for  recon¬ 
structing  the  conductivity  of  a  penetrable  object  and 
uses  the  fact  that  for  high  conductivity  the  skin 
depth  of  the  scatterer  is  small,  in  which  case  the 
only  meaningful  information  produced  by  the  algo¬ 
rithm  is  the  boundary  of  the  scatterer. 

This  w'ork  is  a  further  development  of  the  method 
described  by  Kleinman  end  Van  den  Berg  [1992]  for 
reconstructing  the  complex  index  of  refraction  of  an 
unknown  scatterer  from  a  knowledge  of  the  field 
scattered  when  the  object  is  illuminated  succes¬ 
sively  by  a  number  of  different  excitations.  The 
method  consists  of  casting  the  inverse  problem  as 
an  opiimi/Aiion  problem  Ln  which  the  cost  func¬ 
tional  is  the  sum  of  two  terms;  One  is  the  defect  in 
matching  measured  (actual  or  synthetic)  field  data 
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v.'ith  the  field  scattered  by  a  body  with  a  particular 
index  of  refraction,  and  the  second  is  the  error  in 
satisfying  the  equations  of  state,  integral  equations 
for  the  field  produced  in  the  body  by  each  excita¬ 
tion.  The  index  and  the  fields  are  each  updated  by  a 
linear  iterative  method  in  which  the  updating  direc¬ 
tions  are  weighted  by  parameters  which  are  deter¬ 
mined  by  minimizing  the  cost  functional.  A  simple 
choice  for  the  updating  directions  was  made  by 
Kleinman  and  Van  den  Berg  [1992]  which  sufficed 
to  enable  some  remarkable  reconstructions.  A  more 
sophisticated  choice  of  updating  directions  was 
described  by  Kleinman  and  Van  den  Berg  [1993] 
which  resulted  in  a  more  efficient  algorithm.  This 
algorithm  was  tested  to  determine  its  limits,  and  a 
rough  estimate  of  the  upper  limit  of  reconstructibO- 
ity  was  found  to  be  kd\y;„,^\  =  6—,  where  k  is  the 
wavenumber,  d  is  the  diameter  of  the  domain  of 
investigation,  and  Itt'maxl  is  the  maximum  modulus 
of  the  contrast  x  defined  in  terms  of  the  index  of 
refraction  tobe;^'=:  n~  —  1.  This  limit  was  deter¬ 
mined  from  examples  of  contrasts  with  nonzero  real 
pan  and  is  definitely  dependent  on  the  algorithm,  as 
is  clear  since  in  this  paper  we  show  that  by  changing 
s.onsiderabIe  higner  contrasts  are 

reconstructed. 


Consider  the  scattering  object  to  be  an  inhomo¬ 


geneous  lossy  dielectric  cylinder  with  relative  per¬ 
meability  equal  to  one  and  of  arbitrary  cross  section 
unocGGciQ  m  trds  spscc.  VVocn  thw  incidenc  cxcics.- 
tion  consists  of  electromagnetic  waves  with  the 
electric  vector  E  polarized  along  the  cylinder  axis, 
then  the  contrast  is  given  by  -  1  -  iaiaeQ, 

where  is  the  relative  permittivity  of  the  object,  a 
is  the  conductivity,  sg  is  the  free  space  permittivity, 
Gnd  CO  13  the  GG^uJsr  (tunc  factor  is  cxd 


{-iwt)).  No  attempt  was  made  to  incorporate  the 
information  that  and  cr/weg  are  normegative  quan¬ 
tities  into  the  previously  described  algorithm.  Re¬ 
cently,  Hebasky  et  cl.  [1992,  1994]  d^emonstrated 
that  by  explicitly  incorporating  this  a  priori  infor¬ 
mation  into  a  dicerent  algorithm,  contrasts  consid- 
eraciv’  higher  than  ka\x!^^\  ~  could  be  recon¬ 
structed.  In  the  present  paper  we  combine  this  idea 
of  enforcing  positivity  together  with  the  physically 
motivated  approximation  that  for  large  o/weg,  x  ~ 
icr'cusQ  even  f  e,  =  I,  to  modify  our  algorithm 
appropriately.  This  new  algorithm  is  tested  using 
synthetic  data  and  is  shown  to  be  extremely  effec¬ 
tive  in  reconstructing  the  location  and  the  boundary 
of  the  scatterer.  The  details  of  the  method  are  given 


by  Kleinman  and  Van  den  Berg  [1992],  and  here  we 
will  present  only  the  essential  steps  and  include  the 
changes  needed  to  enforce  the  a  priori  positivity 
constraint. 


Description  of  the  Two-Dimensional 
Problem 

Assume  that  a  two-dimensional  conducting  ob¬ 
stacle  D  is  irradiated  successively  by  a  number  of 
known  incident  fields  ,  j  =  1,  •  •  •  ,  /.  For  each 
excitation  the  direct  scattering  problem  may  be 
reformulated  as  the  domain  integral  equation 

Z.(j.)Uj(p)  :=  u,.(p)  -  CoXtijiv)  =  p  e  D.  (I) 

where 


CdX‘^j(s>) 


G(p,  q);r(q)i^;(q)  d-j,. 


pED, 


(2) 


and 

G(p- RI  =-fd6''(^'ip- ql)-  (3) 

4 

Ftere  uj  is  the  total  field  corresnonding  to  the 
incident  field  k  is  the  wavenumber,  x  is  taken 
to  be  eo>'aI  to  forrAoi  r  { r-  =  o.--! 

.  ^  ^  ‘2  *'  2  -•  —  -u/5  ' - 'C  - - - 

q  are  position  vectors.  G{p,  q)  is  the  free  space 
Green’s  function  in  two  dimensions.  G^,  is  an 
operamr  mapping  I -(D)  (square  integrable  func¬ 
tions  in  D)  into  itsef.  If  5  is  a  surface  enclosing  D, 
then  the  scattered  field  u/ on  S  is  given  by  GsX^^j 
where  G5  is  the  same  operator  defined  in  (2).  except 
the  field  point  p  now  lies  on  S.  Hence  G5  is  an 
operator  mapping  L'iD)  into  L-{S).  We  assume 
that  uj^"-  is  measured  on  5  and  denoted  byj^-(p),  p  e 
5.  the  measured  data  for  each  excitation  J,  J  = 
I,  •  •  •  ,  J.  The  conductivity  reconstruction  problem 
is  that  of  finding  x  for  given  fj  or  solving  the 
equau'ons 


Gsxujip)  =fj{p),  p  6  5,  y  =  1,  •  •  ■  .  J,  (4) 

for  X,  subject  to  the  additional  condition  that  uj  and 
X  =  *’4-  satisfy  (1)  in  D  for  each  j.  Thus  There  are  two 
error  measurements  involved;  the  first  is  the  defect 
in  matching  the  measured  data  in  LVS),  namely, 

B^s.j  -  ![/)■  - 


(5) 
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and  ihe  second  is  the  error  in  the  state  equation  in 
L.iD) 

F'dj  =  (6) 

where  the  subscripts  5  and  D  are  included  in  the 
norm  i|  •  |i  and  later  the  inner  product  (  •,  • )  in  to 
indicate  the  domain  of  integration.  Rather  than  seek 
to  minimire  the  data  error  subject  to  the  state 
error  as  a  constraint,  we  combine  these  two  error 
measures  into  one  normalized  cost  functional 

j  J 

2/ 

;=i  ;=■! 

(7) 

where 

and  =  f  2  lL61!l  j  • 

(8) 

In  practice  we  approximate  ^  and  uj  in  subspaces  of 
L~{D),  and  hence  the  guiding  principle  is  to  simul¬ 
taneously  seek  4  and  uj  in  a  way  which  minimizes  F. 
The  functional  F^j  is  used  as  the  starting  point  for 
many  inversion  algonthms.  Combming  it  with  Fqj 
as  in  (T)  is  less  common  but  has  been  used  before 
[see  Kieir.rr.an  and  Van  den  Berg,  1992,  and  refer¬ 
ences  therein].  Recently,  Sabbcgh  and  Lautzen- 
heiser  [i993j  used  the  same  runctionai  in  an  inver¬ 
sion  algorithm.  Domain  functionals  have  also  been 
used  in  imoedance  tomography  [e.g..  Wexler  et  al.. 
1985]. 

Inversion  Algorithm 

The  basic  idea  underlying  the  inversion  algorithm 
is  to  combine  a  gradient  type  of  algorithm  to  itera¬ 
tively  solve  the  direct  scattering  problem  together 
with  a  similar  algorithm  for  solving  the  ill-posed 
inverse  problem.  Sabbagh  and  Lau:zenheiser 
[1993]  attempted  to  do  this  fay  constructing  one 
unimowm  vector  consisting  of  all  the  nelds  and  the 
unknow'n  contrast  amd  updating  with  one  gxaujent 
direction  and  one  coefficient.  Our  approach  differs 
in  that  we  update  each  field  and  the  contrast  sepa¬ 
rately.  Specifically,  we  propose  the  iterative  con¬ 
struction  of  sequences  and  {4„}  as  foUows: 

Uj.n  ~  ^j.r.  -  \  ~  ^  n'-'j.r.i  -  (9) 

n  =  1.  2.  •  •  •  . 


For  each  n,  the  functions  and  are  update 
directions  for  the  functions  and  Cn,  respec¬ 
tively,  while  the  complex  parameter  a„  and  the  real 
parameter  are  weights  to  be  determined.  The 
residual  errors  at  each  step  in  the  state  equation  and 
data  equation  are  defined  as 

rj.n  ~  ~~  ,  pjn  —  fj  ~  (10) 

and  the  value  of  the  cost  functional  at  the  nth  step  is 
J  J 

Fn  =  w£,  2  2  (11) 

j-i  J-i 

where  the  residuals  satisfy  the  recursive  relations 

rj,n  ~  rj  „  _  ]  —  ~  n  -  !  -  1 

+  (12) 

Pj.n  =  Pj.n-\  -  “  2  ,  G5  4%  _  1  f  _  j 

-  ^‘^r.Br.Gsir.  -  1  T-.-';.,.  “  /S'Gjf;!';,,.  -  ■ 

-  .W  '13) 

Substitution  of  thtss  ‘sxorsssious  in  (ll"^  results  in 
an  expression  involving  terms  determined  at  the 
(n  -  l)st  step,  the  directions  and  and  the 
two  parameters  a.^.  and  /3„.  Once  the  directions  Ir. 
and  are  chosen  we  have  a  nonlinear  expression 
in  and  j?,,.  As  Kleinman  and  Van  den  Berg  [1992] 
did,  the  values  of  the  parameters  a„  and  are 
determined  by  requiring  F„  to  be  a  minimum.  Tnis 
minimization  of  the  quantity  F„  is  accomplished 
using  the  Fletcher-Reeves-Polak-Ribiere  conjugate 
gradient  method  [Press  et  al.,  1986].  The  starting 
value  for  is  obtained  by  taking  =  0  and 
minimizing  F„,  while  the  starting  value  for  is 
found  by  setting  =  0.  neglecting  the  terms  of  B~ 
and  again  minimizing  F,,.  The  essential  ingredients 
remaining  are  the  update  directions  ly  „  and  and 
the  initial  choices  ujq  and  Co- 

Update  Directions 

As  the  update  direction  for  the  field  we  take  the 
direction 
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^J.n  9j,n~\)D 

_  .j  ,  J  -  I 

3j,n  ■  y n^'j,n  -  1  »  Tn  “  - - -  . 

J 

J- 1 

(14) 

Here  gf  „  is  the  gradient  of  F  (see  equation  (7)),  with 
respect  to  changes  in  the  field  Uj,  evaJuated  at  the 
{n  -  l)st  step,  that  is, 

“  '^’D(^J.n  -  I  ~  ‘in  -  iG^r i^n  -  l) 

~  ‘‘^Sin-lGsPj.n-l,  (15) 


of  We  therefore  cannot  start  the  iterative 

scheme  with  a  zero  estimate  for  ^'q,  and  a  more 
careful  choice  must  be  made. 

Initial  Choice 

The  initial  choice  is  determined  from  a  guess  of 
the  contrast  sources 

=  4'*(q)u,(q),  q  e  D,  (20) 

that  follow  from  the  linear  data  equation 

GsWjip)  =fj(p),  peS.  (21) 


w’here  the  overbar  denotes  complex  conjugate, 

-i(q)  =  k-  G(p,  q)/).„  _  ,  (p)  ,  q  =  D,  (16) 

JD 

and 

^sPj.n  -i(q)  =  k^  G(p,  q)pj_„  _  ,  (p)  qeD.  (17) 

Js 

Go  is  an  operator  mapping  I '(D)  into  itself,  while 
G5  is  a  map  from  I'(5)  loL-(D).  Tne  choice  of  the 
direction  in  (14>-<I5)  is  the  Poiak-Ribiere  con- 

iusate  tmadienr  dir^c*'’-'''”  ’c~~'  ^ _ _ 

the  contrast  does  no:  change. 

As  the  update  direction  for  the  contrast  we  take 
the  direction 


^  5n^  yUn- 


Tn  =  ■ 


(si,  si- si -])d 

"2 

‘iSn  -  liiO 


(18) 


where  p/  is  the  gradient  of  F  with  respect  to 
changes  in  evaluated  at  the  {n  -  l)st  step,  that  is. 


Sr. 


-ir-  I  Im 


2  ^J.n-  lGD''j.r.- 


In  contrast  to  Habashy  et  al.  [1992],  we  do  not 
solve  this  first-kind  integral  equation,  but  we  take 
an  estimate 

^;.o(q)  =  yGsfj{(i).  (22) 

The  constant  y  is  determined  by-  tninimizing  the 
error,  see  (5), 


2  2  i'-b  ^ 

=  1  ; '  1  y  =  I 

(2: 

This  leads  to 


J=  1 

y  =  - .  (24) 

2  ilGsGs/.lll 

J-  1 

With  the  imtial  estimate  for  the  contrast  sources 
yvj  Q,  an  initial  estimate  for  the  fields  Uj  q  foDows 
from  the  state  equation  (2)  as 

u_,-,o(p)  =  wf^(p)  w  Gr,H'yp(p),  p  =  D.  (251 


^  J 

~  2  'L.'--  -  1  GsPj.n  -  I 

j~  1 


(19) 


The  choice  of  the  direction  in  (I8>-(I9)  is  the 
Poiak-Ribiere  conjugate  gradient  direction  [Brodlie. 
1977]  assuming  the  fields  do  not  change.  Note  that 
the  contrast  gradient  p /(q)  vanishes  for  zero  values 


Once  the  initial  estimates  for  the  contrast  sources 
and  the  fields  have  been  determined  an  initial  esti¬ 
mate  for  fre  contrast  (q  (^o  >  0)  foDows  from  a 
minimization  procedure  of  the  error  in  the  constitu¬ 
tive  relationship  (20)  [see  Habashy  et  al..  19941.  For 
the  initial  estimates  this  relation  is  rewritten  as 

Im  [H-^.oiqlu.'oiqj]  =  Co(q)|uy,o(q)|r  (26) 
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In  order  to  meet  this  relation  for  all  j  we  use  the 
ideas  of  Kohn  and  McKenney  [1990]  and  minimize 
the  cost  function 


=  2 
1 


/  1  im  K.oiqli^j.olq)] 
\^o(q)  |i^j,o(q)l 


so(q)l“y,o(q)! 


f  1  {Im  [>^;.Q(q)u;,o(q)]}^ 
[d(q)  l“j,o(q)l^ 


4o(q)h‘.o(q)l^ 


circle  containing  the  test  domain.  We  assume  that 
the  radius  of  this  circle  is  large  enough  so  that  the 
far-field  approximation  of  (4)  may  be  employed,  and 
the  far-field  coefficient  is  the  quantity  of  interest  so 
that  the  dependence  on  the  radius  is  removed.  In 
that  case  the  data  may  be  written  as 

«p('^ipi-'7W  (29) 

and  the  data  equation  (4)  may  be  replaced  by 


—  2  Im 


['^y,o(q)'^yo(q)] 


(27) 


exp  (-:X-p  •  q);t(q.'>“7(q)  dv.  =//(]?),  p  e  5. 


(30) 


Note  that  only  the  first  two  terms  in  the  second 
expression  depend  on  [q.  Minimization  of  this  ex¬ 
pression  yields 


/y  {Im  [H’;-o(q)mo(q)I}-\ 


fo-(q)  = 


I 


2  l“7.o(q)l' 


.  qED.  (28) 


With  the  expressions  of  (25)  and  (28)  the  initial 
estimates  for  u.-  q  and  tg  have  been  determined,  and 
the  iterative  scheme  is  now  completely  defined. 


Numerical  iaxamples 

In  actual  numerical  examples  a  discrete  form  of 
Lhe  algorithm  was  used.  In  these  examples  it  was 
assumed  that  the  unknown  scatterer  was  located 
entirely  within  a  test  square  of  known  dimension 
although  knowledge  of  the  precise  location  within 
the  test  square  was  not  assumed.  This  test  square 
was  partitioned  into  equal-sized  subsquares,  and 
the  integrals  over  the  domain  D  in  the  algorithm 
were  ail  carried  over  this  test  square.  The  position 
of  the  actual  scatterer  is  determined  as  the  support 
(nonzero  values)  of  the  reconstructed  contrast.  The 
domain  integrals  were  approximated  by  assuming 
that  the  contrast  and  fields  were  constant  on  sub¬ 
squares.  The  resulting  integrals  over  subsquares 
were  approximated  by  integrals  over  circles  of 
equal  area  which  were  calculated  analytically  [Rich¬ 
mond.  1965].  The  discrete  spatial  convolutions  of 
the  Gq  operators  were  computed  using  fast  Fourier 
transform  routines  [Van  den  Berg,  1984]. 

The  measurement  surface  5  is  chosen  to  be  a 


where  p  is  the  unit  vector  in  the  direction  of 
observation  and  S  now  denotes  the  space  of  these 
unit  vectors,  the  unit  circle.  Further, //(p)  is  the 
measured  far-field  data.  In  the  examples  we  mea¬ 
sure  the  far-field  at  30  stations  equally  spaced 
around  the  object.  Each  of  the  stations  serves  in 
turn  as  the  location  of  a  source  (7  =  50),  and  the 
incident  fields  can  be  approximated  as  plane  waves. 
All  integrals  on  5  were  approximated  by  point 
collocation  at  the  discreffimticn  points,  that  is,  the 
rectangular  rule  wit.h  the  integrand  evaluated  at  the 
end  point.  The  measured  data  were  sim.ulated  by 
solvmg  the  direct  scattering  problem  for  an  impen¬ 
etrable  circular  cylinder.  The  analytic  solution  in 
terms  of  Bessel  functions  has  been  employed.  Tne 
radius  a  of  this  circular  cylinder  was  0.015  m.  Our 
reconstruction  of  the  location  and  the  shape  of  this 
circular  cylinder  is  illustrated  in  a  nu.mber  of  exam¬ 
ples. 

Example  1 

In  the  first  example  the  test  square  was  divided 
into  31  X  31  subsquares  of  0.003  x  0.003  m^.  The 
wavelength  is  A  =  0.090  m,  so  that  ka  -  m'3.  The 
measured  data  were  calculated  for  the  cylinder  with 
origin  at  the  center  of  the  test  square.  We  then 
solved  the  inverse  problem  using  the  algorithm 
described  in  the  previous  sections,  and  the  error 
is  plotted  in  Figure  1  (solid  line).  .A though  it  is 
very  hard  to  minimize  the  error  in  the  fields  inside 
the  impenetrable  object,  we  are  still  able  to  reach  an 
error  less  than  a  few  percent.  Some  surface  plots  of 
the  reconstructed  profiles  (the  imaginary  part  of  the 
contrast  x)  ^re  presented  in  Figure  2.  We  indeed 
observe  that  after  a  relatively  small  number  of 
iterations  only  the  boundary  of  the  object  becomes 
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Figure  1.  The  error  as  a  function  of  the  number  of 
iterations. 


visible,  and  the  location  and  shape  of  the  object  can 
be  estimated.  Specifically,  we  observe  that  after 
~16  iterations  the  imaginary  part  of  the  contrast  at 
the  boundary  becomes  larger  than  six,  and  only  the 
contrast  at  the  boundary'  of  the  object  remains 
increasing  when  we  increase  the  number  of  itera¬ 
tions.  At  64  iterations  the  contrast  at  the  boundary 
has  reached  values  from  10  up  to  25!  This  result  has 
also  been  presented  in  Figure  3,  where  we  have 
nlotteh  cg“*o”-  t_  r.,i  _  _ _ . 

^ - -  ....  —  - - i  - - 

location  oi  the  boundary'  of  the  object  is  indicated 
by  the  dashed  circle.  The  outer  contour  line  almost 


IiaM  =  12.5 
Exact  boimdiry 


Figure  3.  Comparison  between  the  reconstructed 
boundary  and  the  exact  one  of  example  1  {n  =  64). 

coincides  with  the  exact  boundary,  and  we  choose 
this  as  the  reconstructed  boundary. 

Example  2 

In  the  second  example  we  consider  a  smaller 
wavelength;  A  =  0.030  m,  so  that  kjj  -  77.  We  then 
solved  the  mverse  problem,  and  the  error  is 
plotted  in  Figure  1  (dashed  line).  Some  surface  plots 
of  the  reconstructed  profiles  (the  imaginary  part  of 


Figure  2.  The 
value  is  25.3. 


reconstructed  imaginary  values  of  the  contrast  for  example  1.  At  n  =  64  the  largest 
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Figure  4.  The  reconstructed  imaginary  values  of  the  contrast  for  example  2.  At  n  =  64  the  largest 
value  is  6.02. 


the  contrast  x)  presented  in  Figure  4.  After  only 
four  iterations  the  boundary  of  the  object  is  clearly 
visible.  Specifically,  we  observe  that  after  about 
eight  iterations  the  imaginary  part  of  the  contrast  at 
the  boundary'  becomes  larger  than  one  and  only  the 
contrast  at  the  boundary  of  the  object  remains 
increasing  when  we  increase  the  number  of  itera¬ 
tions.  After  64  iterations  the  contrast  at  the  bound- 
arv  has  reached  values  from  2  up  to  6.  Tnis  result  is 
also  presented  in  Figure  f,  where  we  have  plotted 
the  contour  lines  Im  [j^']  =  2.5.  The  exact  location  of 
uhe  boundan’  of  ±e  object  is  indicated  by  the 
dashed  circle.  The  outer  contour  line  approximates 
the  boundary'  very  well. 

Example  3 

In  the  third  example  we  stiU  have  A  =  0.050  m, 
however,  the  measured  data  were  calculated  for  a 
cylinder  located  close  to  a  comer  of  the  test  square. 
Tne  reconstruction  is  shown  in  Figure  6.  It  shows 
that  our  scheme  not  only  appro.ximates  the  bound¬ 
ary'  of  the  obiect  very  weU,  but  also  the  location  is 
determined  precisely.  This  is  stressed  in  Figure  7. 
w'here  after  64  iterations  the  contour  lines  Im  [;»:']  = 
2.5  have  been  plotted.  Again,  the  exact  boundary  of 
the  obiect  is  indicated  by  the  dashed  circle. 

Souiideu  Coutrasi  xvccuiisiruciiuii 

In  our  examples  we  have  seen  that  our  scheme 
indeed  reconstmcts  the  location  and  the  shape  of  an 


impenetrable  object  by  reconstmcting  the  imagi¬ 
nary  contrast  at  the  boundary.  However,  the  recon¬ 
structed  contrast  at  the  boundary  becomes  highly 
oscillatory  after  a  couple  of  iterations.  The  peaks 
appear  to  increase  with  the  number  of  iterations, 
and  it  becomes  difficult  to  choose  the  level  value  of 
the  contour  that  estimates  the  boundm-y  of  the 
object.  We  therefore  adopt  a  slightly  modified  re¬ 
construction  scheme.  First  of  all  we  have  observed 


~  2.5 

Elxict  boTmOAry 


Figure  5.  Comparison  between  the  reconstructed 
boundary  and  the  exact  one  of  example  2  (n  =  64). 
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that  there  is  no  improvement  in  locating  the  bound¬ 
ary  after  the  contrast  has  reached  a  value  such  that 
the  penetration  depth  of  the  waveSeld  is  of  the 
order  of  the  mesh  width  in  the  testing  domain.  The 
visualization  of  the  boundary  of  the  object  is  im¬ 
proved  when  we  impose  an  upper  bound  to  the 
reconstructed  contrast  in  such  a  way  that  the  pen¬ 
etration  depth  of  the  w'avef  eld  is  not  less  than  thr^'* 


Figure  7.  Comparison  between  the  reconstructed 
boundary  and  the  exact  one  of  example  3  (n  =  64). 


times  the  mesh  width.  This  factor  is  chosen  to 
provide  a  reconstructed  object  such  that  we  ob¬ 
serve  a  boundary  wad  '  with  a  thickness  of  two  or 
three  times  the  mesh  width.  We  therefore  reauire 
^at  the  interior  (complex)  wavenumber  A';(oJ)  satis¬ 
fies  the  condition 

Im  [Li'ajlSA  s  1,  r,n 

where  A  is  the  side  length  of  a  subsquare  of  the  test 
domain.  From  (31)  and  the  fact  that  y  -f  1  =  kr/k-. 
it  follows  that  the  maximum  reconstructed  conmast 
Tmax  foDows  from  the  relation 

=  — .  (32) 

The  value  of  .^niax  assumed  to  be  pure  imaginary 
and  is  determined  numerically.  If  at  some  point  in 
the  iteration  the  reconstructed  contrast  is  la'ser 
Xinzx  >  the  contrast  is  replaced  by  .  In  view 
Ol  this  modification,  the  residual  errors  have  to  be 
recomputed  and  the  iterative  scheme  restarts  with 
new  contrast  directions  By  enforcing  the  con¬ 
trast  gradients  to  be  zero  in  all  the  points  q,  where 
the  contrast  is  equal  to  the  contrast  directions 
vanish  in  these  points,  and  no  updating  of  the 
contrast  Lakes  place  in  these  pomts.  Operating  in 
this  way,  the  scheme  is  able  to  "concentrate”  on 
updating  the  contrast  at  the  remaining  points.  This 
accelerates  the  reconstruction  and  visualization  of 
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Figure  8.  The  error  as  a  function  of  the  number  of 
iterations  when  the  maximum  reconstructed  contrast  is 
constrained. 


the  boundary  of  the  object.  We  illustrate  this  pro¬ 
cedure  for  our  three  examples. 

Example  1 

In  the  first  example  wiLh  a  wavelength  of  A  = 
0.090  m  and  a  side  length  of  a  subsquare  of  0.003  m. 
condition  (32)  says  that  the  maximum  reliably  re- 
ccnstracted  conmast  amounts  to  •  Ws 

then  solved  the  inverse  problem  vAth  this  upper 
limit,  and  me  error  is  plotted  in  Figure  S  (solid 
line).  Some  sunace  plots  of  the  reconstructed  pro¬ 


files  (the  imaginary  part  of  the  contrast  x> 
presented  in  Figure  9.  After  32  iterations  we  ob- 
serv'e  no  substantial  improvement  in  the  reconstruc¬ 
tion,  as  is  seen  by  examining  the  reconstructed 
profile  after  128  iterations.  Comparing  Figures  1  and 
8,  the  error  is  now  much  larger,  but  this  is 
mainly  due  to  the  mismatch  in  the  fields  inside  the 
object.  Relaxing  our  constraint  on  the  maximum 
value  of  the  contrast  wiU  decrease  this  error,  but  it 
does  not  yield  better  reconstruction  of  the  boundary 
of  the  object.  The  reconstruction  of  the  boundary'  is 
visualized  in  Figure  10,  where  we  have  plotted  the 
contour  lines  x  -  Xm^x-  The  exact  location  of  the 
boundary  of  the  object  is  indicated  by  the  dashed 
circle. 

Example  2 

In  the  second  example  with  a  wavelength  of  A  = 
0.030  m  and  a  side  length  of  a  subsquare  of  0.003  m, 
condition  (32)  says  that  the  maximum  reliably  re¬ 
constructed  contrast  amounts  to  =  /T.20.  We 
then  solved  the  inverse  problem  with  this  upper 
limit,  and  the  error  is  plotted  in  Figrure  S 
(dashed  line).  Some  surface  plots  of  the  recon¬ 
structed  profiles  (the  imaginary  part  of  the  contrast 
;^)  are  presented  in  Figure  11.  The  result  after  64 
iterations  is  also  presented  in  Figure  12,  where  we 
nave  piotteo  the  contour  Lines  x  ~  ;r— •  ine  e.xact 
location  of  the  boundary  of  the  object  is  indicated 


Figure  9.  The  reconstructed  imaginary  values  of  the  contrast  for  example  1.  The  maximum 
reconsumcted  conumst  is  constrained  to  5.97. 
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Laixi  =  5.97 

Hr&ct  boimdiry 


Figure  10.  Comparison  between  the  reconstructed 
boundary  of  example  I  {n  =  128)  and  the  exact  one. 

by  the  dashed  circle.  The  outer  contour  line  appro.x- 
imaies  the  boundary  very  well. 

Example  3 

The  reconstruction  of  the  shifted  cylinder  is 
shown  in  Figure  13.  It  again  shows  that  our  scheme 


Iin[xi  =  1.20 

UcACt  boiindaxy 


Figure  12.  Comparison  between  the  reconstructed 
boundary  of  example  2  (/i  =  64)  and  the  exact  one. 

not  only  approximates  the  boundary  of  the  object 
very  well,  but  also  the  location  is  determined  pre¬ 
cisely.  This  is  stressed  in  Figure  14,  where  after  64 
iterations  the  contour  lines  have  been 

plotted.  Again,  the  exact  boundary  of  the  object  is 
indicated  by  the  dashed  circle. 


Figure  11.  The  reconstructed  imaginary  values  of  the  contrast  for  example  2.  The  maximum 
reconstructed  contrast  is  constrained  to  1 .20. 
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Figure  13.  The  reconstructed  imagiiiary  values  of  the  contrast  for  example  3.  The  maximum 
reconstructed  contrast  is  constrained  to  1.20. 


For  this  example  we  also  investigate  the  influence 
of  noisy  data.  We  have  added  to  the  data  a  random 
noise  signal  with  maximum  amplitude  of  fOiT  of  the 
maximum  amplitude  of  the  data.  Tne  reconstruction 
process  is  shown  in  Fimtre  15.  It  is  observed  that 


Ln[xi  =  1.20 

Exact  ixjtindacy 


Figure  14.  Comparison  between  the  reconstructed 
boundary  of  example  1  {n  =  64)  and  the  exact  one. 


this  extremely  high  noise  level  yields  som.e  local 
anomalies,  but  the  location  and  shape  of  the  cylin¬ 
der  is  still  clearly  visible  in  the  reconstructed  con¬ 
trast.  This  example  indicates  the  robustness  of  our 

The  computer  code  was  run  on  a  V.AX-4000 
workstation.  The  last  example  requires  about  8 
hfbvte  memory,  wnile  one  iteration  takes  one 
minute  CPU  time. 

Finer  Mesb 

Finally,  we  present  the  reconstruction  of  the  third 
example  when  the  test  domain  is  subdivided  into  a 
finer  mesh.  Now  the  test  square  is  subdivided  into 
61  X  61  subsquares  of  0.0015  x  0.0015  m".  The 
reconstruction  is  shown  in  Fig^ures  16  and  17. 

Conclusions 

An  iterative  method  for  reconstructing  complex 
constitutive  parameters  has  been  motiified  to  recon¬ 
struct  the  location  and  shape  of  impenetrable  ob¬ 
jects  by  exploiting  the  fact  that,  electromagneti- 
cjillv.  2^"^  rs2llv  loss'.’ 

dielectrics  with  very  high  conductivity  so  that  the 
skin  depth  is  very  small,  hence  the  data  from 
impenetrable  scatterers  is  consistent  with  the  re- 
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Figure  15.  The  reconstructed  imaginary  values  of  the  contrast  for  example  3  from  data  with  50% 
noise.  The  maximum  reconstructed  contrast  is  constrained  to  1.20. 

construction  algorithm.  Since  the  incident  field  de-  neighborhood  of  the  surface.  Using  this  fact,  we 
cays  drastically  as  it  penetrates  the  body,  the  only  employ  an  algorithm  designed  to  reconstruct  the 
reliable  information  about  the  body  that  can  be  conductivity  (and  permittivity)  throughout  the  body 
inferred  from  scattered  field  data  comes  from  a  but  give  credence  only  to  the  boundary  of  the 

suppon  of  the  reconstructed  conductivity  when 


contrast  for  example  3  and  a  refined  mesh.  The  maximum  Figure  17.  Comparison  between  the  reconstructed 

reconstructed  contrast  is  constrained  to  .>.09.  boundary  of  example  3  (n  =  64)  and  the  exact  one. 
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these  values  are  large.  Numerical  evidence  is  pre¬ 
sented  which  show's  the  utility  of  this  approach.  A 
perfectly  conducting  circular  cylinder  was  taken  as 
a  target  for  ka  =  ttt'S  and  ka  —  tt.  The  synthetic  data 
were  obtained  from  the  exact  solution  available 
through  the  use  of  separation  of  variables,  and 
examples  were  treated  for  the  cylinder  both  cen¬ 
tered  and  off  centered  in  the  test  domain.  The  effect 
of  noise  was  examined  as  was  the  result  of  refining 
the  discretization  of  the  test  domain.  The  numerical 
examples  show  that  the  algorithm  is  effective  in 
confining  the  boundary  to  an  annular  domain,  and 
the  resolution  increases  as  the  wavelength  de¬ 
creases  and  also  as  the  discretization  of  the  test 
domain  becomes  finer.  Moreover,  the  results  ap¬ 
pear  to  be  remarkably  stable  with  respect  to  noise. 

The  numerical  results  reported  here  concern  only 
circular  cylindrical  scatterers,  although  the  origin 
was  shifted  so  as  to  remove  some  of  the  effects  of 
symmetry.  However,  the  method  applies  equally  to 
noncircular  objects  and  has  been  successful  in  re¬ 
constructing  a  noncircular  scatterer  from  experi¬ 
mental  data.  These  results  wtU  be  reported  else¬ 
where.  It  should  also  be  noted  that  although  the 
results  reported  here  involved  far-field  data,  addi¬ 
tional  experiments  using  near-field  data  yielded 
comparable  res'olts.  That  is,  the  reconsmuctions 
were  of  the  same  quality  with  the  same  number  of 
iterations. 

(Ungcmg  %vcrk  is  ccncemed  v>ith  rurUicr  rei^iic- 
ments  to  make  the  algorithm  more  efficient  by 
successively  reducing  the  number  of  points  or  sub¬ 
squares  at  which  the  contrast  is  updated  once  very 
large  or  very  small  values  are  attained.  .Also  under 
investigation  are  the  improvements  resulting  when 
multifrequency  data  are  used  and  the  performance 
of  the  algorithm  when  real  rather  than  synthetic 
data  are  employed.  Results  of  these  studies  will  be 
reported  in  the  future. 
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The  exterior  Dirichlet  problem  for  the  Helmholtz  equation  is  an  example  of  Case  I  vmile 
the  exterior  Neumann  problem  for  the  Helmholtz  equation  is  an  example  of  Case 
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Abstract  We  have  presented,  elsewhere,  the  problem  of  choosing  Neumann  data 
for  the  exterior  Helmholtz  equation  in  order  to  optimize  a  functional  of  the  radiated 
far  neld.  In  this  paper  we  use  asymptotic  methods  to  determine  an  approximate 
optimal  solution  whose  support  is  in  a  prescribed  region  of  the  boundar'.*. 

I.  Introduction 

Let  Q.  be  exterior  of  a  strongly  convex  bounded  obstacle  B  C  with  innnitely 
smooth  boundary  F.  Let  u  be  a  solution  of  the  problem 

(  (A  +  k‘)u  =  0,  X  G  D 

(1)  If  =  -  e  r 

I  Ip =  c<rV),  r oo 

where  h  is  an  infinitely  smooth  function  and  d/dn  is  the  derivative  in  the  direction 
oi  the  (exterior)  normad  which  is  directed  into  the  unbounded  region. 
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It  IS  well  known  that  problem  (1)  is  uniquely  solvable.  Let  us  denote  by  T 
the  Neximann-to-Dirichlet  operator,  which  transforms  h  into  u|r,  where  u  is  the 
solution  of  problem  (1).  This  operator,  initially  defined  on  smooth  functions,  can 
be  extended  as  a  bounded  operator  on  the  whole  space  L'^{T)  since  T  is  a  pseudod¬ 
ifferential  operator  of  order  -1  [9, 10].  Let  us  introduce  the  following  norm  in  the 
space  L^(r): 

infill  = 


Iv.  is  also  well  known  that  the  solution  u  of  problem  (1)  has  the  asymptotic 
behavior  in  the  far-field: 

;W(l  +  0(r-')),  r-.co 

where  f{d,  k),  6  €  S^~'^ ,  is  a  smooth  function  which  has  the  form 
(2)  f(e.  k)  =  3^  [[h  +  ik<e,n>  Th]e-'^<^’^>dSy. 


(3) 


(n-3)/2 


Let  a  —  a{9)  be  a  piecewise  continuous  non-negative  function  on  the  unit  sphere. 
Let  the  functional  F  be  defined  bv 


J  \f{e\\^a{e)ds,  heL-{T), 


S"-! 


where  S  is  the  element  of  surface  area. 

We  are  interested  in  the  maximum  -vnlue  of  the  functional  F  on  the  set  U  of 
functions  h  in  I'^(r)  with  ||]h[||  =  1.  In  addition  we  are  interested  in  characterizing 
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the  functions  A,  ||1A|||  =  1,  where  F  attains  its  mayimni-n  The  existence  of  such 
functions  h  follows  from  the  results  of  [l],  [2]. 

In  order  to  formulate  the  main  result  we  need  to  introduce  some  notation.  Let 
the  mapping  P  :  T  — >  5”“^  transfer  each  point  x  G  T  into  the  point  9  G  5""^  for 
which  h  =  9,  where  h  is  the  unit  vector  of  exterior  normal  to  T  at  the  point  x. 
Note  that  w-e  will  use  the  symbol  9  to  denote  both  a  point  on  the  unit  sphere  and 
the  position  vector  of  that  point.  For  an  arbitrary  e  >  0  we  construct  a  function 
9e  =  9€(&)  such  that 

(4)  J  |^t(^)|^d5  =  1,  J  \gt(9)\‘^ a{9)dS  >  sup  a(9)  - 

5n-l  5n-l 

It  is  obvious  that  we  can  take 

9(  =  S?/(  j  ' 

s-'-’ 

where  is  any  function  on  with  sunnort  in  a  region  where  >  sun  off)  —  s. 
Let  «(x)  be  the  total  curvature  (product  of  the  principle  curvatures)  of  F  at  the 
point  X  G  r. 

The  main  result  of  the  paper  is  contained  in  the  following  theorem. 

Main  Theorem.  1.  K  |1|A|||  =  1  then 

(5)  0  <  F(A)  <  isupa(^). 

2.  Let  £  >  0  be  an  arbitrary  positive  ninnber,  be  a  fixed  function  (independent 
of  k)  which  satisfies  the  relations  (4)  and 

(6)  h,  =  A,(x)  =  ^^^g,{Px)^K{z). 
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Then 


(7) 


=  1  -r  0(i  ),  n  -+  oo 


and  there  exist  ko  —  fco(€)  such  that 


(8) 


-^(^«)  >  -maxa(^)  —  2e 


if  t  >  i:o. 

From  this  theorem  it  follows  that  if 

then  F{h()  differs  from  its  maximum  \-alue  on  the  set  U  =  {n  S  L~{T)  :  =  1} 

by  not  more  than  Se  if  b  is  s-uSciently  large. 

n.  Asymptotic  Behavior  of  the  Solutions  of  the  Problem  (1) 

Theorem  1.  If  h  is  independent  of  k  then  there  exist  infinitely  smooth  functions 


Cj(z)  such  that  the  solution  of  the  problem  (1)  has  the  follcwing  asymptotic  e: 


Sion: 


(9) 


N 


j  =  0 


where  5(x)  is  the  distance  between  a  point  x  and  F,  aj  S  ao(x) 

r  and 


h{x)  on 


I  Dcr .  I  ^  r'T.  —  N—^  I  _  I 


for  any  a  <  cc,  a  =  (ori, . . .  ,0^)  and  some  constant  C  =  C(a,  a,  h). 
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Corollary:  If  x  G  F  then 

u  =  h[x)  -f  k~^ui 

where  the  function  ui  =  ui(x,^)  and  any  of  its  deri\a.tives  along  F  are  bounded 
when  ^  >  1. 


This  result  is  obvious  from  the  point  of  view  of  physics.  But  the  strict  math¬ 
ematical  proof  is  not  very  simple,  as  the  problem  under  consideration  involves  two 
large  pairameters:  as  |x|  — >•  oo,  the  unique  solution  is  singled  out  by  (radiation) 
conditions,  and,  zs  k  —*  oo,  we  are  interested  in  the  asymptotic  behavior  of  the 
solution.  High  frequency  asymptotic  results  have  been  obtained  previoiisly  for  the 
problem  of  scattering  of  plane  waves  by  an  inhomogeneous  medium  [3], [4]  and  by 
obstacles  [5], [6].  However  our  results  are  much  simpler  due  to  the  fact  that  in  the 
present  cases  h  is  independent  of  k  (or  hais  a  "simple"  k  dependence)  so  that  no 
caustics  occur.  In  order  to  prove  Theorem  1.  we  v,-ill  follow  the  same  techniaue 
iniroduced  in  [4]  and  employ  the  nonstationary  problem,  correspondins  to  Problem 

(I)-- 


(10) 

where  3  E 


J  Vu  —  =  0,  X  E  Q,  i  ^  Fi: 

I  l^lr  ==  ^  e  iR;  u  =  0,  t  <  0, 

0{t)  =  0  when  f  <  1/2,  ^(t)  =  1  when  t  >  1. 


The  connection  between  problems  (1)  and  (10)  is  estabhshed  by  Theorem  3, 
below,  the  princivlc  of  limiting  amplitude..  However,  we  Vi'dll  need  more  accurate 
estimates  of  the  remainder  than  those  which  are  usually  used  in  that  principle.  For 
this  we  need  the  following  uniform  estimate  of  the  solutions  of  the  initial-boundary 


vnlue  proble 

Ui) 


h  homogeneous  boundary  data 
(  V}..  —  Arc  =  0.  rGfl,t>0; 

llTir=°;  = /(^) 


0 


where  /  G  f{x)  =  0  when  |x|  >  a. 

Theorem  2  For  any  a  there  exists  To  =  To(a)  such  that  the  following  estimates 
are  satisfied 


(12) 


\didtv:\  <  C\di^{t)\\\fU.,  t  >  To,  ix|  <  a 


where  j  and  a  =  (a,  are  arbitrary  (non-negative  integers),  C  depends  on 

a,  j  and  a  but  not  on  /  and 


7(0 


e  >  0,  if  n  is  odd 
In  t  if  n  is  even 


This  large  time  behavior  of  w  may  be  obtained  from  Theorems  4  and  6  of  Chapter 
10  in  [4]. 

Remark:  This  theorem  shows  that  the  solution  and  all  deri'v-arives  decav  as  t  — r  cc 
uniformly  wi:h  respect  to  the  initial  data  if  n  >2.  If  r.  =  2  it  is  possible  to  shov>- 
that  i'r  —  C’  In  t  —  cn)  vHU  d®cav  -om^  c‘ns*an‘-  c- 


Now  we  establish  the  hmiiir.g  ampliitide  p~nc‘.pls  in  the  form  which  we  need  f< 


lor 


the  proof  of  Theorem  1.  Let  tp  6  'j{t)  =  0  when  t  <  0  or  t  >  1,  /  'gp{t)dt  = 

0 

1. 


Theorem  3.  The  solutions  of  problem  (10)  can  be  represented  in  the  form  of 

(13)  u  =  u(x)e“’‘'^* -f  ui 

where  u  is  the  solution  of  problem  (1)  and  for  any  a  <  co,  T  >  To(a)  -i-  1,  any  jV 
and  a  =  (aj , . . . ,  On),  the  following  estimates  are  %'ahd  for  ui 

'Vj^  •» 

(14)  ,  ll<9:  J  uie’^V(i-T)(if||  \x\<a,k>l 

T 
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with  constant  C  =  C{a,T,N,a,h')  which  does  not  depend  on  k. 

Proof.  With  no  loss  of  generaJity  we  can  assume  that  dfl  C  {2:  :  |a:|  <  a}.  Let  xp  be 
a  function  such  that  xj}  G  C°°(n),  xb  —  Q  when  |x|  >  a,  —  —  h  on  F.  It  is  obvious 
that  the  function 


(15) 


V  =  +  ivi  XV2 


is  the  solution  of  the  problem  (10)  if  xuj,  j  =  1,2,  are  solutions  of  the  following 
problems 


(16) 


(  ^wj  —  Axvj  =  f  e  X  6  fl,  t  G  iR; 

l^^lr=0’  t^;=0,  t<0 


where 


(17)  fi  =  fi(x,k)  =  (A -r  k^)xl; 

(13)  72  =  f2(t,x,k)  =  {?-  l)/i  -  xb{3"  -  2ik3’) 


From  (17)  and  (18)  it  follows  that 


(19)  fi{x,k)  =  0  when  |x|  >  a,  and  |l/il|£„(n)  <  C{1  +  k') 

(20)  as  well  as/2(t,x,/t)  =  0  when  |x|  >  a  or  t  >  1,  and  |l/2||i2(n)  <  C(1  -f  k'^). 


It  foUows  from  (16),  (20),  Theorem  2  and  Duhamel  principle  that 

\did:w2\  <  C(1  +  k^)\dint)\,  \x\<a,t>To~l 

where  C  =  C{h,a,j,a)  does  not  depend  on  k.  It  evidently  follows  from  here  that 
for  xl’2  the  estimate  (14)  is  valid  with  any  T  >  To  +  1. 


t 


Further,  let  w  be  the  solution  of  the  problem  (11)  with  f  =  There  from  the 
Duhamel  principle  it  follows  that 

t  t 

(21)  tui  =  f  u;(r,  r)e‘*'(fr  =  e“‘^*  hm  f  w(T,x)e'^^'’dr. 

J  k-i—k+iO  J 


If  Im  >  0  the  function 


OQ 

u(^x,ki)  =  J  w{T,x)e'^^'^dr 


belongs  to  L-(Q.)  and  is  the  solution  of  the  problem 


du 


(A  +  kl)ii  =  -/i,  X  €  H;  — Ij,  =  0. 


We  can  now  invoke  the  principle  of  limiting  absorption  which  implies  that 

CO 


riicrc  Ui  IS  the  solution  oi  cue  prooiem 
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90') 


at 


(A  -r  k*)ui  =  -/i,  X  e  9.:  ~jp  =  0 ;  2^ - ik-u  =  o(r'  2  ) 

/"n-i  1 1  '  ' 


on 


on 


r  oc. 


This  means  that  we  can  rewrite  formula  (2"'  in  th^  foHo'w^nfr  w^v 

00 

wi  =  —  e“‘^‘  hm  f  w(T.x)e'^^^dT  = 


(23) 


=  ^  -iki 


j=0 


e  CLT. 


(-zk)^-^^ 


where  [xj  <  a,  t  >  To  =  To(a).  For  the  second  equality  when  we  integrate  by  parts, 
we  used  the  following  estimate  which  is  a  consequence  of  (19)  and  Theorem  2 


(24) 


Idid^w]  <  C(1  +  k^‘)\di^{t)l  |x|  <  a,  t  >  To. 
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From  (23)  and  (24)  it  follows  that  for  wi  —  e  the  estimate  (14)  is  vahd  for 

any  T  >Tq.  As  we  proved  estimate  (14)  for  W2  we  have  that 

V  —  +  ui)  +  vi 

w’here  uj  satisfies  estimate  (14).  It  remains  to  note  that  from  (17)  and  (22),  it 
foUow's  that  function  u  =  il>  +  ui  is  the  solution  of  the  problem  (1).  Thus  Theorem 
3  is  proved. 

We  will  need  the  following  simple  lemma  to  prove  Theorem  1.  Recall  that  5(x) 
is  the  distance  between  x  and  the  boimdary  P  and  let 

(23)  = 

0 

where  aj  are  infinitely  smooth  functions  of  x  €  f2  and  t  G  JR. 

Lemma  1.  There  exist  functions  aj  6  C^,  x  €  6  IR,  such  that  for  any  :Y  the 

70  i '  O'W':  B-SS'SrtlOnS  SLT-  ^'‘2-lld.I 

1-  {07  —  A)t-'.v  =  x),  where  &,v  is  an  infinitely  smooth  func¬ 

tion, 

2-  ^Ir  =  ‘-‘“Om  +  W-’'-'  if  Ir). 

3.  t’.v  =  0  when  f  <  0, 

4.  The  functions  aj  are  independent  of  t  when  i  >  |x|  -j-  a  -f  1. 

Proof.  This  lemma  is  the  outcome  of  standard  WTCB  method  [7],  [4],  The 

T - _ .i .  i.  ,  ii-  ,  ...  .  ■ 

- O  i.  X  OO  bixc  OpCticibOjL  C/^  —  LA  IS 

(|)=  =  IV3P. 
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The  function.  <p  —  S{x)  —  t  satisfies  this  equation.  Hence  the  first  assertion  of  the 
lemma  -will  be  satisfied  if  functions  Oj  satisfy  the  transport  equations.  Let  us  write 
them.  Geometro-optic  rays  i  which  correspond  to  the  phase  function  6  are  straight 
rays  which  are  orthogonal  to  T.  Let 


X  =  xq  +  ns,  xo  6  r,  s  >  0 


be  equations  of  these  rays.  Here  n  is  the  unit  vector  of  the  exterior  normal.  It  is 
obvious  that  s  =  S{x).  The  transport  equations  are  the  following 


(26) 

Here 


^  +  ^  +|(A5)ao=0 

8a j  ^  da; 
dt  '  dn 


.i(A5)<.,  =  l(%l-A<=y_.),  J>0. 

da 


dn 


=  (n,  Va),  X  e  i. 


The  equations  (26)  are  linear  ordinary  dinerential  equations  along  soace-time  rays 
^  C.  IR  '  ' ,  i  =  i(t(),XQ)  =  ■[(i,x)  :  X  =  XQ-rfij,  i  —  to-rd.  s  >  0),  xq  €  T,  to  6  JR. 


So  we  define  the  functions  aj  as  the  solutions  of  the  equations  (25)  which  satisfv 
the  following  initial  conditions 

ao(to,xo)  =  d(fo)h(xo),  a/jo,^o)  = - %f^(^c,xc).  J  >  0. 

Cm 

It  IS  now  very  easy  to  chech  that  not  only  the  nrst  but  also  the  other  assertions  of 
the  Lemma  are  \’aHd.  This  comnletes  the  proof. 


Proof  of  Theorem  1.  Prom  Lemma  1  and  well-known  estimates  of  solutions  of 
the  mixed  problem  for  wave  equation  [8]  it  follows  that  the  solution  of  the  problem 
(10)  has  the  following  form 

0 
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where  N  is  arbitrary  and 


(28)  |5“5.v|  <  Ck-^-\  ^  >  1,  |r|  <  a,  t  <  r  -f  1 
for  cLny  a,T  and  some  constant  C  =  C{a,a,T). 

How  we  fix  a  and  choose  T  such  that 

T  >  max(ro  -r  1,  2a  +  1) 

where  Tq  is  the  constant  which  is  defined  in  Theorem  2.  From  Theorem  3  it  follows 
that 

T+i 

(29)  \d°  J  {u-  -  r)df|  <  Ck-^,  |z|  <a,  k>l. 

T 


Theorem  1  follows  from  (27)  -  (29)  because  the  functions  C;(r)  axe  indspenden: 
of  t  when  jzj  <  a,  and  t  >  T. 

We  now'  consider  the  asymptotic  beha\'ior  of  the  far  field  coemcient  of  the 
solution  in  the  case  that  the  boundary  \*alue  is  independent  of  the  parameter  k. 


Theorem  4.  If  function  h  does  not  depend  on  k,  then  function  (2)  has  the  following 
asymptotic  beha'vdor  as  k  oo 


fia.k)  = 


''-{r 


Remark.  It  is  not  difficult  to  •write  full  asymptotic  expansion  of  the  function  /. 

Proof.  The  function  /  is  defined  by  (2)  in  which  the  function  Th  is  that  given 
in  the  coroUary'  to  Theorem  1.  Asymptotic  behavior  of  integrals  of  the  type  (2)  as 
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i  cxD  can  be  obtained  with  the  help  of  stationary  phase  method  In  particular 
Theorem  4  will  be  obtained  if  we  apply  Theorem  9  of  Chapter  4  from  [4]  to  the 
integral  (2).  Theorem  4  follows  from  these  remarks. 

Ill-  Proof  of  the  Main  Theorem 


From  Green’s  formula  it  follows  that 

J  \f\^d9  =  -k-^  Im  J  n^dS. 


S"-i 


Hence 


5n-l 


It  is  obwlous  that  relations  (5)  fcUo-r-  from  here. 


(ij  be  equal  to  k  -h^ 


Now  let  the  function  k  from  boundaiy  %alue  problem  (1)  be  eot 
^  -S  Genneu  m  j.nen  u  is  mceoenuent  ci  k  anci  rneorems  i  and  3  are 
•valid  for  this  function  h.  In  particular  from  the  corollary'  to  Theorem  1  it  follows 
that 


Th,{x)  =  kTh{x)  =  -ih{x){l  -n  Q{k-^))  =  {ik)~^ h,{x){l  ^  0(lc-^)). 


Hence 


lllhjj!  = 


(r)(l  +  0(A: 


1  4-  D(.l:~^)). 


As  the  Jacobian  of  the  mapping  P  is  equal  to  the  last  equality  can  be 

re’written  in  the  form 


lil^.ii!  =  (  J  \9.m-dsy/^{1^0{k-^)). 

Sn-1 
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This  and  the  first  of  the  relations  (4)  lead  to  (7). 


As  we  already  mentioned  Theorem  4  is  \'aHd  if  h  =  k  ^h(.  If  we  multiply 
boundary  function  A  by  then  function  /  is  multiplied  by  A  as  well.  Hence  Theorem 
4  is  \-ahd  if  h  =  and  therefore 

J  \f\^a{e)d9  =  ^  j  \K{P-^e)\'^K~\p-H)a{9)d9{l+f){k-^)). 

5n-l  5n-l 

From  here  and  (6)  we  obtain 

j  \f\^a{9)d9  =  \  [  \g,(9)\^a(9)d9il+Q{k-^)). 

This  and  the  second  of  the  relations  (4)  lead  to  (8). 

Th'iis,  the  main  theorem  is  proved. 
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A  method  for  reconstructing  the  shape  of  a  bounded  impenetrable  object  from  mea¬ 
sured  scattered  held  data  is  presented.  The  reconstruction  algorithm  is  in  nrinciple  the 
same  as  that  used  before  for  reconstructing  the  conductivity  of  a  penetrable  object  and 
uses  the  fact  that  for  high  conductivity  the  skin  depth  of  the  scatterer  is  small,  in  which 
case  the  only  meaningful  information  produced  by  the  algorithm  is  the  boundary  of  the 
scatterer.  striking  increase  in  efficiency  is  achieved  by  incorporating  into  the  algorithm 
the  fact  that  for  large  conductivitv.  the  contrast  i*?  domlnp  +  g^  ...w:..  . 

part.  This  fact  together  with  the  knowdedge  that  the  scatterer  is  constrained  in  some  test 
domain  constitute  the  only  a  priori  information  about  the  scatterer  that  is  used.  There 
are  no  other  implicit  assumptions  about  the  location,  connectivity,  convexity  or  boundary 
conditions.  The  method  is  shown  to  successfully  reconstruct  the  shape  of  an  object  from 
experimental  scattered  field  data  in  a  "blind”  test. 
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I.  INTRODUCTION 


The  present  paper  describes  a  successful  example  of  the  reconstruction  of  the  shape  of  a 
scattering  object  from  experimentally  determined  scattering  data.  In  contrast  with  other 
inversion  methods,  the  reconstruction  is  accomplished  from  real  rather  than  synthetic 
data,  so  there  is  no  chance  of  even  inadvertently  committing  the  "inverse  crime"  of  usincr 
the  same  numerical  method  in  the  inversion  algorithm  as  is  used 'for  solving  the  forward 
or  direct  problem  to  produce  the  synthetic  "measured"  data.  The  possibility  of  favorably 


prejudicing  the  outcome  of  the  inversion  algorithm  was  eliminated  by  a  "blind"  use  of 
the  measured  data  in  tne  inversion  algorithm;  that  is.  knowledge  of  the  geom.etrv  of  the 
ooject  from  wnicn  the  scatterea  nela  was  measured  was  not  supplied  to  those  running  the 
aigontnm  until  alter  tne  reconstruction  was  completed. 


ihe  reconstruction  algorithm  is  that  described  by  Kleinman  and  Van  den  Berg  [Ij.  in 
which  an  iterative  algorithm  for  the  reconstruction  of  complex  contrast  profiles  [2.  3]  is 
adapted  to  reconstructing  the  shape  and  location  of  a  perfectly  conducting  scatterer  by 
making  the  assumption  that  the  unknown  contrast  is  essentially  non-negative  imaeinarv'. 
The  experimental  data  were  obtained  on  the  Ipswich  Test  Range  of  Rome  Laboratories 

[41. 


II.  DESCRIPTION  OF  THE  METHOD 

.\ssume  that  a  two-dimensional  conducting  obstacle  D  is  irradiated  successively  by  a 
number  (j  =  1,  •  •  • ,  J)  of  known  incident  fields  with  the  electric-field  vector  parallel  to  the 
cylindrical  object  (TM-case).  For  each  excitation,  we  then  have  a  scalar  problem  and  the 
incident  electric-field  component  is  denoted  as  u’"-  and  the  total  electric-field  component 
is  denoted  as  u_..  For  each  excitation,  the  direct  scattering  problem  may  be  reformulated 
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as  the  domain  integral  equation 


wnere 


and 


•=  ^j(p)  “  GdX^Av)  =  pe  D 


GdX^Ap)  ■=  G{p.  q)x{q)u:{q)dvq,  p  E  D  , 


(1)  - 


r2) 


G{p,q)  =  jH^'^\k\p-q\)  .  (3) 

Here,  k  is  the  wavenumber,  x  is  taken  to  be  equal  to  for  real  (  =  crluto).  and 

p  and  q  are  two-dimensional  position  vectors.  Gip.q)  is  the  free-space  Green's  function 
in  two  dimensions.  Gd  is  an  operator  mapping  L-{D)  (square  integrable  functions  in 
D)  into  itself.  If  5  is  a  surface  enclosing  D  then  the  scattered  electric-field  comoonent 


on 


IS  snven  dv 


sniTiS  cc^if*c-uOr  G.cn_j.cn  in  ■ 


except  the  field  point  p  now  lies  on  5.  Hence  Gs  is  an  operator  mapping  L'{D)  into 
I‘(o).  We  assume  that  is  mesisured  on  S  and  denote  by  fj{p).  peS.  the  measured 
data  for  each  excitation  j,  j  =  1,  •  •  • ,  J.  The  conductivity  reconstruction  problem  is  that 
of  finding  x  for  given  fj,  or  solving  the  equations 


GsX-^jip)  =  fjip)-  p  €  5,  J  =  (4) 

for  X-  subject  to  the  additional  condition  that  u.-  and  y  =  iC‘  satisfv  fW  in  D  for  each  u 
Specifically  we  use  the  iterative  construction  of  sequences  and  {G.}  as  follows: 


Cn  — 1  m  Tnifn  5  tZ  —  1,2. 


(5) 


For  each  n,  the  functions  and  are  update  directions  for  the  functions  u.  -.  and 
respectively,  while  the  complex  parameter  a„  and  the  real  parameter  3r,  are  weights  to 
be  determined.  The  residual  errors  at  each  step  in  the  state  equation  and  data  equation 
are  defined  as 


me 

rvrr  =  U- 


L(- 


pj--  =  fj  -  zCsCn^ur.  ■ 


6) 
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The  constants  and  3-  are  determined  by  minimizing  the  value  of  the 


J  j 

F^  =  wnJ2  lk;>.ilD  +  ^’5  \\pj,r.\ 

j=i  j=i 


|2 

15  5 


cost  functional 


(■) 


m  w 


hich 


ll^riloj  and  t5'5  =  -  (S) 

where  the  subscripts  5  and  D  are  included  in  the  norm  1|  -  H  in  L'  to  indicate  the  domain 
of  integration.  Substitution  of  Eqs.  (5)-(6)  in  the  cost  functional  of  Eq.  (7)  results  in  an 
expression  involving  terms  determined  at  the  (n-l)-st  step,  the  directions  <f,,  and  ty,,. 
and  the  two  parameters  and  /5,,.  Once  the  directions  and  are  chosen,  we  have  a 

nonlinear  expression  in  o-  and  3^,.  The  values  of  the  parameters  and  ,5-  are  determiined 
by  requiring  F.  to  be  a  minimum.  Minimization  of  the  quantity  F^,  is  accomplished  by 

■te  gradient  method. 


solving  this  non-linear  problem  in  a.  and  3-  using  a  standard  conj 


ihe  update  directions  tv.  and  are  cnosen  as  the  Polak-Ribiere  conjugate  gradient 
directions  as  in  il],  namely 


tN'.n  =  oM  -r  and  £_  =  -f-  i 


(9) 


where 


1^9U:9U-51.-,)d 

- 

i\D 

J=l 


and 


f  _  {9r.  > 


/9J 


!!^?:;-iiib 


(10) 


and  the  gradients  are  given  by 


9j,r.  ~  (’*7,11-1  d"  )  —  ilL'sCn-lGsPj.r.-l 


and 


=  2Cn-iIin 


E  ^i.n-lGDR-.n-l  -  tt’s  E  ^:,r.-}GsPj,r.. 


J  =  l 


7  =  1 


fin 


(12) 


The  operators  Go  and  Gs  are  the  adjoints  of  Go  and  Gs,  respectively,  mapping  L‘{D] 
and  L~[S)  into  L~{D). 
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The  initial  estimates  Uj^o  and  (“o  are  chosen  as  in  [l]  to  be 


-f  Gdwj^q  , 


where 


and 


<  fk.GsGsfk  >s 

- Gsf, , 

E IIG5G5MII 

i=l 


I^LOI 


12 


{2 


: 

2 


(13) 


(14) 


(151 


III.  EXPERIMENTAL  SETUP 


Eere  we  describe  bow  the  field  scattered  by  the  mvsterv  obiect  w^as  rr'easm"^'^  a^^d 
calibrated  lor  the  reconstruction.  The  measurement  frequency  was  10.0  GHz.  thus  the 
wavelength  (A)  was  3  cm.  Bistatic  scattering  measurements  were  m.ade  in  a  plane  neroen- 
dicuiar  to  tne  axis  01  the  cylindrical  ooject.  30  cm  (10  A)  in  length  and  the  measurement 
plane  intersected  at  mid  length.  For  convenience,  a  Cartesian  coordinate  svstem  was  ori¬ 
ented  with  z  along  the  cylinder  axis,  and  measurements  were  made  in  the  {x.  y)  plane. 
The  measurement  configuration  is  shown  in  Fig.  1.  The  scattered  fields  were  collected 
fcr  incinent  angles  of  <p'  —  {0, 5, 10, 15,  20^5, 60.  90}  degrees,  over  the  observation  sector 
0  <  <  359.5°  with  a  sample  spacing,  Ace’  =  0.5°. 


The  object  and  transmit  antenna  were  fixed  for  each  o’  and  the  receive  antenna  was 
rotated  on  a  semi-circular  arc  about  the  object  from  back  scatter  to  forward  scatter  record- 
ing  the  total  field  coincident  with  the  receive  antenna  polarization.  A.  second  measurement 
was  made  with  the  object  removed.  This  background  field  measurement  was  subtracted 
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from  each  of  ihe  total-field  measurements  to  obtain  measured  data  proportional  to  the 
scattered  field.  The  range  from  the  transmit  antenna  to  the  object  was  3.7  m  and  the 
range  from  the  object  to  the  receive  antenna  aperture  was  2.8  m.  Both  the  source  and  the 
probe  antennas  had  circular  apertures  15.24  cm  in  diameter.  With  these  measurement 
ranges  and  antennas,  the  object  illumination  was  uniform  in  magnitude  to  within  0.2  dB 
along  the  x  direction  and  1  dB  along  the  s  direction.  The  illumination  phase  taper  over 
the  object  was  approximately  10“  and  50“  in  the  r  and  z  directions,  respectively.  We  note 
that  both  the  end  sides  (z  =  =15  cm)  of  the  finite  cylindrical  object  were  illuminated 
quite  strongly  and  therefore  one  might  expect  the  measured  scattered  field  would' contain 
a.n  undesirable  dinraction  irom  the  edges  of  the  end  sides.  However  in  this  experiment  the 
planes  of  incidence  and  observation  were  always  normal  to  the  z  axis,  which  insured  that 
the  scattered  neid  was  dominated  by  the  specular  response  and  the  diffraction  from  the 
two  truncating  sides,  being  much  less,  was  not  obser/able.  Thus,  the  measured  scatterint^ 
irom.  the  nnite  cylindrical  object  was  very  close  ;o  that  from  an  infinite  cylindrical  object. 

The  measurement  system  used  can  only  scan  over  a  190“  bistatic  angular  sector.  This 
means  that  in  order  to  get  scattering  data  over  a  complete  360“  bistatic  observation  sector, 
two  measurement  runs  had  to  be  made  for  each  incident  direction,  one  measurement 
run  to  cover  the  observation  sector.  o=  -  5“  <  u.  135=^  and  the  other  to  cover. 

'  ~  ^  m  365“.  The  data  mom.  each  mmasuremient  run  miust  be  independently 

calibrated  and  then  spliced  together  to  make  a  complete  data  set.  In  this  experiment 
coverage  of  the  first  observation  sector  for  every  incident  angle  of  interest  (except  =  0) 
was  accomnlished  bv  measurements  made  m  \'T?rrVi  iQon  TTo  . 

•as  obtained  for  all  incident  angles  of  interest  (except  ©’  =  90“),  by  measurements  made 
in  October  1991.  The  instrumentation  radar  used  in  the  October  91  measurements  was 
more  sensiti\e  than  the  radar  used  in  the  March  90  measurements  so  that  the  .March 
90  portion  of  each  complete  data  set  had  an  uncertainty  significantly  greater  than  the 


w 
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October  91  portion.  In  addition  to  a  variable  uncertainty  each  data  set  contained  a 
sector  of  completely  erroneous  scattering  centered  about  the  back-scatterins  direction 
(p'  —  5®  <  p*  <  o'  T-  5°)  caused  by  the  interruption  of  the  object  illumination  when  the 
receive  antenna  passed  between  the  transmit  antenna  and  object.  For  each  measurement 
run  we  filled  in  the  erroneous  back-scattering  region  by  extrapolating  the  complex  data 
on  p'  -r  5°  <  O'*  <  p‘  -f  185®,  using  a  least  squares  linear  prediction  algorithm  [5]. 


The  raw  scattering  data  resulting  from  the  phasor  subtraction  of  the  total-held  and 
background  measurements,  has  a  magnitude  proportional  to  the  object  scattering  cross 
section  per  unit  length,  and  a  phase  proportional  to  the  phase  of  the  scattered  electric 
field  referenced  to  the  center  of  rotation  of  the  bistatic  positioner.  .A.lienin2:  the  obiect 
so  that  its  symm.etry  axis  coincides  with  this  rotation  axis  is  practically  impossible.  Our 
canoration  procedure  must  compensate  tor  the  phase  error  caused  by  this  misalignment 
in  addition  to  calibrating  the  magnitude.  ''A'e  calibrated  the  scattering  from  the  object 
by  the  following  procedure.  We  computed  a  point  calibration  phasor. 

-  F®^(p®) 


'F(p®)  = 


(.16) 


2 A  (p^) 

In  (16),  P®®^(p'’)  is  the  measured  scattered  pattern  of  the  object  for  a  particular  mea¬ 
surement  run,  and  (o')  is  the  far-held  scattering  pattern  computed  for  an  inhniteiy 

long  cylinder  that  approximates  the  present  object,  but  with  its  svm..m*etrv  axis  at  the 
z  axis.  From  the  calibration  phasor  we  compute  an  average  calibration  factor.  'Fq,  and 
three  constants,  a,  6,  and  c.  The  average  calibration  factor  is  defined  as 


'Fo  =  -m  ^  j'F(nAp''  -i-  p'  -f  5°) 

r.=l 


T7' 


where,  :V  is  the  number  of  data  points  in  the  given  measurement  run  excluding  the 
erroneous  data  in  the  10°  back-scattering  sector.  The  three  constants  are  determined 
such  that  they  produce  the  best  ht  (in  the  least  square  sense)  to  the  e.xpression. 


arg  ['F  (o®)l  =  a  +  6cos(p®  -c  c)  . 


(IS) 
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This  curve  fitting  step  is  needed  to  correct  for  the  misalignment  phase  error  (see  i'4]  for 
a  more  thorough  discussion).  With  those  four  constants  computed  for  each  measurement 
run  the  calibrated  scattering  cross  section  per  unit  length,  {6’),  was  calculated  from 
the  relation. 


<7'--  [6‘)  —  (©•’)  exp  {— z  [a  -r  6 cos  {6‘  +  c)]}  . 


(19) 


In  this  way  we  have  arrived  at  experim.ental  data  that  belongs  to  the  object  with  the 
symmetry  axis  coinciding  with  the  2  axis.  W'e  note  that  this  procedure  was  necessary, 
because  w'e  have  only  angles  of  incidence  in  a  quarter  plane,  and  using  the  symmetry,  we 
can  obtain  scattered  data  from  angles  of  incidence  in  the  full  plane.  These  experimental 


data 


are  recaUbrared  for  use  in  the  inversion  algorithm  as  described  in  the  next  section. 


W.  RECONSTRUCTION 


i  ne  measurement  sunace  is  chosen  to  be  a  circle  containing  the  test  domain.  W'e 
assume  that  the  radius  of  this  circle  is  large  enough  so  that  the  far-held  approximation  of 
(4)  may  be  employed,  and  the  far-held  coefhcient  is  the  quantity  of  interest  so  that  the 
dependence  on  the  radius  is  removed.  In  that  case  the  data  may  be  written  as 


I:{P) 


exp(zNjp 


/r^p)- 


(20) 


and  the  data  equation  (4)  may  be  replaced  by 


.xp(-fip  •  (l)x{(l)^Aq)dvq  =  /f  (p)  , 


p  e  s . 


(21) 


'v\ here  f>  is  the  unit  veci,or  in  the  direction  01  observation  and  S  now  denotes  the  space  of 
these  unit  vectors,  the  unit  circle.  Further,  /“(p)  are  the  measured  far-held  data.  In  the 
examples,  we  take  from  the  measured  far-held  data  the  values  at  36  angles  equally  spaced 
around  the  object  (the  domain  S  consists  of  36  discrete  points  p,).  In  the  experiments 
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only  8  excitations  are  carried  out.  The  incident  fields  are  approximated  as  plane  waves 
incident  at  an  angle  of  0,  5,  10,  15,  20,  45,  60  and  90  degrees  with  the  x-axis,  respectively. 
To  obtain  scattered-field  data  from  incident  waves  distributed  around  the  object,  we  take 
advantage  of  the  a  priori  information  that  the  mystery  object  is  symmetric  with  respect 
to  the  planes  x  =  0  and  y  =  0.  Doing  so  we  obtain  scattered-field  data  from  28  excitations 
(J  =  28). 


We  further  have  a  priori  information  that  the  mystery  object  lies  inside  a  circle  with  a 
radius  of  0.060  m  and  the  frequency  of  operation  is  10  GHz.  We  therefore  will  assume  that 
the  object  is  located  inside  a  test  square  divided  into  63  x  63  subsquares  of  0.002  x  0.002 
m*.  Tne  discretized  version  of  the  algorithm  is  discussed  in  [1]. 


Calihraiion 


iO  -.ne  computer  cooe.-  ws  first  run  tne  algoritriin  lor  svuthetic  data  obtained  in 
the  well-known  problem  of  scattering  of  a  platne  wave  by  a  perfectly  conductine  circular 
cylinder  with  origin  at  the  center  of  the  test  square.  We  emplov  the  same  angles  of 
incidence  and  data  points  as  used  in  the  experimental  case.  The  analytic  solution  in 
terms  of  Bessel  functions  has  been  employed.  The  data  are  denoted  as 


J 


(P;)  U 


*  CC 


■.P: 


1.  t  =  1 


,28.  /  =  1.  • 


09  I 


The  radius,  a.  of  this  circular  cylinder  is  0.015  m..  The  wavelength  is  A  =  0.030  .m.  so  that 
ka  =  -.  We  have  seen  that  our  scheme  indeed  reconstructs  the  location  and  the  shape  of 
a  perfectly  conducting  cylinder  by  reconstructing  the  imaginary  contrast  at  the  boundary 
[ii.  However,  the  reconstructed  contrast  at  the  boundary  becomes  highlv  oscillatory  after 
a  couple  of  iterations.  The  peaks  appear  to  increase  wdth  the  number  of  iterations  and 
it  becomes  difficult  to  choose  the  level  value  of  the  contour  that  estimates  the  boundary 
of  the  object.  The  visualization  of  the  boundary  of  the  object  is  improved  when  we 
impose  an  upper  bound  to  the  reconstructed  contrast.  If  at  some  point  in  the  iteration 
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the  reconstructed  is  larger  than  Cm=r,  the  contrast  is  replaced  by  In  our  example 

■we  laJce  (^rr.c^  1-  Some  surface  plots  of  the  reconstructed  profiles  (the  imaginarv^  part  of 

the  contrast,  Im[x]  =  C^)  from  the  synthetic  data  of  the  circular  cylinder  are  presented 
in  Fig.  2.  The  result  at  32  iterations  has  also  been  presented  in  Fig.  2a.  where  we  have 
plotted  the  boundaries  of  the  test  domain  and  the  contour  lines  C  =  1-  The  exact  location 
of  the  boundary  of  the  object  is  indicated  by  the  dashed  circle.  The  asymmetry  of  the 
choice  of  the  incident  angles  of  excitations  is  clearly  visible  in  the  reconstructed  boundary. 
We  observe  that  the  boundary  is  located  with  an  error  of  the  sample  width. 


Next  we  measure  experimentally  the  scattering  from  a  circular  cylinder  with  the  same 
dimensions.  These  data  are  denoted  as  /p(p,).  7  =  1,  •  •  • ,  28,  /  =  1,  •  ■  • .  36.  To  calibrate 
an  os'erall  phase  shift  between  the  dehnition  of  the  phase  of  the  measurement  data  and 


the  one  denned  in  the  reconstruction  scheme  (and  to  some  extent  the  amplitudes),  we 
assume  that  the  measured  signal  is  correct  apart  of  a  multiplicative  complex  factor,  and 
eniorce  the  data  to  be 


/f^‘(P;):=C’/;^(p,),  7  =  1,- ••,28,  1  =  1,.  ••,35 


(23) 


The  constant  C  is  determined  from  the  analytical  data  pertaining  to  this  object  by  rr 


imdzing  the  deviation 


36  28 

E  ii/r'(.*)  -  c/ripM = E  E  i/r(A)  -c/np,)]^ . 

2  =  1  /=1 


resulting  in 


36  28 


C 


E(/r'(pi,ir’fp))5  yyfr'<P:)7rWi 

2=1  ;=i  ' 


w 


Eii/r'(p)iii  EEi/r(p.)i’ 

2  =  1  2  =  1  1  =  1 

here  the  overbar  denotes  complex  conjugate.  .A.fter  substitution  of  the  resultii 


min- 


(24) 


(25) 
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ical  value  of  C  into  the  deviation  of  Eq.  (24),  we  found  that 


Eii/r'(p)-c'/np)iii 


Eii/r'(p)!i 


.’=1 


=  0.079 


(26) 


that  is,  a  mean  square  deviation  of  about  8%.  Using  these  recalibrated  data,  we  run 
the  inversion  algorithm.  Some  surface  plots  of  the  reconstructed  profiles  (the  imaginary 
part  of  the  contrast,  Im[x]  =  C^)  from  these  calibrated  experimental  data  of  the  circular 
cyhnder  are  presented  in  Fig.  3.  The  result  at  32  iterations  has  also  been  presented  in 
Fig.  3a,  where  we  have  plotted  the  boundaries  of  the  test  domain  and  the  contour  lines 
^  =  1-  Tne  reconstruction  irom  our  experimental  data  is  not  verv  different  iiom  the 
recons  ^.ruction  usinr  the  svnthetic  data. 


Mystery  object 

Observing  that  our  reconstruction  of  the  circular  cylinder  was  successful,  we  now 
continue  to  reconstruct  a  mystery  object  from  experimental  data.  The  experimental  data 
from  this  m.ystery  object  were  first  multiplied  with  the  complex  constant  C.  computed 
by  minimizing  the  global  deviation  between  ansdytical  and  experimental  data  from  the 
circular-cylinder  case.  This  ensures  that  an  overall  phase  shift  between  the  one  defined 
in  the  measurements  and  the  one  in  the  reconstruction  scheme  is  corrected.  U'e  then  run 
the  inversion  algorithm  and  the  results  of  the  reconstruction  are  shown  in  Figs.  4  and  4a. 
It  clearly  shows  that  the  mystery  object  is  probably  a  strip  of  about  a  width  of  12  cm 
and  a  thickness  of  less  than  or  equal  to  4  mm. 

Finally,  we  show  in  Figs.  5  and  oa,  the  reconstruction  in  a  larger  test  dom.ain.  divided 
into  63  X  63  subsquares  of  0.004  x  0.004  m^.  The  result  of  the  reconstruction,  using  this 
coarser  grid,  is  consistent  with  the  previous  result. 

.After  this  reconstruction,  the  mystery  was  revealed  to  those  running  the  reconstruction 
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algorithm:  the  object  is  a  10  A  long  (30  cm),  4  A  (12  cm)  wide  and  0.106  A  (0.32  cm) 
thick  aluminum  plate.  Obviously,  the  cross-sectional  dimensions  of  the  mystery  object 
that  are  obtained  from  the  reconstruction  results  are  very  close  to  the  real  ones. 


In  order  to  show  the  quality  of  the  measurements,  we  have  computed  the  far-field 
data  of  the  infinitely  long  and  infinitely  thin  strip  using  the  eigenfunction  expansions 
described  by  Asvestas  and  Kleinman  [6].  In  Fig.  6  we  commare  the  computed  results  of 
ihe  strip  with  the  measured  results  of  the  plate  for  one  incidence  direction  [o'  =  10°). 


Notice  that  the  measured  scattering  from  about  5°  off  back  scatter  (d^  =  15®)  to  about 
d®  =  190°  is  noisier  than  the  remainder  of  the  curve.  The  noisy  sector  corresponds  to 
the  measurements  made  in  March  1990.  In  addition  notice  that  the  measured  curve  near 
4>’  =  O'  =  10°.  is  flat  and  does  not  match  the  exact  curve.  This  is  the  back-scatterin®- 
region  that  contains  the  extranolated  data. 


V.  CONCLUSIONS 


This  paper  presents  definitive  evidence  of  the  effectiveness  of  the  modified  zradient 
inverse  scattering  algorithm  in  reconstructing  the  shape  of  a  perfectly  conducting  cylin¬ 
drical  object  of  arbitrary  cross  section  from,  scattered  field  data.  In  earlier  papers  it  was 
shown  that  the  algorithm  was  effective  in  reconstructing  the  contrast  of  penetrable  ob¬ 


jects.  the  boundar}'  of  impenetrable  circular  cylinders,  and  was  stable  with  respec 


L  to 


w 


hite  noise.  AH  previous  tests  were  performed  with  synthetic,  i.e.  computer  simulated. 

scatterin'’'  r-.-™  _ _ .•■unu..  i 

.  ~  Lu-Uv  luev  were  taintea 


by  an  inverse  crime”  of  somehow  using  knowledge  of  the  scatterer  to  favorably  influence 
the  reconstruction.  The  present  results  show  conclusively  that  the  algorithm  wiil-yieid 
a  successful  reconstruction  when  the  data  are  obtained  experimentally  and  the  shape  of 
the  object  was  not  known  before  the  reconstruction  was  completed,  thus  removin'^  anv 
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question  that  an  "inverse  crime",  however  inadvertent,  was  committed.  These  results 
describe  only  one  scattering  experiment  and  additional  e.xperiments  are  needed,  not  only 
to  reconfirm  the  present  results,  but  also  to  test  the  effectiveness  of  the  reconstruction 
algorithm  for  penetrable  scatterers. 

Acknowledgments.  This  work  was  supported  under  .A.FOSR  Grant-91-0277  and  NATO 
Grant-0230/88. 


References 


ni 


R.E.  Klemman  and  P.M.  van  den  Berg,  “Two-dimensional  location  and  shape  recon¬ 
struction,"  Radio  Science,  to  be  published,  1994. 


[2]  Pi..E.  Kleinman  and  P.M.  van  den  Berg,  “A  modified  gradient  method  for  tw'o- 
dimensional  problems  in  tomography,"  Journal  of  Computational  and  .Applied  Math¬ 
ematics,  vol.  42,  pp.  17-35,  1992. 


[3]  R.E.  Kleinman  and  P.M.  van  den  Berg,  “An  extended  range  modified  gradient  tech¬ 
nique  for  profile  inversion,"  Radio  Science,  vol.  23,  pp.  877-SS4.  September-October 


1993. 


[4]  M.  G.  Cote,  “Automated  swept-angle  bistatic  scattering  measurements  using  contin¬ 
uous  wave  radar,’’  IEEE  Trans.  Instrum.  Meas..  vol.  41.  po.  185-192.  .April  1992. 

rjj  3.  L.  Marple  Jr.,  Digital  Spectral  .Analysis,  Englewood  Cliffs.  NJ:  Prentice-Hail.  1987. 
Ch.  S  [subroutine  COV.4R]. 

[6]  J.  S.  .4svestas,  and  R.  E.  Kleinman.  “The  strip,"’  Ch.  4  in  Electromagnetic  and  .Acous¬ 
tic  Scattering  by  Simple  Shapes,  J.J.  Bowman,  T.B..A..  Senior,  P.L.E.  Uslenghi.  Eds. 
.Amsterdam:  North-Holland,  1969. 


BLIND  SHAPE  RECONSTRUCTION  FROM  EXPERIMENTAL  DATA 


14 


CAPTIONS  OF  FIGURES 


Fig.  1.  ScEematic  diagram  of  the  automated  swept-angle  bistatic  measurement  svstem. 

Fig.  2.  The  reconstructed  imaginary  values  of  the  contrast  from  synthetic  data. 

Fig.  2a.  Comparison  between  the  reconstructed  boundary  and  the  exact  one  (synthetic 
data,  n  =  32). 

Fig.  3.  The  reconstructed  imaginary  values  of  the  contrast  from  experimental  data. 

Fig.  3a.  Comparison  between  the  reconstructed  boundary  and  the  exact  one  (experimental 
data,  n  =  32). 


Fig.  4.  The  reconstructed  imaginary  values 
sion  of  test  domain  =  0.126  .x  0.125  m*). 
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b'lo*  The  reconstructed  boundary  of  the  mysterv  object  (ti  —  *32.  dimension  of  te^t 
domain  =  0.126  x  0.126  m*. 


Fig.  5.  Tne  reconstructed  imaginary  values  ol  the  contrast  of  the  mystery  object  (dimen¬ 
sion  of  test  domain  =  0.252  x  0.252  m*). 

Fig.  5a.  The  reconstructed  boundary  oi  the  mystery  object  (rz  =  64.  dimension  of  test 
domain  =  0.252  x  0.252  m.^). 

Fig.  6.  Bistatic  scattering  from  the  4A  strip  illuminated  10°  off  grazing. 
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Abstract 


The  presen:  paper  contains  the  low  frequency  expansions  of  solutions  of  a  large 
Class  of  extenor  boundary  \-alue  problems  involving  second  order  elliptic  equations 
in  two  dimensions.  The  differential  equations  must  coincide  with  the  Helmholtz 
equai,ion  in  a  neighborhood  of  infinity,  however  they  may  denart  radicallv  from 
i.ne  Helmhohz  equation  in  any  bounded  region  provided  they  retain  ellioticitv.  In 
some  cases  the  asymptotic  expansion  has  the  form  of  a  power  series  with  resnect 
to  k-  and  k-(hik  ^  a)~^  where  k  is  the  wave  number  and  a  is  a  constant.  In 
other  cases  it  has  the  form  of  a  power  series  with  respect  to  k-,  coefficients  of 
Wij_icn  depena  polynormally  on  Ini.  The  procedure  for  determining  the  full  low 
frequency  ex-pansion  of  solutions  of  the  exterior  Dirichlet  and  Neumann  problems 

for  the  Heknhoitz  equation  is  included  as  a  special  case  of  the  resffits  presented 
here. 


1 


Introduction  and  Formulation  of  the  Main  Results 


Let  .Q  be  an  unbounded  domain  in  IR-  with  compact  infinitely  smooth  boundaxv 


r.  let 


-  c  n 


IS  non- 


be  an  elhptic  operator  of  the  second  order  (that  is  the  matrix  {aij{x)) 
smg^ular)  with  infimtely  smooth  coeficients  in  .Q  and  a,y(z)  real  valued  and  let  A 
coincide  with  the  Laplace  operator  A  in  some  neighborhood  of  infinity.  Denote  by 
u,  a  solution  of  the  problem 


Au  -f-  k-u  =  /,  X  6  Q 

Ru  =  0,  X  6  r 


(1) 


where  B  is  either  the  identity  (Dirichlet  boundarv-  condition)  or  the  follo^dnx 


op¬ 


erator 


Bu  =  ~  Ap(z)~ 


OV 


Oi 


du  .  ^  IS  the  deri**ativ€  along  the  conormal  vector  (n  =  (ti: 

J.J— 1 

IS  the  unit  vector  which  is  normal  to  F  and  directed  into  Q),  §j  is  the  deri^ative 
along  T.p.q  G  C^.  Finally  denote  bv 

Rku  :  Jr^k  >  0 


the  operator  tehichtaiee  functions  /  e  1,(9.  )  into  solutions  of  problem  (1)  belonging 
to  the  Sobolev  space 

With  a  an  arbitrarv'  constant  we  define  a  cutoff  hmctm-  v  =  -(-) 
sucn  that  y  =  1  when  |x|  <  a  and  ^  =  0  when  [xi  >  a  ri  1.  Then  a  restricted 


resolvent  is  denned  ais 


Rk  ■■=  xRkX  ■■  I-2(P-)  ^  ir-(.Q). 


The  operators  Rk,Rk  axe  defined  and  are  meromorphic  functions  of  k  when  Imic  > 
0.  Moreover  the  operator  Rk,Imk  >  0,  has  a  meromorphic  continuation  on  the 
Riemann  suriace  of  the  function  In  ^  (see  [15]).  Let  us  stress  that  Rkf  =  xRkf  if 
/  =  0  lor  Ixj  >  a.  In  this  case  the  function  u  =  Rkf  is  a  solution  of  (1)  for  [xj  <  a. 


The  present  work  is  devoted  to  the  study  of  the  asv-mptotic  beha^dor  of  the 
operator  Rk  (that  is  of  the  solution  u  =  Rkf,  \x\  <  a  of  the  problem  (1)  with  /  =  0 
lor  |x|  >  a)  as  0.  consider  only  the  two-dimensional  case,  since  in  other 
dimensions  the  asjmaptotic  behavior  of  the  solution  of  this  problem  is  much  simpler. 


For  examole. 


if  the  dimension  is  odd  the  solution  is  meromornhic  in  k 


in  tne  entire  k 


plane  [see  151.  The  two-dimensional  problem  was  studied  in  111  -  llSl.  In  oarticulax 


the  latest  results  were  obtained  in  [16].  ihere  the  problem  was  supposed  to  be 
tcrmany  seli-adjoint  (i.e.  (.4u,t')  =  (u,.4u)  for  functions  u,v  €  Co“(fi)  satismng 

spec._eci  bc-xndarv'  conditions)  and  nonpositive,  or  to  be  more  exact  it  was  supposed 
that 


(.4u,  u)  <  — 


a 


IVt 


■dx,  a  >0  for  all  u  G  wth  Bu\r  =  0.  (3) 


Here  (•,  ■)  denotes  the  inner  product  in  let-Q).  For  this  case  [16]  gives  the  asv-mptotic 
benawor  oi  the  solution  u  =  Uk  of  the  problem  (1)  with  accuracy  0{k-). 

However  more  than  ten  years  ago,  in  [15],  there  appeared  results  of  one  of 
the  present  authors  concermng  the  low-frequency  as}-mptotic  behaMor  of  solutions 
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of  general  eiUpt.c  probloms  of  order  polynoiroally  depending  on  the  spectral 
parameter.  Those  results  apply  to  problem  (1)  and  tdlow  one  to  obtain  the  fuh 
asymptotic  ea-pansion  of  the  operator  R,  as  iW  -  0.  This  ex-pansion  has  the  form 

k-  , 

|i;|  <<  1,  (4^ 


oc  mi 


E  El 


m=0  n=0 


wnere  a  is  an  integer,  is  a  non-negaiive  integer,  P  is  a  poK-nomial  with  constant 
coefncients,  and  :  L,(n)  _  HHQ)  3xe  bounded  operators  independent  of  ic. 

Tnis  expansion  is  meaningful  in  the  sense  of  the  operator  norm,  that  is 


.V  TTL^ 


T7l=0  71  =  0 


(n) 


■.vhere  is  arbitrary,  s  =  i(N  ~  1)  and  c  is  independent  of  k. 

The  integers  <a  and  ^  and  the  polynomial  P  are  no:  known  in  general,  even  for 
equations  oi  2nd  order.  It  is  the  purpose  of  the  present  work  to  specify  the  precise 
lorm  o:  expansion  (4)  for  solutions  of  two  restricted  cases  of  problem  (1). 

Case  I.  i  ne  space  of  bounded  solutions  of  the  homogeneous  problem 

.4u  =  0,  r  e  H:  Pu  =  0.  r  £  P  (^5) 

consists  of  only  the  triwal  solution. 

Case  II.  The  space  of  bounded  solutions  of  (5)  is  one  dimensional  and  if  u  is  a 
nontrivial  solution  then 


and  the  formal  adjoint  to  problem  (5)  (see  (16)  below)  also  has  a  bounded  solution 
with  property  (6). 

The  extenor  Dirichlet  problem  for  the  Helmholtz  equation  is  an  excimple  of  Case 
I  while  the  exterior  Neumann  problem  for  the  Helmholtz  equation  is  an  example  of 
Case  II. 

It  IS  ell  known  that  if  u  is  a  bounded  solution  of  Laplace's  equation  in  a 
neighborhood  of  oo  then  for  r  suSciently  large,  u  has  the  form 

OC 

u(x)  =  Co  -r  COS  nip  -f  hn  sin  (7) 

n=0 


In  particular  this  representation  is  -valid  for  bounded  solutions  of  problem  (5)  and 
Oi  prooiem  vnth  k  =  0  il  /  =  0  in  a  neignoorhood  of  inhnity.  Therefore. 
condition(6)  is  equi-v-alent  to  the  requirement  that  Co  ==  0  for  such  solutions. 


V)  n  C  ! 


Cc-ScS 


i  ana  li  are  less  restrictive  than  those  used 


in  [16].  If  condition  (3)  required  in  [16]  is  fulfilled  then  together  with  (7)  it  follows 
that  there  are  only  constant  solutions  of  problem  (5).  This  means  that  either  Case 
I  or  Case  II  apply.  In  our  work  we  do  not  require  nonpositirity,  condition  (3).  nor 
do  we  req-uire  mat  the  problem  be  seif  adjoint.  Moreover  we  obtain  not  only  the 
nrst  lew  terms  as  in  [16],  but  the  complete  asymptotic  expansion  of  the  solutions. 


L  ndike  i  16]  we  consider  (for  simplicity)  only  the  problems  in  which  the  bo-ondar^- 
and  coemcients  of  the  equation  are  infinitely  smooth. 


The  main  results  are  contained  in  two  theorems  which  are  presented  in  this 
paper.  Let  a  be  an  arbitrary  fixed  constant  such  that  T  is  contained  in  the  circle 


0 


Ill  <  <2-  !  and/ =  0  when  |x|  >  e.  Let  <1.  =  n  {;  :  |il  <  e}  and  .4  =  A  when 
jij  >  e  -  1.  Let  I,,,  be  the  space  of  functions  which  belong  to  /^(n)  and  are  equal 
to  zero  when  |x|  >  a.  In  paxticnlar,  /  g  Lo  a- 


In  Case  I  we  denote  by  nojUj.uo  the  solutions  of  the  problems 


Auq  —  j,  X  £  Cl 

Buq  =  0,  a:  g  F;  |iio|  <  cc  as  r  — j-  oc 


-4tii  =  0,  X  E  Cl: 

Bui  =  0,  2  g  F;  [uj  —  Inrj  <  cc  as  r  — >  co 

Au2  =0,  X  g  n 

Bu2  =  0,  z  g  F;  \u2  -f  |aizi  -f  ifeixol  <  co  as  r 


oo 


(S) 

(9) 

(10) 


where  a^hi  are  the  coeficients  in  the  expansion  (7)  for  uq-  We  wiU  show  that  the 
mnqueness  oi  tne  solution  of  problem  (S)  leads  to  the  soh’abilitv  of  this  problem 
Axt,er  wre  have  established  this,  we  can  easily  infer  the  unique  sol\-ability  of  problems 
(9)  and  (10)  by  reducing  them  to  problenas  of  the  form  (S).  This  is  accompHshed  by 
w-ting  tne  solutions  and  U2  of  problems  (9)  and  (10)  in  the  form  ui  =  ^Inr-f  u'l 

w  u;2,  »here  U’  =  V''(z)  is  a  cutoff  function  which  is 
equal  to  one  lor  jzj  >  a  and  equal  to  zero  in  some  neighborhood  of  F.  Then  the 

problem  o:  hnding  uq-  is  o:  the  form  (S).  Moreover  since  the  expansion  (7)  is  \-alid 
lor  IT.',  in  particular  the  constant 


Aq  =  lim  (uj  —  Inr) 

- - oo  ^ 


(11) 


IS  dermed.  Finally,  w^e  denote  by  ^  the  constant  which  occurs  in  the  asjmptotic 
expansion  of  \z),  the  Hanhel  function  of  the  first  kind  and  order  zero: 

,  -^0  =  -^(Inr  —  3)  -r  0(r‘inr),  r  — »•  0. 

n 
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uh  this  notation  estabUshed  we  now  state  the  main  results. 

Theorem  1.  In  Case  I  for  ike  solution  u  =  R^f  of  problem  (1)  with  f  6  I,  a-  the 
following  asymptotic  expansion  is  valid  when  <  zxgk  <  — .  jitj  — +  Q  ■ 


.V 


771  m  — n-j-1 


“  =  EZ  E  MM  -  ^  S.V 

771  =  0  71  =  0  p  =  0 


fi2) 


wnere  Um.n.p{x)  are  independent  of  k  and 


(13) 


The  leading  terms  of  the  asymptotic  expansion  have  the  foi 


rm 


c 


U  =  Uo(x)  T-  d-  ^-lll^U2(x)  d-  0{k-) 


(14) 


where  uo,ui,u;  ere  the  solutions  of  problems  (S)  -  (10)  and  Cq  =  lim  uq(x). 

Remark:  In  fact  the  corresponding  expansion  for  the  operator  Rk  converges  in  the 

operator  norm  for  0  <  |^j  <  jA:o|  for  some  |^o|  >  0  and  therefore  the  infinite  series 
lor  u{R  =  cc)  converges  in  fr^(f2a). 


In  Case  II  let  us  denote  by  vq  the  solution  of  problem  (5)  such  t 


nat 


lim  i;c,(x)  =  1. 


(15) 


Let  the  problem 


-4‘u  =  0,  X  6  .Q;  B'u  =  0,  x  6  T 


(16) 


be  formaily  adjoint  to  (o).  that  is.  the  operator  .d'  can  be  obttuned  from  ,4  by- 
substituting  5,  for  b,  and  c-  -  E  for  0.  If  B  =  /  then  B'  =  I,  if  B  haa  the  form 
(2)  then  B-  has  the  sanae  form  with  p  instead  of  p  and  -||  -  5  4-  E  b,{i)ni  instead 
of  q.  L  ti,  ti  c  C°°(^),  and  Bu  =  B'v  =  0  on  F  then 


/  Auvdx  = 

/  uA'vdx  u 

[ 

dv . 

J  J 

F 

1  ^  dr 

dr^ 

(1": 


r=R 


Vve  -ill  show  that  the  space  of  boimded  solutions  of  problem  (16)  in  Case  II  is  also 
one-dimensional  and  there  exists  a  unique  solution  v.  of  problem  (16)  such  that 


lim  v.lx)  =  1. 

r— cc 


(18) 


Let  -us  denote  by  ci  the  solution  of  the  inhomogeneous  problem  (5)  (that  is  the 
soiunon  of  problem  (ij  %vith  A:  =  0)  such  that 


ui  -  Qr(lnr  -  ,5)  0  as  r  — h  co 


(19) 


where  o  -  a(J)  is  constant.  We  will  show  that  in  Case  II  such  a  solution 
unique  and 


exists,  is 


(20i 


Theorem  2.  In  Cu^e  II  for  the  solution  u  =  R^f  of  problem  (1)  with  f  €  l2,a.  tht 
following  (Lsymvtoiic  expansion  is  valid  when  — <  axzk  <  j^j  g  • 


V 


-  y]  '^m,n(2:)  -f  U.V 


('21 'i 


m=0  n=0 


s 


are  indepeTidtnt  of  k  and 


re  Uj 


(22) 


The  leading  terms  of  the  asymptotic  expansion  have  the  form 


u  =  Qln^uo(a:)  -f  vi{x)  -f-  0{k-'in^k),  |yt|  ->  0 


(23) 


where  a  is  defined  in  (20). 


If  uq  =  1  then  nr7i,n  =  0  for  n  >  m  -f-  1. 


Remarks. 


(1)  The  remark  following  Theorem  l  also  anplies  here. 


(2) 


It  IS  no*  oi: 
from  which 


Scmt  to  ■^rrite  out  the 
we  ca_n  find  all  the  coe 


sequence  of  problems  similar  to  (S)  -  (10) 
— cien's  in  tne  expansions  {■i2)  and.  (21). 


(^)  ~  P-sse„t  •> ori.  ’.ve  have  assumen  that  the  data  f  is  indenendent  of  k.  In 
many  applications,  or  course,  /  will  be  a  known  function  of  k.  In  such  cases 


when  /  may  developed  in  a  series  in  k  the  present  analysis  wdll  stiU  apply.  The 
result  w-U  be  the  product  of  the  expansion  of  the  inverse  operator.  Rk,  v,dth 
the  expansion  of  /. 
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II-  Proof  of  the  Theoreins 


Lee  us  denote  by  77  a  particular  function  which  is  infinitely  smooth,  equal  to 
zero  for  |r  |  <  a  -  1  and  equal  to  one  for  lx|  >  a  -  i.  We  wiU  assume  that  a  product 
91  any  iunct:on  m  Q.  by  77  or  by  a  deri%-ative  of  77  is  denned  in  IR^  and  is  equal  to 

zero  in  iR-\.Q  (where  77  =  0).  For  any  smooth  u  let  us  denote  by  g  the  foUo^^dng 
function 

giii)  =  giu){x)  ==uATj~2{Vu,Vr,),  xeIR-.  (24) 

It  IS  obnous  that  the  support  of  this  function  belongs  to  the  annulus  a  -  1  <  |x|  < 
^  ~  2'  denote  by  ^  the  convolution  in  IR~. 

'We  need  the  following  thiree  lennnas  in  order  to  prove  Theorem  1. 


Lemma  1.  For  the  solution  u  =  P^kf  of  vrobkm  (1)  and  x  e  JR'  thers  ars  iht 
following  revreseniations: 


^  g(u)n  f  e  L::,a-i.  '  (25) 

77U  =  -  «  [^(u)  4.  r^j]  If  f  ^  ^25') 


Proof.  Since  .4  =  A  for  [rj  >  a  -  1  we  have  from  (1)  that  (A  ^  k-)u  =  /  for 
l-^l  >  X  —  1.  Therefore 


(A  -f  k")T]u  =  g(u)  ~  77/.  X  e  iRr 


where  the  right  side  has  compact  support  and  77/  =  0  if  /  e  To,.-!.  Representations 
(25),  (25  )  follow  directly.  This  establishes  the  lemma. 


iO 


Ii  vve  replace  Hq  (kr)  in  (25)  by  its  asymptotic  expansion  as  0.  for 

bounded  we  obtain  the  following: 

Corollary.  If  f  G  L2,a-i  c^nd  [^1  — »■  0  then 


tytt  =  [—{Ink  -f  Inr  —  3)  +  0(fc‘lnl:)]  *  g(u) 


(26) 


and  aho 


Tiu  =  [  — (InA:  -f  Inr  -  3)  -  ^r^k'^hik  -f  0(i^)]  *  g{u). 

—  /I  *' 


(27) 


Next  we  establish  the  soha-bility  of  problem  (8)  which  as  discussed  previously  also 
ensures  the  solvability  of  problems  (9)  and  (10).  Moreover  we  also  provide  the 
leading  term  in  the  expansion,  (4),  of  the  solution  of  problem  (1). 


Lemma  2.  in  cast  I  'probltm  (S)  ts  so-vaaie  an,!  the  follounng  tzvans’.on  us  valid 


*■  r<  i  U  /s  B  r'l 


—  P.  r  /'ll  I  r  ^  T 


IL  =  Uo 


Co 


InA:  —  Xn  —  3 


Ui(x)  O(L-lnn'),  k-^Q 


(28) 


where  uo:  Ui,  Aq  ,  Co,  ,5  are  the  same  as  tn  Theorem  1  and  7  is  an  inieaer. 


Remark:  ine  :omi  (28)  is  based  on  the  general  expansion  of  the  inverse  ooerator 
(4)  and  hence  the  order  s\-mbol  is  used  in  the  sense  that 


u  -  Uo  - 


CqILi 


~  Ink  -  X  ^'^'lll/!U=(na)- 


The  order  symbol  for  solutions  is  used  in  the  same  sense  throughout. 
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Proof.  From  (4)  it  follows  that 


u 


=  ;.2.  QC^k) 

Lilnk) 


X  £  .0^, 


(29) 


where  5  is  an  integer  (not  necessarily  positive),  X  is  a  pohmomial  with  constant  co- 

emcients  and  Q  is  a  pohmomial,  not  identically  zero,  whose  coefficients  are  functions 
of  X. 


It  is  convenient  here  to  assume  that  /  £  but  not  L2,a.  Since  a  can  be 

chosen  as  large  as  we  wish,  this  is  not  an  additional  restriction.  Let  us  prove  that 
s  =  0.  Taking  the  Hmit  in  equation  (1)  as  A:  0  we  can  see  that  s  cannot  be 
positive.  Let  us  suppose  that  s  <  0.  Then  by  equating  coefficients  of  in  both 
Sides  01  equation  (1)  it  loUows  that  the  function  w  ;=  satisfies 


.4u'  =  0,  X  £  n.:  Bw  =  0.  ~  £  F. 


(30) 


On  tne  otner  hand  putting  (29)  in  both  sides  of  the  equality  (26)  and  equating  t 
leaning  terms  wnich  contain  tne  multiplier  k~^  we  obtain 


ne 


—  —(Ink  4-  ln>  —  3}  »  g{w),  x  £  fl,, 


(31) 


Sin 


ce  .he  ..ght  side  Oi  (31)  depends  on  -values  o:  zu  only  when  x  £  formula  (31) 
aUows  us  to  continue  the  function  u-  to  the  whole  domain  fl.  As  a  result  we  obtain 
the  function  w  in  .Q  which  satisfies  (30)  and 


m  Inr  -  ;?)  *  g{w),  x  £  .Q. 


(32) 
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Since  77  =  1  and  5  =  0  for  r  >  a  -  i  we  have  from  (32)  that  Aiv  =  O  for  r  >  a  -  i. 
From  this  and  (30)  it  follo'ws  that  lu  is  a  solution  of  problem  (5).  On  the  other  hand 
from  (32)  it  follows  that 

u' -  c(A:)(ln^  +  Inr  —  ^)  — c  0,  as  r  — »■  CO  (33) 


where 


c{k)  = 


(34) 


Since  u;  —  ^  for  X  6  Oa  and  w  is  denned  by  (32)  for  r  >  a  there  exists  an  integer 
u  and  functions  wq,  il'i  ot  x  such  that  tt’o  ^  0  identically  and 


tn  =  u’oln''^ tx^iln*'  ^fc  +  0(ln''  '^k),  k 0 


(35) 


Obviously  uo  is  a  solution  of  problem  (5)  because  u;  is  a  solution.  On  the  other 
nand  putting  (35)  in  both  sides  of  (32)  and  equating  the  leading  terms  (of  order 
ic  anc  in  oi  tne  asymptotic  expansions,  we  obtain 

S'(^’o)dx  (36) 

a 

r]ivo  =  ^(Inr  -  3)  ^  g{wo)  J  ^(^’i)dx  (37) 

n 

trom  nere  it  tollows  that  wq  — ^  constant  as  r  — 
solution  of  the  problem  (5)  and  it  must  be  zero 
s  =  0. 


oc.  Thereiore  Uq  is  a  bounded 
This  contramction  proves  that 


Ha-ving  estabhshed  that  s  —  0,  the  same  argument  can  be  repeated,  with  s  =  0, 
to  show^  that  u  =  x  e  Oa  can  be  continued  to  all  of  H  and  (32)  -  (37)  are  fulfilled. 
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However  w  is  now  a  solution  of  an  inhomogeneous  problem  (problem  (-1)  with  k  =  0). 
Since  w  ha^  the  form  (35)  and  is  a  solution  of  problem  (1)  with  ^  =  0  we  may  tahe 
tne  limit  as  k  — >•  0.  This  process  produces  a  contradiction  if  r'  <  0  (i.e.  0  =  /). 
Hence  i/  >  0.  If  y  >  0  we  multipy  both  sides  of  the  equations  by  and  again 

tahe  the  limit  ^s  k Q.  We  find  that  tt-o  is  a  solution  of  the  homogeneous  problem 
(1)  v>-ith  =  0.  In  addition  we  may  conclude  that  icq  is  bounded  using  the  same 
arguments  used  previously  (c.f.  (36)  and  (37)).  Therefore  u-o  must  be  equal  to  zero. 
This  shows  that  u  =  0  and  wq  is  a  bounded  solution  of  problem  (1)  with  it  =  0. 
This  means  that  wq  =  uq  and  therefore  the  existence  of  the  solution  uq  of  problem 
(8)  is  proved,  hence,  as  noted  previously,  the  solution  uj  of  problem  (9)  also  exists. 

Now  recaU  that  we  have  the  expansion  (29)  with  s  =  0  in  which  the  function 
w  =  §isa  solution  of  problem  (1)  with  k  =  0  and  satisfies  (33)  and  (34).  Then  the 
lunction  w-c[kjui  is  a  solution  of  (1)  with  k  =  0  which  tends  to  c(k)(lnk  -  Ag  -  S) 

as  r  ^  oc.  It  means  that  u-  -  c{k)ui  =  ug  and  c(k)(hik  -  Ag  -  3)  =  Co  which  can 
be  solved  for  c{k). 

ihus  we  have  shown  that 

u  =  U7  -f  0{k-]li?k)  =  Ug+  c(k)u,  4-  0(k-lr{^k') 

With  the  lormula  for  c{k),  (28)  is  estabhshed  and  Lemma  2  is  therefore  proved. 

Remark.  Since  wg  =  ug  it  follows  from  (36)  that  • 

j  o(tio)(ix  =  0  (38). 

n 

Lemma  2  gives  the  two  leading  terms  of  the  asymptotic  form  of  the  solution 
of  problem  (1)  in  Case  1.  It  is  possible  to  obtain  higher  order  terms  in  the  same 
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V. dV.  In  paxticniax  one  can  show  that  7  in  (2S)  is  equal  to  one.  However  this  result 
IS  a  direct  consequence  of  the  complete  expansion  (12)  in  Theorem  I  which  will  be 
proven  below.  In  order  to  specify  the  first  three  terms  of  (12)  the  general  theorem 
Helds  a  result  of  the  form  (14).  To  complete  the  proof  that  the  coefficients  in  (14) 
are  solutions  of  (8)  -  (10).  we  will  need  the  following. 

Lemma  3.  In  Case  I  if  the  constant  7  in  (28)  is  equal  to  one  then  the  asymptotic 
expansion  (14)  is  valid. 

Proof.  If  7  =  1  then  from  (4)  and  Lemma  2  it  follows  that 

Q 

""  ^^lii^:u2(x)  +  Pui{x)  -f  0{k-hr^k), 

X  e  r>a,  \k\  0  ('39^ 


Uo  and  tii  are  the  solutions  of  problems  (S)  and  (9)  and  uolr)  and  Usvx)  are 

functions  indenendent  of  k.  It  remai'^«  ro  «f^ow  that  v-o  •-  o- _ -.v’o— 

(10). 


Let  us  substitute  (39)  into  (1)  and  equate  terms  of  order  k-lnk  to  zero  since 
there  are  no  such  terms  on  the  right  hand  side.  We  then  have 

r  .4u2  =0,  Z  G  Ha’, 

\bu2  =  o,  z  €  r. 


F’urther  as  in  the  proof  of  Lemma  2,  we  can  assume  that  /  E  1-2. a-i-  How  substitute 
(39)  in  (27)  and  equate  the  terms  of  equal  order.  In  particular  there  is  only  one 
term  of  order  k-ln' k  and  its  coefficient  must  therefore  \-anish.  Hence 


0  = 


(40) 
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Equating  the  terms  with  k-lnk  we  obtain 

V^2  =  -  3)  *  o(u2)  -  ^r-  *  g{uQ)  ^  J 


g{u3)dx, 


(41) 


R‘ 


As  was  done  in  the  proof  of  Lemma  2,  we  can  use  (41)  in  order  to  continue  the 
luncdon  U2  on  the  entire  domain  Q.  The  extended  function  ut  will  be  a  solution  of 
problem  (5j  and,  will  satisfy  (41)  for  all  x  G  Q.  This  is  proved  exactly  as  was  done 
in  tne  proof  of  Lemma  2.  To  complete  the  proof  of  Lemma  3  it  remains  to  show 
that  U2  has  the  same  asymptotic  behavior  when  r  -+  co  as  in  (10). 


r  — !■ 


Since  it  follows  from  (40)  that  the  nrst  term  of  the  right  side  in  (41) 
+  cc  it  is  enough  to  check  that 

*  ^(^o)  —  —  ^1X2]  <.  C,  T  — *■  oc. 


aecavs  as 


We  have. 


v^.)  =  /i=- 


yrg(uo)c^y  =  J  ^(uo;aV-: 

R^ 


-2x1 


1  J  yigiy-o)dy  —  2x2  j  y2o(tio)dy  4-  j  \y\'g{u^)dy. 

R'  R^  pj 


(42) 


According  to  (38)  the  first  term  in  the  right  side  of  (42)  is  zero.  Since  the  last  term 
is  constant  it  remains  to  show  that 


r)_  J  ^i9i^Q)dx  —  ai,  J  X2g{uo)dx  =z  bi. 


(43) 


Since  /  G  Tc.a-i  and  -4  —  A  for  r  >  a  —  1  it  follows  from  (8)  that  Auq  =  0  for 
^  >0  —  1.  Therefore  (see  (24)) 


,  g(uo)  =  A(tjuo) 
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Furt  r*er.  according  to  (7),  we  have 

_  cos  9  sin  e;  ^ , 

Co  —  Gi - r  ^>1 - ^ — r  C(r  ^),  r  — 


Go 


^  oc 


(44) 


where  tan  9  —  Hence  for  i?  >  a  we  have,  with  Green’s  theorem. 

27r 

f  xig{uo)dx  =  J  xiA{riUQ)dx  =  J{R-cos^^^°' 


r<R 


r<R 


dr 


R  —  Rcos  C>Uo|r=:H)do 


Taking  the  limit  as  R  oc  and  also  taking  (44)  into  account  we  obtain  the  first 
equality  in  (43).  The  second  one  can  be  established  in  the  same  way.  Thus,  Lemma 
3  is  proved. 

Now  we  may  proceed  to  the  proof  of  Theorem  I. 

Proof  of  Theorem  1.  Let  C  £  C'*'(n),  C  =  1  ^or  r  >  a  -  1,  (  =  0  in  a 
neignborncoG  01  F.  Let  us  denote  by  L  the  operator  which  maos  the  righthand  side 


into  the  nrst  two  terms  of  the  solution  of  problem  (1), 


U  :  -  El,(a),  Uf  =  u,  ^  — 


Co 


Ink  —  Xr,  —  3 


Gl, 


(45) 


where  uq  and  ui  are  the  solutions  of  problems  (8)  and  (9).  Further  let  us  denote 
oy  the  following  operator  (parametrix  of  problem  (1)): 


:  T...  - 


4>fch  -  {Uh){l  -Tj)-  ^[Fr^^^(kr)  »  {g{Uh)  ~  gh)],  h  e  il2.a 


iTol 


Let  1 


us  prove  that  for  any  h  G  To. a  function  ^kh  satisfies  the  following  relations: 

{A  +  k"‘)^kh=-h-\-Tkh,  iGfl 

B^kh  =  Q,  xer  ' 
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where  T^h  G  Zo.a  and 

(49) 

-Multiphdng  both  sides  of  (25')  by  C  and  taking  into  account  that  Qr^  = 

77  we  have 

rjR.h  =  *  {g{Rkh)  +  r^k)] 

Hence  the  following  identity  is  \-alid 

Rkh  =  (Rkh)(l  -  77)  -  *  (g(R^h)  ^  r]h)] 

(50) 

This  allows  us  to  estimate  the  difference  -  Rkh.  Using  Lemma  2  and  (-74)  it 

follows  that 

-  C/d)j[7,-:(o^)  <  C!^:-ln"^:ii!A||£,^^,  \k\  0 

(51) 

and 

!|e(H,/z)-^(Ud)||i,,^  <CjPln'fe|j[Aj|^^  ^,  |i.|  0 

(52) 

Moreover  it  is  ob\dous,  that  for  any  f  E  Ln  a. 

il  -  */ilH:(n,)  <  Cjlnkllj/iji^  j^|  q 

(53) 

SuDtracting  (50)  from  (47)  and  estimating  the  right  side  of  the  result  with  the  help 
of  (oi)  -  (53)  we  obtain 

IS 

and  therefore 


l(.4  +  k^-)^,h  -  <  ay-in^-^  A-!i|h|u, 


(54) 


Further  for  r  >  a  —  4  the  follo'wing  relations  hold 

T]  =  C  =  1,  A  =  A,  g  =  0. 


from  these  relations  and  (47)  it  follows  that  =  h  for  r  >  a— 4.  Together 

with  (54)  it  follows  that  T^h  £  a^d  the  estimate  (49)  is  vnlid.  Finally,  since 
^  ^  0  in  a  neighborhood  oi  F  it  follows  from  the  boundary  conditions  of 
problems  (8)  and  (9)  that  the  function  (47)  satisfies  the  boundary  condition  (48). 
Thus  the  relations  (48)  and  (49)  are  established. 

Now  %ve  look  for  the  solution  u  =  Rkf  of  problem  (1)  with  Imk  >  0  in  the  form 
u  =  ®fch  twith  an  unknown  function  h  e  Lz.a-  It  is  obricus  from  its  construction, 
(47).  that  ^khe  i?2(n)  if  Im^  >  0.  Hence.  R.f  =  if  the  function  satisfies 
the  differential  equation  and  the  boundary  condition  of  problem  (1).  According  to 
(■rS)  Doth  'wtil  be  satisned  ii  n  4*  =  f.  Therefore 

Rkf  =  ^k{I  4-  Tk)~'  f.  Im^:  >  0 


and  hence 

Rhf  =  X^k{I  -  Tky^f,  f  e  L2^a. 


(55) 


where  ^  is  the  cutoff  function  introduced  in  the  definition  of  Rk.  Let  us  recall  that 
according  to  its  oenxution,  the  operator  L  has  the  following  form 


U  =  Uo~- 


Co 


Ln/t  —  Ao  — 


If 


(56) 


19 


where  the  operators  Uo  ■.  f  L\  :  f  ~  n,  transform  the  function  /  into  the 

solutions  uq  and  ui  oi  problems  (S)  and  (9)  and  the  operators  Uq  and  Ui  do  not 

depend  on  k.  rurther  from  the  asj-mptotic  expansion  of  the  Hankel  function  as 

1^1- 0.  which  m  fact  :s  convergent,  it  follows  that  for  /  6  is, a  and  |A:j  suficiently 
small 

.  /)  =  (f;  k-'-’A,  A  Ini  f;  (5-) 

>=0  j=0 


where  Aj,  Bj  :  £2,0  — +  -S’;oc(fla)  are  botmded  operators.  From  (56),  (57)  and  (24)  it 
iOilows  that  the  operator  (46)  and  (47),  has  the  following  convergent  asymptotic 
expansion  for  !A:|  sufficiently  small 


-fln^  ^  -f 

j=o  2=1 


Inl:  -  Ao  - 


j=0 


'^nere  <5^  .  Xo.a  ‘  bounded  operators,  3 

term  with  coefficient  because 


1,  2,  3.'  In  (5S)  there  is  no 


j  9[^o)dx 

n 

and  this  function  is  equal  to  zero  due  to  (38). 


.Sin 


mce 


T-,  =  {A-k-)o,-I  L... 

•Wi.h  (58)  and  (49)  it  follows  that,  for  jij  sufficiently  small 

Tk  =  Y  ^2;  j(2)  - 1 _  ^  j~(3) 

^  ^  ^  '  lrl^-  -  Ao  -  d  ^ 


2=1 


2  =  1 


2  =  1 
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\'.here  TJ  :  Z^.a  Lo^a  axe  bounded  operators  and  s  =  1.  2,  3.  From  (59)  we  h 


ave 


cc  m 


^  =  y"(-ro‘ =  y  Y"  i — T 


1=0 


The  representation  of  the  solution,  (12),  the  estimate  of  the  remainder,,  (13),  and 
the  remark  about  convergence  of  the  series  are  all  obvious  consequences  of  this  last 
formtila,  (55),  and  (58).  The  expansion  (14)  follows  from  (12),  (13)  and  Lemma  3. 
Theorem  1  is  therefore  proved. 


Now  we  pass  on  to  the  proof  of  Theorem  2.  First  we  estabUsh  two  additional 
lemmas. 


Lemma  4.  In  Case  II  the  following  three  assertions  are  valid: 

1)  ihe  space  of  hounded  solutions  of  problem  (16)  is  one- dimensional. 

2)  There  exists  a  unique  solution  v,  of  problem  (16)  for  which  condition  flS)  is 
fulfilled. 


3)  Problem  (1)  with  k  —  Q  and  f  £  L2.a  has  at  most  one  solution  vi  with  asymv 
totic  behavior  (19)  at  infinity,  and  if  it  exists  then  ihe  constant  a  in  (19)  has 
the  form  ( 20 ). 

Proof.  Obmously  we  can  asstime  that  the  origin  of  coordinates  belongs  to  the 
dom.atn  IE?\9.  and  there  exists  tq  >  0  such  that  the  circle  of  radius  tq  belongs 
entirely  to  this  domain.  Let  Q.f  be  the  images  of  O,  F  and  A,A'.B  and  B‘  be  the 
images  of  A.  .4*.  B.  and  S*  imder  the  mapping  r  — >■  ri  =  ■^.  Let 

r“^4u  =  0,  X  G  .Q;  Su  =  0,  X  e  f ;  ,  (60) 


21 


(61) 


-A’u  =  0,  X  G  B'u  =  0.  x  G  f 


mapping 


•be  the  problems  obtained  from  (5)  and  (16)  respectively  a  result  of  this 
and  multiplication  of  the  equations  by  The  presence  of  the  factor  allows 
us  to  prove  that  problems  (60)  and  (61)  are  adjoint.  The  proof  follows.  Since  the 
Jacobian  of  the  mapping  is  equal  to  r~-  it  follows  from  (17)  that 


J (Au)vr^  -dx  =  J  u(A‘v)rl 
^  h 


-2 


dx 


(62) 


lor  any  u,v  e  C-(Q)  such  that  u  =  t;  =  0  in  some  neighborhood  of  the  origin  and 
Bu  =  B  u  =  0  on  f .  Since  A  =  .4”  =  A  in  a  neighborhood  of  infinity  we  have  that 
7-1  --1  =  -.4-  =  A  in  a  neighborhood  of  the  origin  and  the  following  two  assertions 

S-TG  1)  DroblGms  (60),  (6"^)  2_rc  •  nx 

^  V'--;  p-oD^e^s  smoocn  coemciems.  2) 

f 62  I  IS  1  d  "Wltbobit  ,,  _  _  n  •  *11  1  , 

'  s-^su— .pLiO**  oj-tciv  li  —  V  —  0  in  3,  nGignoornooG  oi 

the  ongm,  tnat  is.  problems  (60)  and  (61)  are  adjoint. 

Since  the  coemcients  a,y  of  the  operator  .4  are  real,  problem  (60)  is  homotopi- 
cally  equi^-alent  to  the  Dirichlet  problem  (if  B  is  the  identity  operator)  or  Neumann 
problem  (n  B  nas  form  (2))  for  the  Laplace  operator.  Therefore  the  index  of  prob¬ 
lem  (60)  IS  zero  and  the  dimensions  of  the  spaces  of  smooth  solutions  of  problems 
(60)  and  (61)  are  the  same.  Since  the  original  operator  .4  and  its  adjoint  coincide 
with  the  Laplacian  in  a  neighborhood  of  infinity,  inversion  estabhshes  the  one-to- 
one  correspondence  of  the  space  of  bounded  solutions  of  the  e.xterior  problems  (5) 
and  (16)  ^dth  smooth  solutions  of  the  interior  problems  (60)  and  (61)  respectively. 
Therefore. the  dimension  of  the  space  of  bo'unded  solutions  (5)  and  (16)  is  the  same. 
Thus,  the  space  of  the  bounded  solutions  of  problem  (16)  is  one-dimensional  (as  it 
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;s  lOi  problem  !,5)).  The  first  assertion  of  the  Lemma  is  therefore  proved. 

Since  we  suppose  that  problem  (16)  has  a  solution  with  property  (6)  (the  second 
assumption  for  case  II)  the  second  assertion  of  Lemma  4  follows  from  the  first  one 
and  formula  (7).  Finally  we  prove  the  last  assertion  of  Lemma  4.  From  formula 
(1/)  tor  functions  ui  and  n,,  we  have 

/  =  I  (It"-  -  “  (63) 

Since  Avi  =  An.  =  0  for  r  >  a  -  1  the  expansion  (7)  is  valid  for  the  functions 
ni  -  Q(lnr  -  3)  and  v..  Note  that  according  to  (19)  the  constant  Co  vanishes  in 
the  expansion  (7)  of  the  first  of  these  functions.  These  facts  lead  to  (20)  if  we 
take  the  limit  in  (63)  as  ->  cc.  The  uniqueness  of  the  solution  nq  is  an  obvious 
consequence  oi  (20),  (19)  and  (6).  This  completes  the  proof  of  Lemma  4. 


Lemma  5.  In  cose  II  prohiem  (T)  with  k  =  0  and  f  e  has  a  solution  vi  with 
as  u : ■•.y  i,o  uic  benavior  (i9)  cr  inpinizy  (wnich  is  unique  according  to  Lemma  I).  The 
following  expansion  as  k  — y  0  is  valid  for  the  solution  u  =  Rkf  of  problem.  C)  wi'^h 


J  c 


I'2,a. 


u  —  (alnA:)t;o  -r  Vi  -f  G{k'^hi'^k),  x  6  Ha,  ^  0 


(64) 


where  a  is  given  by  (20)  and  •j  is  a  constant. 


Proof.  From  (4)  it  follows  that 


Lifnk) 


r  Oik^^^^hl'kf  X  e  k  -m  0, 


(65) 


where  Q  and  L  have  the  same  form  as  in  formula  (29)  and  v  is  some  constant.  As 
was  done  in  the  proof  of  Lemma  2  we  deduce  first  that  s  <  0  and  if  s  <  0  then  the 
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function  iv  -  X  e  fla,  can  be  continued  on  the  whole  domain  Q  in  such  a  way 
that  a-  is  a  solution  of  (5)  and  satisfies  (33).  Hence  the  difference  a  -  c(k)lnkvo  is 
a  solution  of  (5)  and  satisfies  (19)  with  a  =  c{k).  From  the  uniqueness  of  tq  which 
was  proved  :n  Lemma  4  it  follows  that  a  —  c(L-)lnA:v'o  =  0  and  a  =  c{k')  =  0.  Hence 
tn  =  0.  Theretore,  s  =  0.  Now  we  can  repeat  all  the  arguments  concerning  a  and 
w-e  obtain  the  expansion  (65)  with  s  =  0  in  which  the  function  a  is  a  solution  of  the 
inhomogeneous  problem  (1)  with  i  =  0  and  (33)  is  fulfilled.  This  means  that  the 
function  a  —  c(i)lnA:t;o  is  a  solution  of  problem  (1)  with  k  =  0  which  satisfies  (19) 
with  a  =  c(k).  "V^'e  simultaneously  obtain  the  existence  of  uj  and  the  expansion 
(64).  Lemma  5  is  thus  proved. 


Finally  we  are  in  a  position  to  prove  Theorem  2. 

Proof  of  the  Theorem  2.  In  oraer  to  prove  the  theorem  we  have  to  repeat 
almost  word  for  word  the  proof  of  Theorem  i  replacing  Lemma  3  by  Lemma  5  and 

s  op(3r£.cor  c  oy  iOiiovv*iii*T  oDsr^tcr 


y  :  l2.a(n)  -  Vf  =  alnkvo  -r  r: 


where  t'o  satisfies  (5)  and  (15),  tq  satisfies  (1)  with  =  0  and  (19)  and  a  is  given 
by  (20).  Instead  of  (56)  we  have  to  use  the  formula  N  =  alnkVo  +  V'l,  where 
ho/  =  I'o.  V\f  =  ui.  Therefore  in  place  of  (58)  we  obtain,  for  \k\  sumciently  smaD 


OO 


J=0  j=0  J=1 


(66) 


In  place  of  (59)  we  have 


—  CO 

=  L  ^In-kY 

•  ;=i  ;=1  ' 


(67) 
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Expansions  (21)  and  (22)  follow  from  (55),  (67)  and  (68).  Formula  (23)  i, 
quence  of  (22)  and  Lemma  5. 


s  a  conse- 


In  order  to  specify  the  leading  terms,  (21)  for  the  ca^e  t’o  =  1  we  must  shghtly 

change  the  operator  We  add  the  term  {k-\ii-k)Q  to  the  operator  (47), 
where 

Qf  =  ~g-  *  ^(^’o)],  ^-'0  S  1. 

and  q;  has  form  (20).  It  follows  from  (24)  that  g{va)  =  At]  =  A(t]  -  1),  where 
7?  -  1  6  Co=^.  Hence 

Qf  =  -  1)]  =  .  (,  -  1)1  =  const  •  (C  -  1) 


nence  the  function  Qf  is  constant  in  a  neighborhood  of  F.  Since  Qf  is  a  multiple 
c*  uo  m  a  neignborhood  of  the  boundain-  and  uq  satisfies  the  boundarj-  condition 
of  problem  (1),  Qf  also  satisfies  this  condition.  Therefore  the  addition  of  the  term 
*  In  to  does  not  change  of  the  steps  of  the  proof  of  the  theorem,  but  it 
does  change  the  coefficients  in  the  expansions  (66)  and  (67).  In  particular  it  is  not 

dimcult  to  check  that  the  operator  which  defined  the  leading  term  in  (67)  and 
had  the  form 

O  /i 


now  has  the  form 


y  V  —  A[r'  *5r(t;o)],  uq  =  1. 

OTT 


But  It  %va5  sxhown  that  the  convolution  in  the  la^t  formula  is  constant.  Hence  the 
operator  is  equal  to  zero  and  instead  of  (6S)  we  have 

oo  m 

(/x.rx)-  = 

m=0  n=0 

This  leads  to  the  desired  form  of  the  expansion  (21).  Theorem  2  is  therefore  proved. 
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Abstract-Kelvin’s  well-known  and  Neumann's  lesser  known  image  theories  for  the  sphere, 
valid  for  static  sources  outside  the  sphere,  are  extended  to  low-ffequency  current  sources 
involving  a  nondispersive  dielectric,  by  expressing  known  field  integrals  as  arising  from 
suitable  image  currents.  The  image  of  a  radial  current  element  is  seen  to  consist  of  a  radial 
line  current  between  the  center  of  the  sphere  and  the  Kelvin  point  plus  a  dipole  at  the 
Kelvin  point.  The  image  of  a  transverse  current  element  is  a  combination  of  a  transverse 
current  strip  plus  a  radial  bifilaLr  line  current  between  the  center  and  the  Kelvin  point. 
These  image  currents  can  be  interpreted  as  image  charges  of  the  corresponding  static 
problem  in  harmonic  motion.  The  theory  is  tested  by  known  limiting  cases. 

1.  INTRODUCTION 

The  weil-known  image  theorv-  c:  electrostatic  charges  outside  a  perfectly  conduct¬ 
ing  sphere  was  originally  introduced  'by  William  Thomson  (later  Lord  Kelvin)  in 
one  of  his  first  studies  as  a  young  scientist  in  1545  Tj.  Kehin's  image  theory 
has  since  then  been  app'iied  to  problems  of  electrostatics,  magnetostatics,  and 
DC  current  problems  involving  perfectly  electrically  or  magnetically  conducting 
bodies  with  most  recent  contributions  published  in  the  present  decade  [2,3l. 

Extension  of  Kelvin's  theory  to  material  spheres  did  not  seem  to  have  had  a 
successful  solution  before  a  paper  [4]  of  1992  by  one  of  the  present  authors  for  the 
dielectric  sphere  in  electrostatics.  However,  it  was  recently  found  that  a  similar 
solution  was  given  already  in  1SS3  'by  Carl  Neumann  in  an  appendix  of  a  book 
on  hydrodynamics  [10].  Obviously,  the  solution  has  been  dormant  for  more  than 
a  century  and  most  probably  was  never  elaborated  beyond  its  introduction  on  a 
couple  of  pages.  The  solution  will  be  referred  to  as  ‘the  Neumann  Lmase'  mom 
now  on.  .After  its  rediscovery,  the  t'neory  has  been  extended  to  magnetostatics  [5', 
layered  dielectric  spheres  [6l,  and  two  separate  spheres  [7],  .Also,  chiral  and  'oi- 
isotropic  spheres  have  been  solved  [Sj  in  terms  of  image  theory  as  well  as  so’urces 
inside  the  sphere  [9]. 
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In  the  electrostatic  image  theon."  of  dielectric  sphere  the  image  of  a  point  charge 
was  seen  to  consist  of  a  point  charge  plus  a  line  charge  with  a  simple  analytic 
power-law  expression,  readily  accessible  to  small-scale  computation  [4],  In  terms 
of  this  theory,  many  problems  invohdng  spheres  can  be  formulated  in  a  simple 
manner  with  line  image  sources  taldng  the  place  of  Huygens’  surface  sources  or 
volume  polarization  sources  in  integral  equations. 

In  the  present  paper,  an  attempt  is  made  to  extend  this  static  theory  to  low- 
frequency  problems  involving  a  dielectric  sphere.  It  is  seen  that,  for  a  current 
dipole  outside  the  sphere,  an  image  current  source  can  be  found  in.  the  form  of 
a  line  current  and  a  bifilar  line  current.  It  is  assumed  that  such  a  theory  can 
be  utilized  for  time-harmonic  problems  where  the  basic  static  approximation  is 
not  good  enough,  i.e.,  when  the  radius  of  the  sphere  cannot  be  considered  to  be 
very  small  in  terms  of  the  wavelength.  Further  extension  to  spheres  with  lossv 
dielectric  and/or  magnetic  permeability  seems  well  within  reach  with  the  method 
given  in  this  paper. 

2.  THEORY 

We  consider  the  electromagnetic  problem  of  an  infinitesimal  time-harmonic  cur¬ 
rent  dipole  outside  a  dielectric  sphere  centered  at  the  origin,  Fig.  1.  The  radius 
of  the  sphere  is  a  and  its  permittivity  ,  and  the  permittivity  of  the  space 
outside  the  sphere  is  assumed  to  be  £o  without  loss  of  generality.  The  perme¬ 
ability  both  inside  and  outside  the  sphere  is  assumed  to  be  jSo  ■  For  simplicity, 
the  sphere  materia!  is  assumed  to  be  dispersionless.  The  curren:  dipole  lies  at  the 
point  F  with  Ir'  |  >  a  and  it  is  represented  by  the  current  function 

J(r)  =  u/i(5(r  — /),  ri) 

where  the  unit  vector  u  gives  the  direction  of  the  dipole  and  IL  its  moment. 
Another  way  to  describe  the  dipole  is  in  terms  of  the  dipole  moment  vector  p , 

J(r)  =ju-pd(r- r'),  (2) 

w'hose  relation  to  the  current  function  is  p  =  uJi/iu'. 

The  electric  charge  at  the  ends  of  the  dipole  is  represented  by  the  charge  density 
function 


,  ,  V-Jfr)  IL 

ar)  =  -  r  )  =  -p  •  V(5(r  -  r  )  (3) 

At  some  stage  we  define  the  dipole  to  be  on  the  cartesian  coordinate  :  axis  to  be 
able  to  compare  with  previous  results.  The  objective  is  to  find  the  image  source 
which  replaces  the  dielectric  sphere  in  giving  the  refected  field  in  low-frequency 
aooroximation. 


Low- frequency  image  theory  for  the  dielectric  sphere 
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Figure  1.  Geometry  of  the  problem.  The  dielectric  sphere  of  radius  a 
and  permitth-ity  e  =  erS©  is  small  in  terms  of  the  free-space 
T.-avelength.  The  current  dipole  is  outside  the  sphere  at  the 
point  denoted  by  the  vector  r'. 

2.1  Stevenson  Analysis 

Let  us  apply  the  Stevenson  method  [12]  and  expand  ail  quantities  in  Taylor 
series  of  w .  Assuming  e  independent  of  frequency,  from  the  Maweil  equations 

V  X  E  =  —  (4) 

V  X  H  =jueE  -r  J,  (5) 

V-D=V-(eE)  =  p,  (6) 

V  •  B  •  E  =  0,  (7) 

we  can  see  that  the  equations  are  satisfied  if  E,  D,  and  g  are  assumed  to  be 
even,  and  H.  B.  and  J  odd.  functions  of  the  frequency  cj  .  We  define  the  order 
of  different  terms  by  the  power  of  n  or,  what  is  equi'valent,  of  b©  =  ny'/ioS©  ,  and 
denote  the  order  by  the  corresponding  subindex.  Let  us  assume  that  the  current 
is  of  first  order,  J  =  Jj  ,  i.e.,  a  linear  function  of  w .  From  (3)  we  see  that  the 
charge  must  then  be  of  zeroth  order,  g  =  qq  . 
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Thus,  in  the  static  limit  —  0  .  the  charges  are  frozen  and  the  current  is  zero. 
The  resulting  electrostatic  equations  are 


V  X  Eo  =0,  (8) 

V.(£Eo)=c>o  (9) 

plus  regularity  conditions  at  infinity.  The  problem  of  the  sphere  was  solved  in 
terms  of  electrostatic  images  in  [4], 

The  first  correction  for  the  electrostatic  field  arises  from  the  first-order  magnetic 
field  Hi ,  whose  sources  are  the  first-order  current  Ji  and  the  zeroth-order  electric 
field  satisfvdng 


V  X  Hi  =jn’£Eo -r  Ji,  (10) 

V-Hi=0.  (Ill 

The  next  set  of  equations  reads 

V  X  Eo  = -jirpoHi,  (12) 

V-(£E2)=0,  (13) 


and  so  on.  The  problem  considered  here  is  to  extend  the  zeroth-order  electrostatic 
image  theory  for  the  first-order  magnetic  field  by  finding  the  first-order  image 
currents. 


2.2  Zeroth- Order  Problem 

The  zeroth-order  electric  field  can  be 


written  in  terms  of  a  scalar  potential: 


Eq  =  -Vdo, 

which  satisfies  the  Poisson  equation  (9) 


V  •  (eVdo)  =  -£’0- 

This  equation  can  also  be  written  as 


(15) 


v-2^  PO  , 

V  do  = - -f  - , 


(16) 


where  Pq  denotes  the  secondarv^  source,  the  polarization  moment  density  of  the 
dielectric  sphere: 


Pq  =  (fr  -  1)£oE0-  (17) 

In  (16),  the  primary  and  secondary  sources  can  be  defined  to  give  rise  to  the 
incident  ana  scattered  potentials,  pg  =  dg”'"  -t-  Og  ,  in  the  region  outside  the 
sphere,  satisfying 
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£0 

J 

Co 


2.r  •  Pq 


<?Q  - 

V  ©0  — 


Co 


(18) 

(19) 


It  was  seen  in  [4]  that  the  latter  source  can  be  replaced  by  a  simpler  image 
source  Oj-q  whose  expression  depends  on  the  original  source.  The  corresponding 
potential  satisfies 


v^dr.  = 


m 

5 

eo 


(20) 


The  image  source  is  chosen  so  that  the  difference  do(r)  “  PioC^)  'vanishes  outside 
the  sphere,  i.e.,  —V  ■  Pq  —  o:q  is  a  non-radiating  source. 


2.3  First-Order  Problem 

Because  of  (11),  the  first-order  magnetic  field  can  be  derived  from  a  vector 
potential  : 

Hi  =  -VxAi,  (21) 

P-o 

whose  equation  can  be  written  from  (10)  as 

V  X  (V  X  Ai)  =  —  V^Aj  -f  V(V  •  .4i)  =  ^c>Jl  +  JWMoPo  —  T’(;a)p(o«odo)-  (22) 

We  are  free  to  choose  one  scalar  condition  for  Aj .  For  the  Lorenz  condition 

V  •  Aj  =  — Jw^oSoCq  ‘,23^ 

(22)  is  simplified.  Splitting  the  vector  potential  into  incident  and  reflected  parts 
Ai  =  A'^"'^  -r  .4j  we  can  v.Tire 

(24) 

= -jarpioTo-  (25) 

Thus,  the  first-order  reflected  magnetic  field  is  due  to  the  equi'v'aient  volume  cur¬ 
rent  jwPo  ■within  the  sphere,  and  it  is  known  if  the  zeroth-order  problem  has  been 
solved.  However,  we  wdsh  to  simplify  the  volume  source  by  replacing  it  through  a 
simpler  image  source  J.-^  . 

3.  LF  IMAGE  EXPRXSSIONS 

To  find  the  image  sotirces  Oj-g  and  J,-i ,  we  write  the  low-frequency  approximation 
of  a  known  expression  for  the  exact  reflected  electric  field  due  to  the  dipole  source 
J(r)  =  7n’po(i(r  —  r^)  and  try  to  identify  its  sources. 
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3.1  Green  Dyadic 

The  exact  expression  for  the  reflected  electric  fleld  can  be  found,  e.g.,  from  the 
monograph  by  Jones  [13],  and  it  can  be  ^vritten  with  some  change  in  notation  as 

E’'(r)  =  -ia;^oG'’(r,r')  •  Ji(r')  =  G'’(r,  r')  •  PO-  (26) 

The  exact  reflection  Green  dyadic  is 


G^(r,r') 


m^(rxV)(r'x  VX(r,rO,  (27) 

where  r  is  the  field  point  and  r' ,  the  source  point. 

The  potential  function  V~  for  r  =  e  and  t  —  ^  can  be  expressed  as  series 
invohdng  spherical  Hankel  functions  and  Legendre  poljmomials.  Low-frequency 
approximation  up  to  the  first  order  in  kg  can  be  'R-ritten,  when  kgr  and  y/e^koV 
are  small,  in  a  simple  form  obtainable  from  the  exact  expressions  given  by  Jones 
[13].  After  some  algebra, 


^  + 1  J+l(^)  (28) 


n=l 


(r-f  1) 


^2sn+l 


with 


■•r' 


cos  7  = 


(29) 

Note  mat  tne  angle  does  not  depend  on  the  distances  r  and  r’ .  Thus,  we 
write 


cc 


n=0 


j  - 1) 

kpa  n{er  -f  1)  -f-  1 


2  \  "-tl 


Pn(cos7).  (30) 


3.2  Zeroth-Order  Image 

.Assuming  pr  =  1  for  the  dielectric  sphere,  we  have  =  0  and  the  zeroth- 
order  problem  comes  from  the  basic  term  and  its  solution  should  coincide  v,-ith 
that  derived  earher  in  [4].  From  (2i)  and  (28)  we  can  approximate  the  Green 
dv-adic  by  its  lowest-order  term,  which  turns  out  to  have  the  order  —2  :  ' 


(’--'V.) 


1  1  n(£^-l) 

-  -  1.2  E  ^  +  i  (;7  j  Pn(cos  7).  (31) 


n=0 
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A;  this  point,  assuming  r'  >  a ,  we  write  in  analog^’  to  [4] 


-  1) 

n{er  +  1)  +  1  V  r'y 


a 

f{r'.r"){r"r 


where  the  image  function  f(r',r")  is  defined  as 


f{r  ,r  )  = 


d  \  er  —  1  a  /  r'r"\  '’■+1 


dr"  Cr  +  1  r'  V 


and  U{x)  denotes  the  Heaviside  unit  step  function.  Equation  (32)  can  be  easily 
verified  by  direct  substitution  of  (33). 

Inserting  (32)  in  (31)  gives  us  the  representation 

GL2(t.r')  =  --^VV'  )/(r',/')E  (34) 

°  0 

Defining  the  vector  t"  to  be  in  the  same  direction  cis  t'  : 


//  ^  It 

r'"' 

and  the  distance  function  D  as 


r  •  r 
cos  7=  — 
rr" 


D(r  -  r")  =  ^(r  -  r")  •  (r  -  r")  =  +  [r")‘^  -  2rr"  cos  7,  (36) 

we  can  write  from  the  definition  of  the  Legendre  polynomial  for  r  >  r"  , 

:d77^  =  E^^n(cos7),  (37) 

^  '  n=0 

which  inserted  in  the  Green  dyadic  expression  (34)  gives  us 

=  (3S, 

0 

Note  that  it  is  not  only  f{r',r")  which  depends  on  r' ,  but  also  the  distance 
function  D(r  -  r"),  because  r"  =  u(.r" ,  where  u(.  =  v'/r'  is  the  unit  vector  of 
both  r^  and  r" .  In  fact,  we  can  write 

1  _  -"(V'u;).(r  -  uir")  (7  -  u;u;)  .  rr" 

D(r-u;r")  “  1)3^  > 

which  is  a  vector  orthogonal  to  t'  and  r"  .  Note  that  the  order  of  differentiation 
and  integration  can  be  interchanged  because  the  field  is  always  computed  outside 
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*he  image  soimce,  i.e.,  outside  the  sphere,  whence  the  Green  function  always 
remains  finite. 

The  zeroth-order  reflected  electric  field  can  be  ■written  in  the  form 


hl  = 


^-2  •  PO  =  -V<J>o(r), 


Co 


(40) 


4-eo£>(r-r") 


a 

/ 


PO  ■(J-u(.u;)-rr'7(r',r") 
A-eoT’D^\r  -  r") 


dr".  (41) 

—  1  )  J  -TACO/  ±J  —  i.  ; 

0  0 

These  expressions  can  be  compared  with  those  of  the  scalar  potential  due  to  a 
line  charge  t>jo(r")  extending  from  the  center  to  the  surface  of  the  sphere, 


/-N  I  9io(^  )  j  n 


and  due  to  a  dipole  line  charge  of  moment  density  P;o(r”) , 


(42) 


p;o(r^O.(r-r7  „ 

4r£oi?3(r  -  r^')  ‘ 


(43) 


Comparing  (41),  (42),  and  (43),  it  is  seen  that  the  first  integral  of  (41)  corre¬ 
sponds  to  a  Hne  charge  image  whereas  the  second  integral  is  of  the  form  of  a  line 
dipole  image  whose  distributed  dipole  moment  vector  is  perpendicular  to  the  line. 
Ob'dously,  the  former  is  generated  by  the  radial  component  of  the  original  dipole, 
whereas  the  latter  is  due  to  the  transverse  component  of  pQ  .  Let  us  consider  the 
two  cases,  pg  parallel  and  perpendicular  to  ri  ,  i.e.,  radial  and  transverse  dipoles. 


Radial  dipole 

When  PQ  is  parallei  to  ri  ,  the  second  integral  of  (41)  vanishes  and  the  first 
integral  can  be  identified  tvith  (42)  ■with  the  image  hne  charge  defined  as 


=P0  •  r)  =  pg  ^  /(r',  r) 

(4d.) 

By  changing  the  spherical  coordinate  r,  r'  to  cartesian  coordinate  c.  z'  this 
result  can  be  compared  with  Eq.  (23)  of  [4],  obtained  through  another  method. 
After  making  the  two  diSerentiations,  the  expressions  can  be  seen  to  coincide,  if 
the  different  definition  of  the  dipole  moment  is  taken  into  accoimt. 
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Transverse  dipole 

For  the  transverse  dipole  satisfying  po  •  =  0,  we  have  pg  •  f(y .r")  =  0. 

whence  only  the  second  integral  of  (41)  survives  and,  identifjdng  it  with  (43),  the 
dipole  line  image  function  can  be  written  as 


(45) 

Again,  after  a  change  of  radial  and  cartesian  coordinates,  the  result  can  be  seen 
to  coincide  with  Eq.  (22)  of  [4], 


3.3  First-Order  Image 

The  reflected  magnetic  field  H''  can  be  written  in  terms  of  the  curl  of  the 
electric  field  as 


H"  = 


V  X  E’' 


(46) 


The  first-order  magnetic  field  is  written  in  terms  of  the  second-order  electric  field: 


Hi 


V  X  Ef 


Actually,  knowledge  of  E^  is  not  needed,  because  V  x  Ei)  can  be  e-x-pressed  in 
terms  of  the  curl  of  the  zeroth-order  Green  dvadic  as 


HI-- 


V  x  G'’  „  •  PO  =  JW 


V  X  S'" 


■  PO- 


(4S) 


The  zeroth-order  term  of  the  curl  of  the  reflection  Green  dyadic  for  a  nonmag¬ 
netic  sphere  with  Hr  —  I  can  be  written  from  (27),  after  some  steps,  as 


V  X  G'' 

a 


or 


0  \  n-i-l 


r.=  l  ^ 

Proceeding  as  in  the  oreiious  section,  we  can  write 


(49) 

(50) 


er-l 


/  2\"+l  r 

Y(^j  =ajg[r'y')yrdr”. 


n{tr  r  1) 
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by  defining 


er-ll  fr'r” 
er  -r  1  a 


■J7+T 


u  ^ 


(52) 


The  g{r' ,t")  mnction  has  a  simnle  relation  to  the  f{r’,r")  function  denned  in 
(33): 


53) 


The  curl  term  has  now  the  form 


[V  X  GHo  =  -  (r  X  V)V'  J  f;  i^p„(cos7)d: 

=V  X  rV'  /  dr". 

J  4-£>(r-  r^') 


(54) 


Here,  the  sum  in  (50)  has  been  extended  from  n  =  1  to  n  =  0  because  r  x 
VPo(cos7)  =  0 . 

Writing  the  first-order  magnetic  field  as 


Hi  =  ;n-[V  X  G'jo  •  po  =  —V  X  A. , 

Mo 

the  vector  potential  can  be  defined  as 


(55) 


Ai(r)  =  ;u-;.,po  •  V  [  '^^'\^dr" . 

0 

Because 


(56) 


-,=VD{T-T")-i- 


50 


D(r-P0  ‘  '  P(r-r'')’ 

and  since  the  gradient  term  vanishes  in  the  curl  expression  of  the  maenetic  field, 
it  can  be  omitted  and  we  ran  further  write 

./  f  0'V(r',  r")  „ 


0 

}  r"rpQ  -  V'g)  .  „  . 

=J^'f^0  I  - 73^ - ar  -rJL 

0 


a 

■I 

0 


(P0-V'u;)r"a  , 
4-D 


(5S) 
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This  expression  can  be  compared  -svith  that  for  the  vector  potential  due  to  a  line 
current  along  the  z  axis,  : 


a 

A(r)=/x,  dz\ 

J  4xZ;(r-U;z") 


(59) 


and  due  to  a  bifilar  line  current  defined  by  the  current  density  function 


J(r")  =  I(z")L-V"^(p").  (60) 

p  is  the  transverse  (  xy  plane)  position  vector,  I  the  infinitesimal  distance  vector 
between  two  infinite  currents,  +I  flowing  along  the  z  axis  and  —I  parallel  to  it 
through  the  point  p"  =  L.  IL  is  the  finite  moment  dyadic  of  the  bifilar  current. 
The  corresponding  vector  potential  can  be  written  as 


To  find  the  image  currents,  let  us  again  separate  the  two  cases: 


Radial  dipole 

In  this  case,  the  operator  only  operates  on  the  function  g{r’ ,  7") ,  whence 

the  last  two  integrals  in  (58)  vanish  Comparing  with  (59),  the  vector  potential 
can  be  expressed  in  terms  of  an  image  line  current  flowing  along  the  direction: 


=;wpo 


dr' 


/I  i/\  r 
at  r  ,  r  )rL.: 

// 

r  = 

*1 

1 

[  -r  1  G 

er  -  1  /  a 

er-rl 

n  — 

■'  dr' 

C» 


0 

ui'd 


(er  -r  Ij-  \  a-  J  \r^ 


(62) 


It  is  seen  that  the  image  consisrs  of  a  line  current  between  the  origin  and  Kelvin 
point  r  =  and  a  dipole  at  the  Kehun  point.  Figure  2  depicts  the  continuous 

part  of  the  normalized  unage  current  tunction  for  different  distances  of  the  dinole 
and  tr  —  0  . 

The  divergence  of  the  image  current 


v''.i 


il 


=  ju'po 


cf^  \er-l  r" 

dr' dr"  €r  -f  1  Q 


(63) 
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TVansverse  dipole 

In  the  case  of  po  perpendicular  to  we  have  po  •  V'g{r',r")  =  0,  and  the 
last  two  integrals  in  (58)  form  the  expression  for  the  vector  potential: 


Ai(r)  =jufto  j 
0 


(po  •  V'u;)r"p  r  »'  rJ' 


4ttD 


3  _  t-t/  1  J_ll 


f  ui  7-^' 

dr"  +  jujfio  J  PO  •  V'^  dr 
0 


0  0 
For  the  last  step  we  have  invoked  the  Droperty 


(65) 


/  1  1 

Comparing  (65)  with  (59)  and  (61)  shows  us  that  the  image  can  be  written  as  a 
combination  of  a  transverse  current  strip  plus  a  longitudinal  bifilar  line  current. 
The  first  integral  of  (65)  corresponds  to  a  transverse  current  which  has  the  form 

=  iwpo  ^  g(r',  r").  (57^ 

The  second  term  corresponds  to  a  bifilar  current  along  the  direction  r'  with  the 
moment  dyadic 


"^2 


[H']:'!  =  f")- 


(6S) 


Thus,  a  transverse  current  element  corresponds  to  an  image  which  has  both  axial 
and  transverse  components.  Combining  these  leads  nnahy  to  the  ima^-e  current 
density  ’ 


Jil(r")  =it.-po  ^^(r',r")<5(/)  -  r")po  •  V"<f(p") 


—  g(r  ,  r  )V"  X  [pg  x  vLr" 5{p")]  .  (59) 

Let  us  again  check  the  continuity  condition.  The  divergence  of  the  ima^e 
current  density  (69)  can  be  written  as  ° 


V"- Ja  =J^-^/(r',r")V".[pod(p")]  =jt^V".p,o  =  -;u'p,o. 


(70) 


The  last  term  refers  to  the  image  charge  density  corresponding  to  the  imase  dipole 
density  given  in  the  static  case  (45).  It  is  seen  that  also  in  the  transverse  dipole 
case  the  first-order  image  current  and  the  zeroth-order  charge  satisfy  the  continu¬ 
ity  conation,  which  means  that  the  first-order  image  current  can  be  pictured  as 
being  the  zeroth-order  image  charge  in  periodic  motion.  Since  the  cmment  cannot 
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be  detennmed  from  the  charge,  because  it  is  not  uniquely  determined  from  its 
divergence,  the  present  analysis  was  needed  to  find  the  result. 

The  image  expression  for  the  transverse  dipole  (69)  can  also  be  written  in  the 
form 


Jil(r")  =  V"  X 

of  which  the  first 

[11]: 


+;a,^/(r',r")P0^(p"),  ("1) 

term  can  be  expressed  in  terms  of  ah  equivalent  magnetic  current 


X  ^me 


(72) 


Thus,  as  an  alternative  to  the  expression  (69),  the  transverse  dipole  po  can  be 
seen  to  give  rise  to  transv'erse  electric  and  magnetic  image  strip  currents  of  the 
form 


1.1 

(73) 

^mj2 

k-  (r"^' 

to  r 

(74) 

These  two  strip  currents  are  seen  to  be  at  right  angles  to  one  another.  Their 
normalized  functional  dependence  is  depicted  in  Fig.  3  for  certain  relative  permit¬ 
tivities  of  the  sphere. 


4.  SUMM.4RY  OF  RESULTS 

Let  us  summarize  the  first-order  low-frequency  image  results  in  cartesian  coordi¬ 
nate  lorm  *viiich  is  more  easuy  apoiicaoie  in  lurtner  analysis.  The  indices  showing 
the  order  of  the  image  are  omitted  in  the  sequel. 

For  a  slowly  oscillating  current  dipole  on  r  axis,  defined  bv 


2{T)  =  nIL6{z-d)S{p), 

the  image  corresponding  to  the  axial  dipole,  wi:h  u  =  u-  ,  is 


(75) 


J,-(r)  =  —  n^IL 


fr-  1  fa\ 


€r  -f  1  W/ 


;  5 


irUr  -  r 


\2  \  q2 


S(p) 


("6J 


(er-fl)'-^  (£- 

while  the  transverse  dipole,  vrith  u  •  U;  =  0  ,  corresponds  to  the  image  current 
density 


J,-(r)  =  JL^^ 

tr  -r  1 


zd\ 


U  (  V<5(p)],  (77) 
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or  to  the  combination  of  electric  and  magnetic  image  current  densities 


Ji(r)  =tiIL 


er-1 

£r  +  1 


a^\  fr  —  1  a  f  zd'\  ‘r+i  / a~ 
d  )  (fr  +  1)2  (fi  \^a2y  \  d 


S{P), 


Jmi(r) 


=(u  X  u-)_7w^toJi 


fr-1 
+  1 


z)5{p). 


(78) 

(79) 


(b) 


z/a 


Figure  3  Normalized  electric  (a)  and  magnetic  (b)  components  of  the  im¬ 
age  current  corresponding  to  a  trans^•erse  dioole  at  the  distance 
d  =  1.1a  for  different  ralues  of  the  relative  permittivity  of  the 
sphere,  -  The  currents  flow  transverse  to  the  z  axis  and  each 
other.  The  delta  function  at  the  Kelvin  point  is  not  shotvn. 
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5.  SPECIAL  CASES 

Let  us  finally  study  some  limit  cases  to  check  the  image  current  expressions  (76)- 
(79)  for  the  dielectric  sphere. 

1.  For  Cr  — *■  1  the  sphere  i-anishes.  From  (76)-(79)  we  see  that  all  image  currents 
•vanish  because  of  the  factor  £r  —  1 . 

2.  For  £r  ^  1  the  dielectric  sphere  becomes  somewhat  similar  to  an  ideally 
conducting  sphere  for  the  electric  field.  In  the  present  case,  for  a  radial  dipole, 
the  image  current  (76)  has  the  form 


Jj  =  —junIL 


& 


(80) 


i.e.,  it  is  composed  of  a  point  dipole  plus  a  constant  line  current.  This  simple 
result  does  not  seem  to  be  known.  For  a  transverse  dipole,  the  image  current 
density  (77)  is 


a  - 

Ji=juIL-^V  X  [uxn.r<i(p")]6"(^-z),  (81) 

•which  consists  of  a  constant  transverse  current  plus  a  bifilar  axial  line  current, 
•whose  cimplitude  is  proportional  to  z  .  From  (78),  (79)  we  have  another  represen¬ 
tation  in  terms  of  an  electric  and  a  magnetic  current 


J;  (^)  ^  5  (^z  -  5(p),  (82) 

Jm.-  =  -  (u  X  U-)  ^IL^U  Sip).  (83) 

This  means  that  the  other  form  for  the  image  of  the  transi-erse  dipole  consists  of 
a  transverse  dipole  plus  a  transverse  magnetic  line  current  with  linear  amplitude 
dependence.  Note  that  application  of  these  results  requires  a  small  enough  fre¬ 
quency  because  in  deri\-ing  the  first-order  theory  it  was  assumed  that  yT7  kor  be 
small. 

3.  For  d  ^  a  we  have  a  dielectric  sphere  in  homogeneous  incident  electric 
field.  Because  the  distance  to  the  Kelvin  point  a^/d  becomes  small,  the  image 
is  concentrated  at  the  center.  Moments  of  the  image  give  mtiltipole  terms  for  the 
image  point  source. 

For  the  radial  dipole  we  can  write  from  (76)  for  the  zeroth  moment  of  the 
image  current,  i.e.,  the  moment  of  the  image  dipole  at  the  center  of  the  sphere, 
the  expression  ' 

/  (S4) 

V 

From  (77)  we  find  the  image  moment  corresponding  to  the  transverse  dipole  with 
direction  u : 
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=  fS5) 

V' 

Because  the  lowest-order  terms  for  the  electric  field  incident  from  a  radial  and 
a  transverse  dipole  with  the  respective  moments  U;IL  and  uIL  at  the  distance 
d  are,  respectively, 


ginc 


2u-JL 

4trs,d3’ 


xiIL 
477  6a  d^’ 


(86) 


these  inserted  in  the  respective  expressions  (84)  and  (85)  give  the  same  dipole 
moment  expression 


liL  =  -4'£„a3  (87) 

responsible  for  the  lowest-order  scattered  dipolar  field.  This  coincides  with  the 
well-known  result  obtained  elsewhere  through  the  Stevenson  analysis  [14]. 

There  is  a  magnetic  moment  corresponding  to  the  image  of  the  transverse 
dipole,  which  is  obtained  by  integrating  (79)  over  the  sphere: 

J  Jmi(r)dy  =  (u  X  \i;)jupioIL  g  (88) 

This  is  of  smaller  order  than  the  electric  moments  because  of  the  l/d*  dependence 
on  the  distance.  Simple  expressions  for  higher  order  muitipole  moments  can  also 
be  readily  obtained  from  the  image  current  e.xpressions  (76)  and  (77), 

4.  For  a  — ►  oo  the  spherical  interface  becomes  planar  and  we  can  compare  the 
result  with  that  given  by  the  Exact  Image  Theorv-  [15]  in  the  low  1  f  ?_c;p 
Taking,  for  example,  the  transverse  magnetic  (TM)  image  current  due  to  a 
vertical  electric  dipole  above  a  dielectric  half  space  firom  [16],  we  can  v,Tite  for  the 
e.xact  image  current 


lP(C)  = 


(89) 


=  -IL 


hnjjBQ) 

c 


(90) 


B  —  koVer  —  1,  ko  =  (91)  ' 

The  ’.-ariable  C  measures  distance  from  the  mirror  image  point  r  =  — U;f.  dovv-n- 
wards.  Because  /‘‘'^^(C)  is  an  even  function  of  B  and,  hence,  of  ,  the  low- 
frequency  approximation  ,5  — ►  0  starts  ■with 


—  1 


€r  +  1 


<5(0 


rr  ^r(er  -  1)  , 

IL- - 


wl)- 


(92) 
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Thus,  in  the  first  order  approximation,  only  the  delta  term  remains  and  the  image 
current  is 


(93) 

In  the  present  sphere  problem,  taking  the  limit  a  — >•  oo  and  denoting  d  =  h+a , 
C  =  a  — (r-i-h) ,  where  h  is  the  height  of  the  dipole  from  the  interface,  substituting 
z  =  a  —  (^h  +  Q ,  and  a^fd  —*  a  —  h  m  (76),  (77)  leaves  us  with  the  asymptotic 
image  expression 


li 


IL 


£r-l 

Cr-hl 


^(O-f 


'^r(£r  -  1) 
(er  +  l)2 


(94) 


of  which  the  second  terms  vanishes  and  the  first  one  coincides  with  the  exact 
image  result  above. 
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